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Amongst the various subjects which have at different times occupied 
the attention of Mathematicians, there are probably few more interesting 
in themselves, or which offer greater difficulties in their investigation, 
than those in which it is required to determine mathematically the 
laws of the equilibrium or motion of a system composed of an infinite 
number of free particles all acting upon each other mutually, and ac- 
cording to some given law. When we conceive, moreover, the law of 
the mutual action of the particles to be such that the forces which 
emanate from them may become insensible at sensible distances, the 
researches to which the consideration of these forces lead will be greatly 
simplified by the limitation thus introduced, and may be regarded as 
forming a class distinct from the rest. Indeed they then for the most 
part terminate in the resolution of equations between the values of 
certain functions at any point taken at will in the interior of the sys- 
tem, and the values of the partial differentials of these functions at the 
same point. When on the contrary the forces in question continue 
sensible at every finite distance, the researches dependent upon them 
become far more complicated, and often require all the resources of 
the modem analysis for their successful prosecution. It would be easy 
so to exhibit the theories of the equilibrium and motion of ordinary 
fluids, as to offer instances of researches appertaining to the former 
class, whilst the mathematical investigations to which the theories of 
Electricity and Magnetism have given rise may be considered as in^ 
teresting examples of such as belong to the latter class. 

Vol. V. Part I. A 
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« 

It is not my chief design in this paper to determine mathematically 
the density of the electric fluid in bodies under given circumstances, 
having elsewhere* given some general methods by which this may be 
effected, and applied these methods to a variety of cases not before 
submitted to calculation. My present object will be to determine the 
laws of the equilibrium of an hypothetical fluid analagous to the electric 
fluid, but of which the law of the repulsion of the particles, instead of 
being inversely as the square of the distance, shall be inversely as any 
power n of the distance; and I shall have more particularly in view 
the determination of the density of this fluid in the interior of con- 
ducting spheres when in equilibrium, and acted upon by any exterior 
bodies whatever, though since the general method by which this is 
effected will be equally applicable to circular plates and ellipsoids. 
I shall present a sketch of these applications also. 

It is well known that in enquiries of a nature similar to the one 
about to engage our attention, it is always advantageous to avoid the 
direct consideration of the various forces acting upon any particle p of 
the fluid in the system, by introducing a particular function V of the 
co-ordinates of this particle, from the di£Perentials of which the values 
of all these forces may be immediately deduced f. We have, therefore, 
in the present paper endeavoured, in the first place, to find the value 
of V^ where the density of the fluid in the interior of a sphere is given 
by means of a very simple consideration, which in a great measure 
obviates the difficulties usually attendant on researches of this kind, 
have been able to determine the value V^ where p, the density of the 
fluid in any element dv of the sphere's volume, is equal to the product 
of two factors, one of which is a very simple function containing an 
arbitrary exponent /3, and the remaining one /"is equal to any rational 

* Essay on the Application of Mathematical Analysis to the Theories of Electricity and 
Magnetism. 

t This function in the present case will be obtained by taking the sum of all the molecules 
of a fluid acting upon p, divided by the (n-l)*** power of their respective distances from/i; 
and indeed the Ainction which Laplace has represented by V in the third book of the 
Mecartique Celeste, is only a particular value of our more general one produced by writing 
2 in the place of the general exponent ft. 
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and entire function whatever of the rectangular co-ordinates of the element 
dv, and afterwards by a proper determination of the exponent fi, have 
reduced the resulting quantity f^ to a rational and entire function of 
the rectangular co-ordinates of the particle p^ of the same degree as 
the function Jl This being done, it is easy to perceive that the reso- 
lution of the inverse problem may readily be effected, because the 
coefficients of the required factor J* will then be determined from the 
given coefficients of the rational and entire function f^, by means of 
linear algebraic equations. 

The method alluded to in what precedes, and which is exposed in 
the two first articles of the following paper, will enable us to assign 
generally the value of the induced density p for any ellipsoid, what- 
ever its axes may be, provided the inducing forces are given explicitly 
in functions of the co-ordinates of p ; but when by supposing these axes 
equal we reduce the ellipsoid to a sphere, it is natural to expect that 
as the form of the solid has become more simple, a corresponding degree 
of simplicity will be introduced into the results; and accordingly, as 
will be seen in the fourth and fifth articles, the complete solutions both 
of the direct and inverse problems, considered imder their most general 
point of view, are such that the required quantities are there always 
expressed by simple and explicit functions of the known ones, inde- 
pendent of the resolution of any equations whatever. 

The first five articles of the present paper being entirely analytical, 
serve to exhibit the relations which exist between the density p of our 
hypothetical fluid, and its dependent function J^; but in the following 
ones our principal object has been to point out some particular appli- 
cations of these general relations. 

In the seventh article, for example, the law of the density of our 
fluid when in equilibrium in the interior of a conductory sphere, has 
been investigated, and the analytical value of p there found admits of 
the following simple enunciation. 

The density p of free fluid at any point p within a conducting sphere 
A9 of which O is the centre, is always proportional to the (» - 4)*^ power 
of the radius of the circle formed by the intersection of a plane per* 
pendicular to the ray Op with the surface of the sphere itself, provided 

A 2 
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n is greater than 2. When on the contrary n is less than 2, this law 
requires a certain modification; the nature of which has been fully 
investigated in the article just named, and the one immediately fol- 
lowing. 

It has before been remarked, that the generality of our analysis will 
enable us to assign the density of the free fluid which would be induced 
in a sphere by the action of exterior forces, supposing these forces are 
given explicitly in functions of the rectangular co-ordinates of the point 
of space to which they belong. But, as in thB particular case in which 
our formulae admit of an application to natural phenomena, the forces in 
question arise from electric fluid difiused in the inducing bodies, we 
have in the ninth article considered more especially the case of a con- 
ducting sphere acted upon by the fluid contained in any exterior bodies 
whatever, and have ultimately been able to exhibit the value of the 
induced density under a very simple form, whatever the given density 
of the fluid in these bodies may be. 

The tenth and last article contains an application of the general 
method to circular planes, from which results, analagous to those formed 
for spheres in some of the preceding ones are deduced; and towards 
the latter part, a very simple formula is given, which serves to express 
the value of the density of the free fluid in an infinitely thin plate, 
supposing it acted upon by other fluid, distributed according to any 
given law in its own plane. Now it is clear, that if to the general ex- 
ponent n we assign the particular value 2, all our results will become 
applicable to electrical phenomena. In this way the density of the 
electric fluid on an infinitely thin circular plate, when under the in- 
fluence of any electrified bodies whatever, situated in its own plane, 
will become known. The analytical expression which serves to repre- 
sent the value of this density, is remarkable for its simplicity ; and by 
suppressing the term due to the exterior bodies, immediately gives the 
density of the electric fluid on a circular conducting plate, when quite 
free from all extraneous action. Fortunately, the manner in which 
the electric fluid distributes itself in the latter case, has long since 
been determined experimentally by Coulomb. We have thus had the 
advantage of comparing our theoretical results with those of a very 
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accurate observer, and the differences between them are not greater 
than may be supposed due to the unavoidable errors of experiment, 
and to that which would necessarily be produced by employing plates 
of a finite thickness, whilst the theory supposes this thickness infinitely 
small. Moreover, the errors are all of the sanle kind with regard to 
sign, as would arise from the latter cause. 

1. If we conceive a fluid analogous to the electric fluid, but of 
which the law of the repulsion of the particles instead of being in- 
versely as the square of the distance is inversely as some power n of 
the distance, and suppose p to represent the density of this fluid, so 
that dv being an element of the volume of a body A through which 
it is difiused, pdv may represent the quantity contained in this element, 
and if afterwards we write g for the distance between dv and any 
particle p under consideration, and these form the quantity 

^ r pdv ^ 

the integral extending over the whole volume of ^, it is well known 
that the force with which a particle p of this fluid situate in any 
point of space is impelled in the direction of any line q and tending 
to increase this line will always be represented by 



(1) 



(^v. 



1 -» \dq / ' 

V being regarded as a function of three rectangular co-ordinates of 
p, one of which co-ordinates coincides with the line q, and (-^) 
being the partial differential of J^, relative to this last co-ordinate. 

In order now to make known the principal artiflces on which the 
success of our general method for determining the function f^ mainly 
depends, it wiU be convenient to begin with a very simple example. 

Let us therefore suppose that the body ^ is a sphere, whose centre 
is at the origin O of the co-ordinates, the radius being 1 ; and p is 
such a function of a?', y', «', that where we substitute for x\ y^, »' their 
values in polar co-ordinates 
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j?'=r' COS &y y' = / sin V cos v, «'=r' sin Q' sin tr', 
it shall reduce itself to the form 

f being the characteristic of any rational and entire function what- 
ever: which is in fact equivalent to supposing 

p = (1 ^ x'* - y'« - « y ./(o?'^ + y'^ + «"). 

Now, when as in the present case, p can be expanded in a series 
of the entire powers of the quantities x\ jf^ «', and of the various 
products of these powers, the function V will always admit of a similar 
expansion in the entire powers and products of the quantities or, y, 5s, 
provided the point p continues within the body ^*, and as moreover 
V evidently depends on the distance Op=r and is independent of 6 
and 79-9 the two other polar co-ordinates of j9, it is easy to see that the 
quantity F'when we substitute for x, y, z these values 

^=r cos 0, y=^r sin 9 cos tr, « = r sin B sin w 

will become a function of r, only containing none but the even 
powers of this variable. 

But since we have- 

dv = /*rf/ dff dnw sin ff, and /^ = (1 - ry.f{r'% 

the value of V becomes . 

r= T-^ = fr'^df'dffdrr' sin ff(X- r''ff{r'^) -g''^; 

the integrals being taken from 2r'=0 to tir' = 27r, from 0' = O to 0'=7r, 
and from r' = to r' = l. 

* The truth of this asaeftion will become tolerably clear^ if we recollect that V may be 
regarded as the sum of every element pdv of the body's mass divided by the (n— 1)^ power 
of the distance of each element from the point p^ supposing the density of the body ^ to be 
expressed by p^ a continuous function of Xy }f, z. For then the quantity V is represented 
by a continuous function^ so long as p remains within A ; but there is in general a violation 
of the law of continuity whenever the point p passes from the interior to the exterior space. 
This truth, however, as enunciated in the text> is demonstrable, but since the present paper 
is a long one, I have suppressed the demonstrations to save room. 
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Now V may be considered as composed of two parts, one V due 
to the sphere B whose centre is >at the origin O, and surface passes 
through the point p^ and another V" due to the shell S exterior to B. 
In order to obtain the first part, we must expand the quantity ^^~" 

T 

in an ascending series of the powers of — . In this way we get 
^»-" = [r* — 2rr |cosd cos^ + sind sin0' cos (w^-w)} +/*] * 

= r-.(Q, + Q.^-f-Q«^'+QaJ+&c.), 

If then we substitute this series for ^^•'* in the value of V\ and 
after having expanded the quantity (1 — f^')^,we effect the integrations 
relative to /, ff^ and tn^, we shall have a result of the form 

r'=r'- {^ + ^rHCf^ + &c.} 

seeing that in obtaining the part of V before represented by V\ the 
integral relative to / ought to be taken from f^ = to /=r only. 

To obtain the value of V\ we must expand the quantity ^^"" in 
an ascending series of the powers of —,y and we shall thus have 



i-« 



^1— =(r»-2r/[cos0cosa' + sin sin 0' cos (w - tr')] + r'*) * 

the coefficients Qo, Qi, Q,, &;c. being the same as before. 

The expansion here given being substituted in V\ there will arise 
a series of the form 

of which the general term T, is 

T.^fdffdw^ sin ff Q./^W-;^(l-/y./(0; 

the integrals being taken from r' — r to / = !, from ff^O to d'=«-, and 
from 7r'=0 to w^ = 27r. This will be evident by recollecting that the 



8 Mr green, ON THE LAWS OF THE EQUILIBRIUM OF FLUIDS. 

triple integral by which the value of V" is expressed, is the same as 
the one before given for Vy except that the integration relative to /, 
instead of extending from r'=0 to r'=l, ought only to extend from 
r =r to r= 1. 

But the general term in the function y(r*) being represented by 
^t/", the part of T, dependent on this term will evidently be 

(2) Atr'fdffdw' sin 0'.Q,/r'«+'-'-rfr'(l-r'y; 

the limits of the integrals being the same as before. 

We thus see that the value. of T, and consequently of JT" would 
immediately be obtained, provided we had the value of the general 
integral 

which being expanded and integrated becomes 

b + l l'b + 3^ 1.2 'b + 5 

b + l'^l'b + 3 1.2 •* + 5'*' 

but since the first line of this expression is the well known expansion of 



r 

or 



(P) or —^ 12i, 

when w = 2.jo = A + l and 5^ = 2 (/3 + 1) we have ultimately, 

By means of the result here obtained, we shall readily find the 
value of the expression (2) which will evidently contain one term multi- 
plied by r' and an infinite number of others, in all of which the quantity 
r is affected with the exponent n. But as in the case under considera- 
tion, n may represent any number whatever, fractionary or irrational, 
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it is dear that none of the terms last mentioned can enter into V^ 
seeing that it ought to contain the even powers of r only, thence the 
terms of this kind entering into V\ must necessarily he destroyed by 
corresponding ones in V. By rejecting them, therefore, the formula (2) 
will become 

r(f+2-^)r(^+i) 

(2') -^ ,^^, Atf.fdffdw' sinffQ.. 

But as f^ ought to contain the even powers of r only, those terms 
in which the exponent s is an odd number, will vanish of themselves 
after all the integrations have been effected, and consequently the only 
terms which can appear in F", are of the form 

(4) — i^ — ^Atr^''fd9'dw' sin ffQ,r, 

where, since s is an even number, we have written 2*' in the place of 
s, and as Qg,* is always a rational and entire function of cos ff, sin ff 
cos V, and sin ff sin v', the remaining integrations may immediately be 
effected. 

Having thus the part of T^,' due to any term A^r'** of the function 
y(r") we have immediately the value of T',/ and consequently of f^'\ 
since 

v"= u'+ r;+ T,'+ t:+ ar/+ &c. ; 

U' representing the sum of all the terms in V which have been rejected 
on account of their form, and T^' T{ Ti the value of T^ 7\ 21, &c. 
obtidned by employing the truncated formula (2) in tne place of the 
complete one (2). 

But - r= v^- F"^r+ zr+ 2;'+ t,'+ t: + r/+ &c. 

or by transposition, 

r-7;'-r;~r/-r/-&c.=r+tr, 

and as in this equation, the function on the left side contains none 
but the even powers of the indeterminate quantity r, whilst that on 
Vol. V. Part I. B 
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the <right does not watim any of the even powers of r, it is clear that 
each of its sides ought to be equated separately to sero. In this way 
the left 9ide gives 

(5) r= 7;'+ t,'+t:+tu&cc. 

Hitherto the value of the exponent /3 has remained quite arbitrary, 
but the known properties oi f^ Amotion T will enable us so to 
determine fi, that the series just given shall contain a finite number 
of terms only. We shall thus greatly simplify the value of V, and 
tedace it in feet to a rational and entire fnnetion of r*« 

For this purpose, we may remark that 

r(0) = ao, r(~l)=co, r{'^Z)s=:a:>, in if^nitum. 

If therefore we make — - 4- /3 = any whole number positive or 

negative, the denominator of the function (4) will become infinite, and 
consequently the function itself will vanish when s' is so great that 

^-4-/i + /+Sr-y is equal to zero or any negative mimber, and as 

the value of t never exceeds a <jertain number, seeing that f{r'^) is 
a rational and entire function, it is clear that the series (4) will ternri- 
tiate 'of itself, and V beoome a rational and entire function of r^. 



(2) The method that has been employed in the preceding article 
where the function by which the density is expressed is of the particular 
form 

mxy by aieans of « very slight modification, be applied to the far more 
general value 

/> = (!- ryf{£, y\ a') « (1 - or'' ^ y'^ ^ ^'fAx, y\ z) 

where y is the characteristic of any rational and entire function what- 
ever : and the same value of j3 which reduces f^ to a rational and entire 
function of r* in the first case, reduces it in the second to a similar 
function of ^ y, » .and the rectangular co-ordinates of p. 
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To prove this, we tna.y remark that the eonre^Mndnig value F w91 

r ^ fr'd/dffdw' sin e^ (1 - ry/{af, t/, »')^^-"; 

the integral being conceived to comprehend the whole volume of the 
sphere. 

Let now the function ^ be divided into two pairts» so that 

fx containing all the terms of the function^ in which the sum of the 
exponents of afy y, a^ is an odd number ; and f^ the remaining terms, or 
those where the same sum is an even number. In this way we get 

the functions Vy^ and V^ corresponding to^ and^ being 

r, F3 ii'^df'dffdv/ sin fl' (1 -f^y/, (o^, j^, %')g'-\ 

We will in the first place endeavour to determine the value V^ ; and 
for this purpose, by writing for x\ ^y %' their values before given in 
r', ff, w\ we get 

the coeflBdents of the various powers of r^ in >/^(/*) being evidently 

raticmal and entire functions of cos ff, sin d' cos v^, and sin ^ dn tr'. 

Thus 

V, = f/'dr'dffdTM" sin O' (1 - ry /./.(^ g'-*; 

this integral, like the foregoing, comprehending the whole volume of 
the sphere. 

Now as the density corresponding to the function ^, is 

it is clear that it may be expanded in an ascending series of the entire 
powers of of, j^, z', and the various products of these powers consequently, 
as was before remarked (Art. 1.), Fl admits of an analagous expansion 
in entire powers and products of x, y, «. Moreover, as the dainty p, 

b2 
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retains the same numerical value, and merely changes its sign when 
we pass from the element dv to a point diametrically opposite, where 
the co-ordinates a:', y', ^ are replaced by - a:', - y', — «' : it is easy to 
see that the function Fi, depending upon pi, possesses a similar property, 
and merely changes its sign when x, y, z, the co-ordinates of p, are 
changed into -a?, -y, -«. Hence the nature of the function ^, is 
such that it can contain none but the odd powers of r, when we sub- 
stitute for the rectangular co-ordinates x, y, x, their values in the polar 
co-ordinates r, 0, tr. 

Having premised these remarks, let us now suppose Fi is divided 
into two parts, one Ki due to the sphere S which passes through the 
particle p, and the other F/' due to the exterior shell S. Then it is 
evident by proceeding, as in the case where /t> = (1 - r *)^y(r*), that F,' 
will be of the form 

r/ = r»- {^ + ^r* + Cr* + &c.}; 

the coefficients A, B, C, &c. being quantities independent of the variable r. 

In like manner we have also 

r/' = fr'^df^dffdiKr' sin ff{l^ ry . r> (/^) g'-^ ; 

the integrals being taken from / = r to rial, from ff^O to ff = w, and 
from eir' = to v^ = 2w. 

By substituting now the second expansion of g^'* before used (Art- 1.), 
the last expression will become 

r/' =T,+ Ti+ T,+ T, + &c. 

of which series the general term is 

T, = fdO'dw' sin ff Q. //*-rfr' (1 - ry ^ >/. (r'*). 

Moreover, the general term of the function >/^(r'^) being represented by 
Atf^\ the portion of 2\ due to this term, will be 

(a) r^ fdffdw' sin ffQ, At ff''-^^''-'dr' {l-ry] 

the limits of the integrals being the same as before. 
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If now we e£Pect the integrations relative to r' by means of the for- 
mula (S), Art. 1, and reject as before those powers of the variable r, 
in which it is affected, with the exponent », since these ought not enter 
into the function Fi, the last formula will become 



r ( '-+"- ) r(^+i) 



{d) — r, c^a — -m r' fdffdw' sin ffQ. At, 

2 r (Z±Mii2±i£zf ^ 

and as Fl ought to contain none but the odd powers of r, we may make 
s = 2s+l, and disregard all those terms in which * is ah even number, 
since they will necessarily vanish after all the operations have been 
effected. Thus the only remaining terms will be of the form 

2.r^ 2 J 

where, as At and Qn'+i are both rational and entire functions of cos 9", 
sind'cosTr'y sind'sinzr', the remaining integrations from ff=^0 to ^ = 7r, 
and w^O to w=2ir, may easily be effected in the ordinary way. 

If now we follow the process employed in the preceding article, and 
suppose To', Ti, Ti, &c. are what T^ 7\, T2, &c. become when we use 
the truncated formula (a') instead of the complete one (a), we shall 
readily get 

n = r/ + r; + r; + iv + &c. 

In like manner, from the value of V2 before given, we get 

r," = f/'d/dffdw' sin ff{l- ry<t>{r'')g''* ; 

the integrals being taken from r^r to r = l, from ^ = to d' = 7r, and 
from Tr=0 to Tr = 2 7r. 

Expanding now ^*'" as before, we have 

r," = u,+ u,+ u,+ u, + &c. 

where 

U. = fdffdw' sin ir'Q,/Jr'»-rf/(l -f^y^ ^ (O, 
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and the part of U, due to the general term J?y** in (/•), will: be 
(i) f^fdffdw' sin ffQ^Bt/lf^'^^^^'-'df^il^ryi 

which, by employing the formula (3*^) Art 1., and rejecting the inad* 
missible terms, gives for truncated formula 

By continuing to follow exactly the same process as^ was before 
employed in finding the value of F'l, we shall see that ^ must always 
be an even number, say 2/; and thus the expression immediately ym^ 
ceding will become 



^^l 2 ) 

MoreovCT, the value of F, will be 

r, = u: + u»' + u: + u: + &c. ; 

Uf', Ut', U,\ Ui, &c. being what U^, t7„ Ut, &c. become when we use 
the formula {V) instead of the complete one {h). 

The value of V answering to the density 

p = p, + p. = (1 - /y .f(af, y', «'), 

by adding together the two parts into which it was originally divided, 
therefore, becomes 

When /3 is taken arbitrarily, the two series entering into V extend 
in infinitum, but by supposing as before. Art. 1., 



2 
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w repreaenting any whole number, positive or negative, it is clear from 
the form of the quantities entering into T^^^x and U^.'^ and from the 
known properties of the function r, that both these series will terminate 
of themselves, and the value of V be expressed in a finite form ; which, 
by what has preceded, must necessarily reduce itself to a rational and 
entire function of tiie rectangular co-ordinates x^ jr, x. It seems needless, 
after what has before been advanced, (Art. 1 .) to offer any proof of this : 
we wiQ, therefore, only remark that if 7 represents the degree of the 
function f{af^ y\ »'), the highest degree to which V can ascend will be 

7 + 2 a» + 4. 

In what immediately precedes, w may represent any whole number 

whatever, positive or negative ; but if we make « = — 2, and consequently, 

ft " 4 
^ = — ^— , the degree of the function V is the same as that of the factor 
2 

comprised in p. This factor then being supposed the most general of 
its kind, contains as many arbitrary constant quantities as there are 
terms in the resulting functioti V. If, therefore, the form of the rational 
and entire function V be taken at will, the arbitrary quantities contained 
in f{pt!^ j/y %*) will in case w = — 2 always enable us to assign the corres- 
ponding value of p, and the resulting value of f{x\ y\ ^) will be a rational 
and entire function of the same degree as V. Therefore, in the case 
now under consideration, we shall not only be able to determine the 
value of V when p is given, but shall also have the means of solving 
the inverse problem, or of detennining p when V is given; and this 
determination will depend upon the resolution of a certain number of 
algebraical equations, all of the first degree. 

3. The object of the preceding sketch has not been to point out 
the most convenient way of finding the value of the function Vy but 
merely to make known the spirit of the method; and to show on what 
its succes&i depends. Moreover, when presented in this simple form, 
it has the advantage of being, with a very slight modification, as ap« 
plicftble to any ellipsoid whatever as to the sphere itself. But when 
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spheres only are to be considered, the resulting formula?, as we shall 
afterwards show, will be much more simple if we expand the denisity p 
in a series of functions similar to those used by Laplace {Mec. Cel. 
Liv. iii.) : it will however be advantageous previously to demonstrate 
a general property of functions of this kind, which will not only serve 
to simplify the determination of V^ but also admit of viarious other 
applications of d<r. 

Suppose, therefore, Y^ is a function of and tsr, of the form con- 
sidered by Laplace {Mec. Cel. Liv. iii.), r, 0, w being the polar co-ordi- 
nates referred to the axes JT, Y, Z, fixed in space, so that 

0? = r cos 0, y = r sin cos tr, « = r sin sin tr ; 

♦ • • 

then, if we conceive three other fixed axes JTi, Fl, Zi, having the same 
origin but difierent directions, Y^^ will become a function of 0i and wu 
and may therefore be expanded in a series of the form 

(6) Fw = r/«> + r/'> + r;<«> + f;(»> + &c. 

Suppose now we take any other point p' and mark its various co-ordinates 
with an accent, in order to distinguish them from those of p ; then, if 
we designate ' the distance pp' by {p, p')^ we shall have 

= {r»- 2rr' [cos cos 6K + sin 6> sin 0* cos (ar - w')] + r^*\ '* 



1 / r' i'* r'' \ 

= i(Q(«)+Q«).^ +Q(«^ +Q(»)L +&C.), 

as has been shewn by Laplace in the third book of the Mec. Cel.^ where 
the nature of the different functions here employed is completely ex- 
plained. 

In like manner, if the same quantity is expressed in the polar co- 
ordinates belonging to the new system of axes JTi, F„ Zu we have, 
since the quantities r and r are evidently the same for both systems, 

^^ = 1 (q,». + «,<.. ^ + Q.<. ^ + Q,.. ^ + ie.) , 
;ind it is also evident from the form of the radical quantity of which 
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the series just given are expansions, ' that whatever number i may re- 
present, Q/*^ will be immediately deduced from Q^ by changing 0, ar, 

ff, w' into 0„ wi, 0/, w/. But since the quantity - is indeterminate, 

T 

1 

and may be taken at will, we get, by equating the two values of -. r. 



r 



and comparing the like powers of the indeterminate quantity -, 

If now we multiply the equation (6) by the element of a spherical 
surface whose radius is unity, and then by Q^*^ = Qi<*\ we shall have, 
by integrating and extending the integration over the whole of this 
spherical surface, 

/rfMrf2^Q^*>F« = /c?MirftF»Q/*> { F,«»+ F/«+ r/« + &c.}. 

Which equation, by the known properties of the functions Q^*^ and Y^^\ 
reduces itself to 

when h and % represent different whole numbers. But by means of a 
formula given by Laplace (JSiec. Cel. Liv. iii. No. 17.) we may imme- 
diately effect the integration here indicated, and there will thus result 

" 2A + 1^^ ' 

y,'^*^ being what F/*^ becomes by changing 6^ Wi into 0/, w/, and as 
the values of these last coordinates, which belong to p\ may be taken 
arbitrarily like the first, we shall have generally Y^^\ except when 
h = >. Hence, the expansion (6) reduces itself to a single term, and 
becomes 

We thus see that the function T^^ continues of the same form even 
when referred to any other system of axes JTi, Fi, Zi, having the same 
origin O with the first. 

This being established, let us conceive a spherical siuface whose center 
is at the origin O of the co-ordinates and radius /, covered with fluid, 
Vol. V. Paet I. C 
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of which the density p = Y'^'* ; then, if da represent any element of 
this surface, and we afterwards form the quantity 

the integral extending over the whole spherical surface, ff being the 
distance p, da and yjr the characteristic of any function whatever. I 
say, the resulting value of V will be of the form 

R being a function of r, the distance Op only and Y^^ what Y'^^ becomes 
by changing ff^ tt', the polar co-ordinates, into 0, «-, the like co-ordinates 
of the point p. 

To justify this assertion, let there be taken three new axes JTi, JTi, Z„ 
so that the point p may be upon the axis Xi ; then, the new polar 
co-ordinates of da may be written /, ff^ -ar', those of p being r, 0, -w, 
and consequently, the distance will become 

g = v'(f^*- 2rr' cos d^+f^) ; 

and as rf(r' = r'^rf0/rfWsin0/, we immediately obtain 

V = fY'^'V^de^dvi sin ©i^ (f^-- 2rr' cos 0/ + r'«) 

= ^'Ade,' sin 5/ >/. (^ - 2rr' cos 0/ + /•)y^rfw/ F'^^ 

Let us here consider more particularly the nature of the integral 

In the preceding part of the present article, it has been shown that 
the value of Y'^\ when expressed in the new co-ordinates, will be of 
the form Yi^^ ; but all functions of this form (Vide Mec. Cel. Liv. iii.) 
may be expanded in a finite series containing 2t + l terms, of which 
the first is independent of the angle 'sr/, and each of the others has 
for a factor a sine or cosine of some entire multiple of this same angle. 
Hence, the integration relative to v/ will cause all the last mentioned 
terms to vanish, and we shall only have to attend to the first here. 
But this term is known to be of the form 

* r " 2727^'*^ "^2.4.2i«1.2i-s'"^ ^""1 ' 
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and consequently, there will result 

where /i/ = cosd/ and ^ is a quantity independent of 0/ and wi, but 
which may contain the co-ordinates 0, w, that serve to define the 
position of the axis JTi passing through the point p. 

It now only remdns to find the value of the quantity k, which may 
be done by making 0/ = O, for then the line r coincides with the axis 
JTi, and Y^^ during the integration remains constantly equal to Y^\ 
the value of the density at this axis. Thus we have 

2'wF^^ = 2^* (1- *'^7 , + !;^r"^:^"I '!""^ -&c.) : 

V 2.21—1 2.4.21 — 1.2« — 8 / 

or, by summing the series within the parenthesis, and supplying the 
common factor 29r, 

and, by substituting the value of k, drawn from this equation in the 
value of the required integral given above, we ultimately obtain 

If now, for abridgement, we make 

/•v n I.I— 1 ,1 o , f.l — l.f — 2.1 — 8 /!_. p 

we shall obtain, by substituting the value of the integral just found in 
that of f^ before given, 

which proves the truth of our assertion. 

From what has been advanced in the preceding article, it is likewise 
very easy to see that if the density of the fluid within a sphere of 
any radius be every where represented by 

c2 
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(p being the characteristic of any function whatever; and we afterwards 
form the quantity 

where dv represents an element of the sphere's volume, and g the dis- 
tance between dv and any particle p under consideration, the resulting 
value of V will always be of the form 

V^*^ being what V^*^ becomes by changing 0^, w, the polar co-ordinates 
of the element dv into 0, w, the co-ordinates of the point p; and R 
being a function of r, the remaining co-ordinate of jti, only. 

4. Having thus demonstrated a very general property of functions 
of the form Y^^, let us now endeavour to determine the value of V 
for a sphere whose radius is unity, and containing fluid of which the 
density is every where represented by 

x\ y\ %' being the rectangular co-ordinates of dvy an element of the 
sphere's volume, and J^ the characteristic of any rational and entire 
function whatever. 

For this purpose we will substitute in the place of the co-ordinates 
x\ y\ «' their values 

x' = r' cos ^\ y = r sin ff cos lar: «' = r' sin ff sin tt' ; 

and afterwards expand the functiony(a?', y', »') by Laplace's simple method, 
{Mec. Cel. Liv. iii. No. 16.). Thus, 

(7) /(a:', y',«)=/'^«>+/'<»> +/'<«> + &C +/'<'>; 

8 being the degree of the function y(a?', y^, «'). 

It is likewise easy to perceive that any term f^^ of this expansion 
may be again developed thus, 

/'(o =/;<V'* +/'<V'*^« +^<V'*-* + &c.; 

and as every coeflicient of the last developement is of the form U^^\ 
{Mec. Cel. Liv. iii.), it is easy to see that the general term yw/'^" may 
always be reduced to a rational and entire function of the original 
co-ordinates x\ y', «'. 
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If now we can obtain the part of V due to the term 

we shall immediately have the value of V by summing all the parts 
corresponding to the various values of which % and ^ are susceptible. 
But from what has before been proved (Art. 8.), the part of V now 
under consideration must necessarily be of the form Y^^\ representing, 
therefore, this part by Vi^^ we shall readily get 

r/'^ =/Jr'*^^'+«dfr' (1 ^ ryjdv'dff sin d^J'^V ""• 

Moreover from what has been shown in the same article, it is easy 
to see that we have generally 

fY'^^dTB'dff sin 0'V'(^') = 2 TT F<'> ^'^f':^'"} fJdfi,' (i ) >/.(r*-2rf^M/+r *) ; 

^ being the characteristic of any function whatever, and V^^ what V^^ 
becomes by substituting 0, 'O' the polar co-ordinates of p in the place 
of 0', w\ the analogous co-ordinates of the element dv. If therefore 
in the expression immediately preceding, we make 



i--i» 



r^'>=j:<'^ and V.(^) =^->=(^*) » , 

and substitute the value of the integral thus obtained for its equal in 
F"/" there wiQ arise 

(8) F;«=2«-yi«l^|jg^/Jr''*«^*rf^^ 

where Jl^^ is deduced from Ji'^^ by changing ff, vf into 0, ir, and («), for 
abridgement, is written in the place of the function 

^^ "" 2.21-1'** ■*■ 2.4.2»-1.2i-8^* "^^• 

As the integral relative to mi which enters into the expression on 
the right side of the equation (8) is a definite one, .and depends therefore 
on the two extreme values of m i only, it is evident that in the deter- 
mination of this' integral, it is altogether useless to retain the accents 
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by which ^'i is affected. But by omitting these superfluous accents, 
we shall have to calculate the value of the quantity 

where 

(i) = .* , '^^-^ ,, 1.1-^1.1-2.^^8 ,.,^4^ 
^' ^ 2.2i-l^ ^2.4.2i-1.2f-8'' *^- 

The method which first presents itself for determining the value of 



l-n 



the integral in question, is to expand the quantity (r* — 2rrV+r*) ' by 
means of the Binomial Theorem, to replace the various powers of m by 
their values in functions similar to (t) and afterwards to effect the in- 
tegrations by the formula? contained in the third Book of the Mec. Cel. 

For this purpose we have the general equation 

' ' t * * 1 * ^\ * £% 

(9) ^°(*)-^ 2727=1 <'-g)+ 2.4.2»-8.ai-5 (*-^) 

f.»-l.i— 2.f- S.i-4.* — 5 ,. -J. , , 
2.4.6.2i-5.2i-7.2i-9 ^ ^ 

To remove all doubt of the correctness of this equation, we may 
multiply each of its sides by fi, and reduce the products on the right 
by means of the relation 

which it is very easy to prove exists between functions of the form (i). 
In this way it will be seen that if the equation (9) holds good for any 
power fjL* it will do so likewise for the following power m'**» tod as it 
is evidently correct when f = l, it is therefore necessarily so, whatever 
whole number i may represent 

Now by means of the Binomial Theorem, we obtain when rir' 



i-tt 






_ , 11 — !.» + !. ft + 8 » + 2g— 8 

2 4 6 •••v*. 2^ 



If now we conceive the quantity i^f^p — ^) to be expanded by 
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<■)■>(' 



the same theorem, it is easy to perceive that the term having i-/j 
for factor is 

«-l.«-H.n + 3 n + 2i+4f~S t^^^ j+sc /'iV*"' 

2.4.6 2» + 4r " IW 

2 . 4 2i + 4/'-2 '^ " VJ r'«* 1 

. »-l.« + l » + 2t + 4<^-7 ^^ w+,^ ,/'r\'+»''-*r* t + 2^-2.f + 2f-8 

■•■ 2 . 4 2t + 4/'-4 ^^'*''- VJ f'* • i '. 2 



— &C &C &C 

■p\ in the expansion of the function 

will be expressed by 

2 . 4 2» + 4/-2* ■ ^ ^ 

» + 2<^-*.» + 2<'-*-l t+a<^-2* + l 

1 2 * 

Hence the portion of this coefficient contdning the function (*), when 
the various powers of /u have been replaced by their values in functions 
of this kind agreeably to the preceding observation will be found, by 
means of the equation (9), to be 

^*^ 2 . 4 2» + 4^-2« 

t + 2<^-2j.« + 2<^-2^-l f + l 

'*2.4 2/-2*x2« + 2^-2* + 1.2i + af-2*-1...2« + 8 

» + 2/'-».i+2f'-*-l i + 2/'-2*+l 



,2«+»«'-««(_l).x 



1.2.3 « 



«-l.n + l.«-f8 iH-2»+4<;-2*-8 ,,^., 

^' 2.4 .6 2« + 4/'-2* ^ ^ 
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1 + 1.1 + 2.1 + 3.1 + 4 i'{-9if-s 



2V(e).2 



1.2.8 *x2.4.6 2<'-2*x2i + 2/'-2* + l 2i + 3 

(-iy.»-l.gg + l.ii + 8 » + 2> + 4<'-2^-8 

2.4 2ix2.4 2^x2.4 2/-2*x2f + 2<'-2*+1...2f+3 

3.5.7 2i + l ..V n-l.n + l.n + S n + 2i-i 2f-3 

1.2.8 I ^*^ ^ 3.6.7 2« + 2/ + l 

^ / ^^, » + 2g + 2^-l n + 2i + 4if-2sS 

"" '^ ^^ 2.4.6 2/'-2* 



g +2^'-2^ + 3 2g + 2/ + 1 

^ 2.4.6 2* 

where all the finite integrals may evidently be extended from * = 
to « =s X , and it is dear that the last of these integrals is equal to the 
coefficient of o^ in the product 

c, . » + 2t + 2<'-l « + 2i + 2/'-l.« + 2f + 2/ + l . . - . . ^, 

{1+ s a?+ ^—: a^ + &cc.mtnf.\ 

^ 2 2.4 •^ ' 

,, 2i + 2/ + l , 2i + 2<' + 1.2i + 2/-l . , • ..> 
X U 2 ^+ aT4 ^-&c. mfif/:} 

If now we write in the place of the series their known values, the 
preceding product will become 

(l-d?)' » x{l-x) ' =(l-x)\ 

and consequently the value of the required coefficient of af is 

n-2.n.n + 2 n + 9f—4 

2 .4. 6 ar 

This quantity being substituted in the place of the last of the finite 
integrals gives for the value of that portion of the coefficient of 






which contains the function (t) the expression 

8.5.7 2»+l «-l.» + l n+2t+2<'-8 n-2.n »+2<'-4 . .. 

1.2.8 f ^3.5 2t + 2/ + l ^ 2.4 2f ^'^* 
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i-i-itf 



By multiplying the last expression by f—J , and taking the sum 

of all the resulting values which arise when we make successively 

^" = 0, 1, 2, 3, 4, 5, 6, &c. in infinitum^ 

we shall obtain the value of the term V^^ contained in the expression 



{i-2^y + ^) ' = ^*"'+ ^"'+ ^^+ rw+^c. 



Hence, 



"1.2 i ^*^ 3 . 5 2i + 2<'+l 

n-2.n » + 2<^-4 (r\^***' , 



2.4 2^ 



b) ' 



the finite integral extending from ^ = to ^ = oo. 

But by the known properties of functions of this kind^ we have 
by substituting for Y^^ its value 

V-n 

/.\d^ (0 (l - 2m p + ^) * =/-lrfM (»•) . F« 

3.5.7 . 2t + l -, ..., ^ »-l.» + l »-f2t + 2<'-8 

'=1.2.8 «• ^ '*^'^ ''^8.5 2« + 2/ + l 

«-2.« « + 2^-4 /r^*+»'' 

X — 



2.4 2^ 



(?) 



1.2.8 > «-l.» + l « + 2« + 2^-3 

"1.3.5 2i-l 8 . 5 2« + 2<' + 2 

«~2.« » + 3^-4 /r\'*"' 



X 



(^) ■ 



2.4 2^ 

since by what Laplace has shown (Mec. CeL Liv. iii. No. 17.) 

/ij /'Ni * /1. 2. 3 % \ 
-J^'* W = am U.S. 5 2.-1J • 

Vol. V. Pabt I. D 



26 Mr green, ON THE LAWS OF THE EQUILIBRIUM OF FLUIDS. 

If now we restore to ^ the accents with which it was originally 
affected, and multiply the resulting quantity by f^"~\ we shall have when 
r<r' 

(10) /-}rfM'.(0 (»--2rrV'. + r'»)^"=r'->/_}c?M'. (0 (l - 2m\^ + ^.)~ 

,,_. 1.2.8 I w-l.w + 1 « + 2>-f2<'-3 

* 1.8.5 2«-l 3 . 5 2« + 2r+l 

»— 2.» n + 2f-4 /r\*+"' 

X — 



2.4 2f 



(p) • 



and in order to deduce the value of the same integral when r^ ^r, we 
shall only have to change r into /, and reciprocally, in the formula 
just given. 

We may now readily obtain the value of F^{^ by means of the 
formula (8). For the density corresponding thereto being 

it follows from what has been observed in the former part of the 
present article, that ^'<'>r'^** may always be reduced to a rational and 
entire function of a/, y\ »' the rectangular co-ordinates of the element 
rfr, and therefore the density in question will admit of being expanded 
in a series of the entire powers of ;r', y', as' and the various products of 
these powers. Hence (Art. 1.) V^^ admits of a similar expansion in 
entire powers, &c. of ^, y, % the rectangular co-ordinates of the point p, 
and by following the methods before exposed Art. 1 and 2, we readily 
get 

n-Z.n.n + Z « + 2;'-4 /r\^**' 

X 



2 .4. 6 if 



fry"' 



and thence we have ultimately. 



(11) Kt -ZirJ, i. g _ g 2« + 2r + l "" 2.4 2f 
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r 

^y 4~n.6-n 2if-2<^+2-w n-2,n ;t-f2^'-4 

6 + 2/3-w 2<-2^+2i3 + 4-«^ 2.4 2^ 

— l.» + l » + 2« + 2<'-3 



X 



8 . 5 2f + 2/' + l ' 



the finite integrals being taken from <^=0 to «'=« and r being the 
characteristic of the well known function Gamma, which is introduced 
when we effect the integrations relative to r^ by means of the formula 
(3), Art. 1. 

Having thus Vi^^ or the part of V corresponding to the term fx^^^ 
in fioi^ f/^ z) we immediately deduce the complete value of 7^ by giving 
to i and t the various values of which these numbers are susceptible, 
and taking the sum of all the parts corresponding to the different terms 
in the expansion of the function /(x^ y', »'). 

Athough in the present Article we have hitherto supposed y to be 
the characteristic of a rational and entire function, the same process will 
evidently be applicable, provided J^(x\ ^, «') can be expanded in an 
infinite series of the entire powers of x\ y\ z' and the various products 
of these powers. In the latter case we have as before, the development 

f(^\ y', «') =r^'> +r'' +/'^*^ +/'<»> + &c. 

of which any term, as for example y^'^ may be farther expanded as 
foUows, 

and as we have already determined Vt^^ or the part of V^ corresponding 
tojt^^r'^^^^9 we immediately deduce as before the required value of V^ 
the only difference is, that the numbers i and /, instead of being as 
in the former case confined within certain limits, may here become in- 
definitely great 

d2 



38 Mb green, on THE LAWS OF THE EQUILIBRIUM OF FLUIDS, 

In the foregoing expression (11) /3 may be taken at wiD, but if we 

assign to it such a value that -^ — may be a whole number, the 

series contained therein will terminate of itself, and consequently the 
value of FV^^ will be exhibited in a finite form, capable by what has 
been shown at the beginning of the present Article of being converted 
into a rational and entire function of x, y^ ss, the rectangular co-ordinates 
of p. It is moreover evident, that the complete value of V being com- 
posed of a finite number of terms of the form f^/'^ will possess the same 
property, provided the function f(jx!, y\ z) is rational and entire, which 
agrees with what has been already proved in the second Article, by a 
very different method. 

(5) We have before remarked, (Art. 2.) that in the particular case 

where )3 = — — , the arbitrary constants contained in y(a?', y', «') are just 

sufficient in number to enable us to determine this function, so as to 
make the resulting value of V equal to any given rational and entire 
function of or, y, k, the rectangular co-ordinates of p, and have proved 
that the corresponding functions V and y will be of the same degree. 
But when this degree is considerable, the method there proposed becomes 
impracticable, seeing that it requires the resolution of a system of 

s + 1.S + &.S + 8 
1.2.3 

linear equations containing as many unknown quantities; s being the 
degree of the functions in question. But by the aid of what has been 
shown in the preceding Article, it will be very easy to determine for 
this particular value of /3 the function ^(a:', y', »') and consequently the 
density p when V is given, and we shall thus be able to exhibit the 
complete solution of the inverse problem by means of very simple 
formulae. 

For this purpose, let us suppose agreeably to the preceding remarks, 
that p the density of the fluid in the element dv is of the form 



«-4 



P = {l-r'*)*fW,y',»); 



Mr green, on THE LAWS OF THE EQUILIBRIUM OF FLUIDS. 29 

y being the characteristic of a rational and entire function of the same 
degree as Fi and which we will here endeavour so to determine, that 
the value of V thence resulting, may be equal to any ^ven rational 
and entire function of x^ y, % of the degree s. 

Then by Laplace's simple method {Mec. Cel. Liv. iii. No. 16.) we 
may always expand f^ in a series of the form 

r= r<^>+ r<'>+ r(^>+ &c + v^'\ 

In like manner as has before been remarked, we shall have the 
analogous expansion 

Ax\ y\ «o =/'<^>+jr^^>+/'^»> +/'<»>+ &c +/n 

of which any termy^'^ for example, may be farther developed as follows, 

/'(o=/;(o^ +/'(o/'+» +/;('>r"^* + &c. = f^' (Z'^*) +/'^'>r'« +/'^V* + &c.) 

f^^^^i f\^^9 J9^% &c. being quantities independent of r' and all of the form 
V^^ {Mec. Cel. Liv. iii.) Moreover F/*^ the part of V due to the general 

term /J'<V'+'^ of the last series, will be obtained by writing _ for /3 

in the equation (11), and afterwards substituting •for 



^ m •■ m "» ™i- 



sin (-g-.J 



In this way we get 



jrw^ a^r«/<V , 4-«.6-« 2t-2^ + S,-n 

sm (-^x) 

W-2.W n-h8<^-4 ^ — 1.^4-1 y2 + 2f-l-a<^-3 ^ 

"" 2.4 2? ^ 8 . 5 2f + 2^ + l ' 

ft^^ being what /l'^*^ becomes by changing ff, tr' into 0, w, and th 
integral being taken from f = to ^ = « . 

Let us now for a moment assume 

^,y^_ n-2.n » + 2<^-4 »-l.» + l » + 2g + 2<^-8 

''^^^ 2.4 2? "" 8 . 5 2I + 2/+1 ' 
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then the expression immediately preceding may be written 

^' - . //-2 \ ^ 2.4 2t-2f 0<O-'^. 

sm [-^ .) 

and by giving to t the various values 0, 1, 2, 8, &c. of which it is sus- 
ceptible, and taking the sum of all the resulting values of F]*^ the quantity 
thus obtained will be equal to V^*^ or that part of V which is of the 
form V^'*. Thus we get 

2ir*.r' 



frit) — 



.n [-^.) 
(0) .^"> 



+ %";^;";^6" »(O)l/?'>+ *7;^;" 0(l)/,<'^-r»4-^»(2)^'>.rV»(8)/,''>f^ 



+ &c &c &c. 



since all the terms in the preceding value of F"/*^ in which t'>t vanish 
of themselves in consequence of the factor 

— :r -z ;rT ;r5 = ^ =0 (wheU * > /)• 

2 • * 2'-^^ r(/-r4-i)r(*=^) 

But J^^'^ as deduced from the given value of F may be expanded in 
a series of the form 

and if in order to simplify the remaining operations, we make generally 

^' "" . /n-2 \ "^ 2.4 2t "^8.5 2f + 2#+l ' 

sm (^-^^j 
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o— i* 






sm 



the equation immediately preceding will become 

^*** = Z o X X { (0) • f^o<'> +0(1)- C^/"'-' + <P (2) tr.» #- + &c. J 

sm 






which compared with the foregoing value of J^^^, will give by suppressing 

the factor ^ , common to both, and equating separately the 

sin (^ .) 

coefficients of the different powers of the indeterminate quantity r the 
following system of equations 

t/o -/• + 2 ^> + 2.4 •'* ^ 2.4.6 -^^ ^ 

u.w =/« + i!~ /» + ^g";^J^ /.<« + &c. 

t/,^'>=^'>+ ^/3^'>-*- ^g'';^^'' //•>+&€. 

&c= ...&c &c , &c. 

for determining the unknown functions Jo^\ fi^^^ Jl^\ 4ec. by means of the 
known ones Uo% Ui% U,^^ &c. In fact the last equation of the system 
gives Uy^=^J^\ and then by ascending successively from the bottom to 
the top equation, we shall get the values of f,^*\ /,%, /,%, &c. with 
very little trouble. It will however be simpler still to remark, that the 
general type of all our equations is 



n-A 



where the symbols of operation have been separated from those of 
quantity and e employed in its usual acceptation, so that 
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But it is evident we may satisfy the last equation by making 



4-» 



/.^'> = (1 - €)~ Ui\ 

Expanding now and replacing eZ/,^*^; e^^U^^, &c. by these values Ui'lu 
Uu%9 &c. we get 

from which we may immediately deduce ^'^'^ and thence successively 

/'(o = r" (/o'<'> +/'(') r'* +/;<'> r * +^<'> /• + &c.) 



II--4 



and p = (1 - or'^ - y'^ - «'^) « ,/(^', y', «'). 



Application qf the general Methods exposed in the preceding Articles 

to Spherical conducting Bodies. 

(6) In order to explain the phenomena which electrified bodies 
present, Philosophers have found it advantageous either to adopt the 
hypothesis of two fluids, the vitreous and resinous of Dufay for 
exaniple, or to suppose with iEpinus and others, that the particles of 
matter when deprived of their natural quantity of electric fluid, possess 
a mutual repulsive force. It is easy to perceive that the mathematical 
laws of equilibrium deducible from these two hypotheses, ought not to 
differ when the quantity of fluid or fluids (according to the hypothesis 
we choose to adopt) which bodies in their natural state are supposed 
to contain, is so great, that a complete decomposition shall never be 
effected by any forces to which they may be exposed, but that in 
every part of them a farther decomposition shall always be possible by 
the application of still greater forces. In fact the mathematical theory 
of electricity merely consists in determining p* the analytical value of 

* It may not be improper to remark that p is always supposed to represent the density 
of the free fluids or that which manifests itself by its repulsive force; and therefore^ when 
the hypothesis of two fluids is employ ed^ the measure of the excess of the quantity of either 

fluid 
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the fluid's density, so that the whole of the electrical actions exerted 
upon any point p, situated at will in the interior of the conducting 
bodies may exactly destroy each other, and consequently p have no 
tendency to move in any direction. For the electric fluid itself, the 
exponent n is equal to 2, and the resulting value of p is always such 
as not to require that a complete decomposition should take place in 
the body under consideration, but there are certain values of n for which 
the resulting values of p will render fpdv greater than any assignable 
quimtity; for some portions of the body it is therefore evident that 
how great soever the quantity of the fluid or fluids may be, which 
in a natural state this body is supposed to possess, it will then become 
impossible strictly to realize the analytical value of />, and therefore some 
modification at least will be rendered necessary, by the limit fixed to 
the quantity of fluid or fluids originally contained in the body, and 
as Dufay's hypothesis appears the more natural of the two, we shall 
keep this prindpaUy in view, when in what follows it may become 
requisite to introduce either. 

7. The foregoing general observations being premised, we will proceed 
in the present article to determine mathematically the law of the density 
p, when the equilibrium has established itself in the interior of a con- 
ducting sphere A, supposing it free from the actions of exterior bodies, 
and that the particles of fluid contained therein repel each other with 
forces which vary inversely as the n^^ power of the distance. For this 
purpose it may be remarked, that the formula (1), Art. I, immediately 
gives the values of the forces acting on any particle p, in virtue of 
the repulsion exerted by the whole of the fluid contained in ^. In 
this . way we get 

^ .-T- = the force directed parallel to the axis JT, 

1 dV 
|-^— . T— = the force directed parallel to the axis K, 

fluid which we choose to consider as positive over that of the fluid of opposite name in any 
element dv of the volume of the body is expressed by pdv, whereas on the other hypothesis 
pdty serves .to measure the excess of the quantity of fluid in the element dv over what it 
would possess in a natural state. 

Vol. V. Part I. E 
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•= . -J- s the force directed parallel to the axis Z. 

But since, in consequence of the equilibrium, each of these forces is 
equal to zero, we shall have 

„ dV , , dr, , dV. ,^ 

'"'-d^^'-^d^^y'^-di'^''-^^-^ 

and therefore, by integration, 

V =s const. 

Having thus the value of V at the point p, whose co-ordinates are 
«• y, x> we immediately deduce, by the method explained in the fifth 

article, 

. /»-2 \ 
sin f —- irj j_, 

seeing that in the present case the general expansion of V there giyen 
reduces itself to 

If moreover Q serve to designate the total quantity of free fluid in 
the sphere, we shall have, by substituting for 



sin (--Q— 'Tj its value 



r(!4?)r(t^)- 

See Legendre. Exer. de Col. Int. Quatrieme Partie. 

In the preceding values, as in the article cited, the radius of the 

sphere is taken for the unit of space; but the same formulae may 

r' 
readily be adapted to any other unit by writing — in the place of r^, 

and recollecting that the quantities p, F, and Q, are of the dimensions 
0, 4 — n, and 8 respectively, with regard to space; a being the number 
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which represaits the radius of the sphere when we employ the new 
unit In this way we obtain 

™ (^') .-. r (I) "-' 

p = L-i L F(tf^r^*)~, and Q = i2i r 

-^^ r(--±l)r(V) • 

Hence, when Q, the quantity of redundant fluid originally introduced 
into the sphere is given, the values of V and of the density p are like- 
wise given. In fact, by writing in the preceding equation for 

r(|). and sin(^^). 

their values, we thence immediately deduce 

and r= ^ * ', ^ * 'a'-'.Q.- 

The foregoing formulas present no difficulties where » > S, but wheh 
ii< 2, the value of p, if extended to the surface of the sphere A, would 
require an infinite quantity of fluid of one name to have been ongk^ 
nally introduced into its interior, and therefore, agreeably to a preceding 
observation, could not be strictly realized.. In order then to determine 
the modification which in this case ought to be introduced, let us in 
the first place make n>2, and conceive an inner sphere J7, whose 
radius is a-^Ba, in which the density of the fluid is still defined by 
the first of the equations (12); then, supposing afterwards the rest of 
the fluid in the exterior shell to be OHisidered on A*s surface, the portion 
«o condensed, if we neglect quantities of the order Sa, compared with those 
retained, will be 

£ 2 
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and since, iii the transfer of the fluid to ^'s surface, its particles move 
over spaces of the order ia only, the alteration which will thence be 
produced in F' will evidently be of the order 

and consequently the value of F' will become 



r= 



^-m^m'"-«^*'«^= 



k being a quantity which remains finite when &a vanishes. 

In establishing the preceding results, n has been supposed greater 
than 2, but p the density of the fluid within JB and the quantity of it 
condensed on A*s surface being still determined by the same formulae, 
the foregoing value of f^ ought to hold good in virtue of the generality 
of analysis whatever n may be, and therefore when » is a positive quantity 
and Sa is exceedingly small, we shall have without sensible errors 



3-,^m^ m ''-• * 



Conceiving now P" to represent the density of the fluid condensed 
on A'8 surface, ^Tru^P" will be the total quantity thereon contained, which 
being equated to the value before given, there results 



a-8 






and hence we immediately deduce 

« + l 



.-4 T^(!L±1\ 



wv^ir' 



r 







Moreover as Q represents the total quantity of redundant fluid in the 
entire sphere A, the quantity contained in B is 
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n+r 



^ \ 2 ) 



If now when n is supposed less than 2, we adopt an hypothesis 
similar to Dufay's, and conceive that the quantities of fluid of opposite 
denominations in the interior of A are exceedingly great when this 
body is in a natural state, then after having introduced the quantity Q 
of redundant fluid, we may always by means of the expression just 
given, determine the value of £a, so that the whole of the fluid of 
contrary name to Q, may be contained in the inner sphere S, the 
density in every part of it being determined by the first of the equa- 
tions (12). If afterwards the whole of the fluid of the same name as 
Q is condensed upon A*s surface, the value of V in the interior of JB 
as before determined will evidently be constant, provided we neglect 

indefinitely small quantities of the order ia^. Hence all the fluid con- 
tained in JB will be in equilibrium, and as the shell included between 
the two concentric spheres, A and JB is entirely void of fluid, it follows 
that the whole system must be in equilibrium. 

From what has preceded, we see that the first of the formulae (12) 
which served to give the density p within the sphere A when n is 
greater than 2, is still sensibly correct when n represents any positive 
quantity less than 2, provided we do not extend it to the immediate 
vicinity of A^s surface. But as the foregoing solution is only approxi- 
mative, and supposes the quantities of the two fluids which originally 
neutralized each other to be exceedingly great, we shall in the follow- 
ing article endeavour to exhibit a rigorous solution of the problem, 
in case » < 2, which will be totally independent of this supposition. 

8. Let us here in the first place conceive a spherical surface whose 
radius is a, covered with fluid of the uniform density P", and suppose 
it is required to determine the value of the density p in the interior 
of a concentric conducting sphere, the radius of which is taken for 
the unit of space, so that the fluid therein contained, may be in equi- 
librium in virtue of the joint action of that contained in the sphere 
itself, and on the exterior spherical surface. 
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If now V represents the value of V due to the exterior surface, 
it is clear from wiiat Laplace has shown, {Mec. CeL Ldv. ii. No. 12.) that 

^= S-§^ = (83^ {(a + rr--(a-r)-}; 

£f(r being an element of this surface, and ^ being the distance of this 
element firom the point jp to which V is supposed to belong. 

If afterwards we conceive that the function V is due to the fluid 
within the sphere itself, it is easy to prove as in the last article, that 
in consequence of the equilibrium we must have 

V ^ r« const 

But V* and consequently V is of the fown T^^^ therefore by employ-* 
ing the method before explained^ (Art. 4.) we get 

A^. j/, O =/'W =,/,(•) +yj<o). r'^ ^.yJ(o). ^4 + 4,e. = JBo + B,f^' + JB.f^ + &c. ; 

where, as in the present case, ^'^, ^'^^^ fi^\ &c. are all constant 
quMitities, they have for the sake of simj^city been replaced by 

i?0, J?1, J?2, &C. 

Hitherto the exponent /3 has remained quite arbitrary, but by making 
i3= ^ ' the formula (11) Art. 4. will become when i =bO, 

'^ -*"^' Ha) ^'^ 4 . 6 g<^2<'4-a 

** a. 8. 4 a/'+i 

(n-2)y»g, 4~n.6-« az-a^'+a-n n~a.»-i «+g<'-^8 

~ . /«-a \ '4.6 a<-a<'+a ^ a . s ...... af+i ' 

Giving now to t the successive values 0, 1, a, 3, &c. and taking 
the sum of the functions thence resulting, there arises 

r= r« = r,<'' + r,w + r,^ + r,<»» + &c. = s. ^<" 

_ (n^a) ir^ „„ .^ 4-».6-'« 2t-if+2-n «-a.«-i »+a<'-8 

~"r7«^=TT ' 4.6.8 a/-a^+a '^ a . a a^'+i ' 

where the sign S is referred to the variably t and S to i'. 



Mil GREEN, OK THE LAWS OF THE EQUILIBRIUM O** FLUIDS. »9 




in, by substituting for V and F' their values in the equation 
IT + V^ const and expanding the function V^ we obtain 

const. =. 4.PV-. 2 ^ . ^;^-^:^-; ^tf;^ 

«*' 2-8 .4 a/' + i 

(it-2) if^ 4^» , 6-» 2t-2f+2-n »-2,yt-l n+if-^S 

sinf^Z?.^) ' 4 . 6 a/^a^^-fg "" 2tS.4 S^' + l ' 

which by equating separately the coefficients of the various powers of 
the indeterminate quantity r, and reducing, gives generally 

aP'o'— "".sin f^ir) a JL 

7"" ** 2 . 4 2s ^'^'' 

Then by assigning to f its successive values 1, 2, 3, &c, there results for 
the determination of the quantities B^^JBx^ B^^ &c. the following system 
of equations^ 

2P' ,, . /«-2 \ D ^ 2-11 ^ . 2-11.4-11 ^ , . 
a^— • sm (-^-o^ *1 «» J*o+ — 2" ***^ ^""2 4~ -^« + *^^- 

2P' . . . /n-2 \ «• » . 2-» 3J, ^ 2-91.4— ;» „ ^ . 
a*— .sm \—Q-'^) .a *==^i+ -^— J^j^ — g 7 — J?t + &c. 

a*-.sm — s— TT .a * = -B2+ — h~^»+ — 5 1 — B^+Uq. 

IT \ 2 / 3 2.4 

&c &c &c &c. ..••.... 

But it is evident from the form of these equations, that we may satisfy 
the whole system by making 

Bi^B^.a-\ B^^B,.a'\ Bz=^B^.a\ B,^Bs.a'% kc 

(MX)vided we determine ^o by 

2P' ,_. . /« — 2 \ i> /^ . 2-n _, , 2—11. 4-11 .. , , 



ii~9 



M "* 2 

Hence as in the present case, fi » ~^-^ f ^^ immediately deduce the 

2 

•ucoessive values 
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■-« A ry/^ /-- « V »-■ 



and p = (l-r*)"^./(ar'.y',«0=~^8in (^ir).(aP-l)~.. 



• «S 



(«»-r'»)-^(l-0"- 

In the value of p just exhibited, the radius of the sphere is taken 
as the unit of space, but the same formula may easily be adapted to 

any other unit by writing ^ and g- in the place of a and r^ respectively, 

and recollecting at the same time that in consequence of the equation 

before given, -^» is a quantity of the dimension —1 with regard to 

space: b being the number which represents the radius of the sphere 
when we employ the new unit. Hence we obtain for a sphere whose 
radius is bg^ acted upon by an exterior concentric spherical surface 
of which the radius is a, 

2P'a.sin ( "[ w) 
(/3) p=: '^ ia«-y)~(a»-0-^(y-0"^; 

TT 

P" being the density of the fluid on the exterior surface. 

If now we conceive a conducting sphere A whose radius is a, and 
determine P so that all the fluid of one kind, viz. that which is re- 
dundant in this sphere, may be condensed on its surface, and afterwards 
find b the radius of the interior sphere B from the condition that it 
shall just contain all the fluid of the opposite kind, it is evident that 
each of the fluids will be in equilibrium within A^ and therefore the 
problem originally proposed is thus accurately solved. The reason for 
supposing all the fluid of one name to be completely abstracted from 
B^ is that our formulas may represent the state of permanent equilibrium, 
for the tendency of the forces acting within the void shell included 
between the surfaces A and B, is to abstract continually the fluid of 
the same name as that on A^s surface from the sphere B. 



9-n n-9 



V 
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To prove the truth of what has just been asserted, we will begiir 
with determining the repulsion exerted by the inner sphere itself, on 
any point p exterior to it, and situate at the distance r from its centre 
O. But by what Laplace has shown {Mec. CeL Li v. ii. No. 12.) the 

repulsion on an exterior point j9, arising from a spherical shell of which 
the radius is t^, thickness dr' and center is at O will be measured by 

2wf^dr'p d^ (r.fr7-»-(r-r7-" 
1 — ».3 — »'rfr* r * 

the general term of which when expanded in an ascending series of 
the powers of — is, 

-2-Hnx».» + l,n + 2 n + 2S'-S^n^Zs^\ 

■^*'^' 2.8. 4.5 2* + l ^ -"^ f"^^' 

and the part of the required repulsion due thereto will, by substituting 
for p its value before found, become 

■*--r«"(-2-')'^"-*^> g.8 ■ 4 a7+I "- 

K 



/ (l- y " (ft»-r^)~^*'+»rfr'. 



It now remains to find the value of the definite integral herein con- 
tained. But when ( 1 — ^ ) is expanded, and the integrations are 
effected by known formulae, we obtain 

(14) fi^l^'^YiV-'f^f^f^^^'df'^J^X 

,, ^^> /(i)^(-^^-i) ,, ^6)^(-^D 

* ■*" 2«+8 + n a''*'a* + 8+».a*+5 + »a' '^ 

Vol. V. Past I. F 
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3 . 5 8^ + 1 y*^'^' jl-a^) * r x"*'dx 



r {-) r {l\ 

\2/ \H 1,9.0 xe-t-iv yi — ar) - r, 

[-^-) (1 -^ )' 

where after the integrations have been effected, x ought to be made 
equal to - . 

The value of the integral last found being substituted in the expres- 
sion immediately preceding, and the finite integral taken relative to s 
from * = to s=cc gives for the repulsion of the inner sphere. 



m ^ (^') 



11-2 



«»-a.«.n + a »4-8*-4 fbV"{l-x')* ra^'^'dx 



'^^ — STiTB — 2* — l^J V--- X 



(1 - <^) 






r f 1+5) r f ?::^) 2.4.6 ...... 2* W ^''^^ -^^ "^^ ' 



since r (^) = v^w, sin [ ir) = — 



— TT 



and as was before observed, a? = 

a 

But we have evidently by means of the binomial theorem, 

U _ ^^\^^^« n-'Z.n.n + Z » + 2j-4 /aa?y 

V /^ / *• 2,4.6 2^ U J ' 

and therefore the preceding quantity becomes 



.M 
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If now we make a: = — , the same quantity may be written 

Having thus the value of the repulsion due to the inner sphere B 
on an exterior point J9, it remains to determine that due to the fluid 
on ^'s surface. But this last is represented by 

(Mec. del. Liv. ii. No. 12.) Now by expanding this function there re- 
suits 

8 "4.5 . 6 2* + S 'a*' 

The last of these expressions may readily be exhibited under a finite 
form, by remarking that 

/•ofrfxd-.^) . (1-—) . =/iar-rfar(l-^) • ^ 2.4.6... 2s "^ 

r l'^l±i!L±i'l r / ^"" "j 

_ V- n'n+i.H + 4, n+2j-2 t^ \ 2 / V 2 / 

~ » a. 4 . 6 2* a*'* /2* + 5' 



(^) 



r («=J?^ r fi±^\ 

V 2 / V 2 / 2-n ■..».n + l.» + 



(3) 



8^-^^ 4. 5 . 6 2^ + 8 ^*-^^>rf^'- 



Hence, since r (^) = ^/tt, the value of the repulsion arising from A's 
surface becomes 

F 2 
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Now by adding the repulsion due to the inner sphere which is given 
by the formula (16), we obtain, (since it is evidently indifferent what 
variable enters into a definite integral, provided each of its limits re- 
main unchanged) 









2 






for the value of the total repulsion upon a particle p of positive fluid 
situate within the sphere A and exterior to B. We thus see that 
when P' is positive the particle p is always impelled by a force which 
is equal to zero at ^s surface, and which continually increases as p 
recedes farther from it. Hence, if any particle of positive fluid is 
separated ever so little from ^s surface, it has no tendency to return 
there, but on the contrary, it is continually impelled therefrom by a 
regularly increasing force; and consequently, as was before observed, 
the equilibrium can not be permanent until all the positive fluid has 
been gradually abstracted from B and carried to the surface of A, 
where it is retained by the non-conducting medium with which the 
sphere A is conceived to be surrounded. 

Let now q represent the total quantity of fluid in the inner sphere, 
then the repulsion exerted on p by this will evidently be 

qr 

m 

when r is supposed infinite. Making therefore r infinite in the expression 
(15), and equating the value thus obtained to the one just given, there 
arises 

Q= — : ^ :: y'tlx.aril-a?) 

When the equilibrium has become permanent, q is equal to the total 
quantity of that kind of fluid, which we choose to consider negative, 
originally introduced into the sphere A\ and if now q^ represent the 



1— » 



— » 
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total quantity of fluid of opposite name contained within A, we shall 
have, for the detennination of the two unknown quantities P' and by 
the equations 

qi .= 4tir(f.P'y 



9 -\/w 



b 



— » 



and ^ ss T jCa dxse' (1 - a^)* , 



•• m ' r-?) 



and hence we are enabled to assign accurately the manner in which the 
two fluids will distribute themselves in the interior oi A\ q and q^, the 
quantities of the fluids of opposite names originally introduced into A 
being supposed given. 

9. In the two foregoing articles we have determined the manner 
in which our hypothetical fluids will distribute themselves in the interior 
of a conducting sphere A when in equilibrium and free from all exterior 
actions, but the method employed in the former is equally applicable 
when the sphere is under the influence of any exterior forces. In fact, 
if we conceive them all resolved into three X^ Yy Z, in the direction 
of the co-ordinates Xy ^, « of a point j9, and then make, as in Art. 1, 

we shall have, in consequence of the equilibrium, 

l — n dx * 1 — wrfy * 1— »rfs5 ' 

which, multiplied by dxy dy and d% respectively, and integrated, give 

const. = YZra ^ + f{Xdx + Ydy + Zd%) ; 

where Xdx + Ydy + Zdx is always an exact differential. 

We thus see that when JT, Yy Z are given rational and entire functions 
V will be so likewise, and we may thence deduce (Art. 5.) 

where f is the characteristic of a rational and entire function of the same 
degree as F". 
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The preceding method is directly applicable when the forces X^ Y^ Z 
are given explicitly in functions of x^ y^ %. But instead of these forces;, 
we may conceive the density of the fluid in the exterior bodies as given, 
and thence determine the state which its action will induce in the con- 
ducting sphere A. For example, we may in the first place suppose 
the radius of ^ to be taken as the unit of space, and an exterior con- 
centric spherical surface, of which the radius is a, to be covered with 
fluid of the density U"^^\ U"^^ being a function of the two polar co- 
ordinates ff' and Iff" of any element of the spherical surface of the same 
kind as those considered by Laplace {Mec. CeL Liv. iii). Then it is 
easy to perceive by what has been proved in the article last cited, that 
the value of the induced density will be of the form 



«'4 



r\ ffy v' being the polar co-ordinates of the element dv, and U'^*^ what 
U"^"^ becomes by changing r, v" into ff, ^. 

Still continuing to follow the methods before explained, (Art. 4. and 5.) 
we get in the present case 

and by expanding y(f'*), we have 

/(O = B, + B,f^+ By* + B.f'* + &c. 
Hence, /« = BtV^^ and 

,^ffl 27i^t7<'>r* „^.^, 4-«.6~« 2t-2f + 2-n »-2.» n + 2f-4 

' ~ . fn-i \ '^ 2.4.6 it-if ^ 2.4 if 

sin [-J-.) 

«-l.« + l » + 2t + 2<'-8 

'^ 8 . 5 2i + 2f + l ' 

Then, by giving to / all the values 1, 2, 8, &:c. of which it is sus- 
ceptible, and taking the sum of all the resulting quantities, we shall 
have, since in the present case F" reduces itself to the single term F''^^, 
2^t*C7<V oT»^-.t> 4-«.6-n 2<~2<' + 2-n «-2.» n-f2<'-4 

sin (-g-.) 

«-l.n + l » + 2i+2<'-8 . 

** 8 . 5 2i + 2<' + l ' 

the sign S belonging to the unaccented letter t. 



i 
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If now V represents the function analagous to V and due to the 
fluid on the spherical surface, we shall obtain by what has been proved 
(Art. 8.) 

(f) representing the same function as in the article just cited. 
Moreover, it is evident from the equation (10) Art. 4, that 

/.lrfM(.M'--2«rM + «')« =g«'- i.8 8,_i S 3 ^ 2i>2f + l 

n-2.n n + 2f-4 fr\***'^ 



X 



2.4 2,f 



Q ' 



and consequently, 

09)...... r.. m. w-.. ';';'^^;;;:;»^f;;;^7» 

"" 2.4 a/' W ' 

the finite integrals extending from /'sO to /'=sqo. 

Substituting now for V and f^' their values in the equation of equi- 
librium, 

(20) const. = r'+ r, 

we immediately obtain 

const. = C7<o.4.a->.2 ^-^'"t' "^a-^'olil? 

n-2.n n+2f-4, fr\'**^ 



i A 2f 



© 



^^ t7"»5B,2r'+»''. *-*•'» + ^ « + 8» + S^*- 3 



. /«-2 \ '3.5 2i + 2#'-l 

sm (-^ .) 

n-2.» « + 2<'-4 4-«.6-it 2<-2<' + 2-it 

"* 2 .4 if ** 2 . 4 2^-2/' 

the constant on the left side of this equation being equal to zero, except 
when t s 0. 
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By equating separately the coefBcients of the various powers of the 
indeterminate quantity r, we get the following system of equations : 






4-« ^ 4- n.B — n 









. /»-2 

TT 2 2.4 



^ . /»-2 \ 

2sm — r— TT . 4 fi 

TT 2 2.4 



&c &C; &c. 



But it is evident from the form of these equations^ that if we make 
generally Bt^i = a'^Bt, they will all be satisfied provided the first is, and 
as by this means the first equation becomes 

there arises 

2sm(— 3— tt) 4^ 

J»„ = 1-= i a-'-M«"-l) • , B,^Bo.a'\ B, = Bo.a'\ &c. 

IT 

Hence 

2sm 



. /»-2 \ 

and the required value of p becomes 

(21) p = UW r«_ (1 - t^^/(r^) 



„ . .«-2 



—1.2 i(a«-l)~atr'»gj (a»-r*)-»(l-0 » . 
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But whatever the density P on the inducing spherical surface may 
be, we can always expand it in a series of the form 

P = C7"<«) + C7"<i)+ c;^"(«)+ c;^"(3) + &c. in inf. 
and the corresponding value of p by what precedes will be 



P = ^—=' ia(a*-l) « .(a»-r^)-^(l-r'*) « 



4-11 11-4 



X {C7''«»+ t7'<'>- + C7'<»'^ + CT"'®^ + &c. in inf.] ; 



jjw i/Ki)^ jjw &C. being what U"^''\ U"^'\ U"^*\ &c. become by changing 
ff', tar" into ff, ■a', the polar co-ordinates of the element dv. But, since 
we have generally 

fdff'd-v" sin e^'PQi'> = Jdff'd^" sin r C7'"<'>Q« = -t^ 17« 

S • + 1 

{Mec. Cel. Liv. iii.) the preceding expression becomes 

— smi — - — ttI 4 , ._4 

p = i-^ ia(a»-l)~(a'-r'»)-^(l-0~/^^'^^"8i'^^' 

the integrals being taken from 0" = O to 0" = v, and from V to v" = 27r. 



2;(2i + l)PQ<'>^; 



In order to find the value of the finite integral entering into the 
preceding formula, let B represent the distance between the two ele* 

ments d<r, dv ; then by expanding -^ in an ascending series of the powers 

of — we shall obtain 
a 

R ~ ^a« _ fia»^[oos d'cos 0" + sin ff sin &'oa&(y --m") +r" "^ V 
A/ev. ds/l Liv. iii.)' Hence we immediately deduce 

Vol. V. Paei I. G 
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If now we substitute this in the value of p before given, and after- 

^g fjgL ^'« 

wards write -7 and ^^ in the place of their equivalents, 



ur IC 



we shall obtain 



. fn-2 \ 



the integral relative to do- being extended over the whole spherical sur- 
face. 

Lastly, if pi represents the density of the reducing fluid disseminated 
over the space exterior to A, it is clear that we shall get the corres- 
ponding value of p by changing P into pida in the preceding expression, 
and then integrating the whole relative to a. Thus, 

But dada^dvi] dvi being an element of the volume of the exterior 
space, and therefore we ultimately get 



4— « 



. /»-2 \ 
(22) p= ^^_Z(l-0» .fp^dv ^" j^^ ; 

where the last integral is supposed to extend over all the space exterior 
to the sphere and R, to represent the distance between the two elements 
dv and dvi. 

It is easy to perceive from what has before been shown (Art. 7.), that 
we may add to any of the preceding values of /o, a term of the form 



»-4 



h being an arbitrary constant quantity: for it is clear from the article 
just cited, that the only alteration which such an addition could produce 
would be to change the value of the constant on the left side of the 
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general equation of equilibrium ; and ^as this constant is arbitrary^ it is 
evident that the equilibrium will not be at all affected by the change 
in question. Moreover, it may be observed, that in general the additive 
term is necessary to enable us to assign the proper value of /d, when 
Q, the quantity of redundant fluid originally introduced into the sphere, 
is given. 

In the foregoing expressions the radius of the sphere has been taken 
as the unit of space, but it is very easy thence to deduce formulas 

adapted to any other unit, by recollecting that -» -^, t^ and y^j, 

are quantities of the dimensions 0, —1, —1 and 8— » respectively with 
regard to space : for if b represents the sphere's radius, when we employ 

any other unit we shall only have to write, ^, t-, -t-, -tt ^^^ -r in the 

place of r, r , jB, dvi and a, and afterwards to multiply the resulting 
expressions by such powers of J, as will reduce each of them to their 
proper dimensions. 

If we here take the formula (22) of the present article as an example, 
there will result, 

(23) />= ^, (6*-r'«)- fp,dv r jg3^ , 

for the value of the density which would be induced in a sphere A, 
whose radius is ft, by the action of any exterior bodies whatever. 

When n > 2, the value of p or of the density of the free fluid here 
given offers no difficulties, but if » < 2, we shall not be able strictly to 
realize it, for reasons before assigned (Art. 6. and 7.) If however n 
is positive, and we adopt the hypothesis of two fluids, supposing that 
the quantities of each contained by bodies in a natural state are ex- 
ceedingly great, we shall easily perceive by proceeding as in the last 
of the articles here cited, that the density given by the formula (28) 
will be sensibly correct except in the immediate vicinity of A's surface, 
provided we extend it to the surface of a sphere whose radius is 
b-Sb only, and afterwards conceive the exterior shell entirely deprived 
of fluid: the surface of the conducting sphere itself having such a 

G 2 



4-» 

S 
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quantity condensed upon it, that its density may every where be repre- 
sented by 



»-2 4-11 



^-fl5_i.i!^,,..<«^ 



Application of the general Methods to circular conducting Planes^ <§c. 

10. Methods in every way similar to those which have been used 
for a sphere, are equally applicable to a circular plane as we shall im- 
mediately proceed to show, by endeavouring in the first place to determine 
the value of V when the density of the fluid on such a plane is of 

the form • 

P^{\-ry.f{x\y'): 

f being the characteristic of a rational and entire function of the degree s ; 
x\ t/ the rectangular co-ordinates of any element da of the plane's 
surface, and r', ff the corresponding polar co-ordinates. 

Then we shall readily obtain the formula 

r= f^ = r rrdr'dff(X^ry.f{x\y')^ , 
^ g"'' '^'^(r«-2rr'cos(e-0') + *^*)^' 

where r, are the polar co-ordinates of p^ and the integrals are to be 
taken from 0' = O to ff^^ir^ and from r' = to r' = l; the radius of 
the circular plane being for greater simplicity considered as the unit 
of distance. 

Since the function f{x\ y') is rational and entire of the degree *, 
we may always reduce it to the form 

(24) f{x\ f/') = A^'^'{'A^'^ cos ff-\'A^'^ cos 2ff + A^^ cos 8^ + 

+ JB<'> sin ff + ^*> sin 2ff + ^^'> sin 8 0' + 

the coefficients A^'\ A^\ A^'\ &c. ^(^>, B^'\ B^\ &c. being functions 
of r' only of a degree not exceeding s, and such that 

^ w = ag>) + f^^f^ + aff"' + &c. ; A^'^ = (ai^> -h a? >r« + d^^r" + ) f^; 
B^'^ = m + h^^i^ + hW + &c.) r'; J5^^> = (ft?^ + Jf r** + &c.) r'^ 
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We will now consider more particularly the part of V due to any 
of the terms in y as A^*^ cos iff for example. The value of this part 
will evidently be 

r r f'df'dffil - 0^^^'> COS iff . 



■ -I 9 



(f - 2rr' cos (0 - ^) + r")" 

the limits of the integrals being the same as before. But if we make 
ff = + <f>, there will result dff = d<f>, and cos iff== cos iO cos «0 — sin iO sin i0, 
and hence the double integral here given by observing that the term 
multiplied sin i<f> vanishes when the integration relative to <f> is effected, 
becomes 

cos id/l^<V'rf/ (1 . ry r ^±S^11±^ 

'(^-2rr'cos0H-O~ 

If now we write F'/'^ for that portion of V which is due to the term 
^w /*+2i in the coefficient A^^^ we shall have 

Fl^^a/^cos iefW'^''^'df'{\-'f^f r ^^ ^^ ^^ 

"" if - 2rr' cos + r*^) « 

But by well known methods we readily get 



•-I ♦ 



•-1 • 



Sir 

/■ 



d<f> cos i<p 



n-l 



(r*- 2rr^ cos + r'*) » 

, r-*' n-l.w + 1 i»+2<^-8 g^-l.n-f 1 n+2i+2f-3 

= 2irr'.r' — 2o^. 2 ^ 37~ "^ 2 . 4 2« + 2^ ' 

when r^>r, and when r^<r, the same expression wiU still be correct, 
provided we change r into r' and reciprocally. 

This value being substituted in that of Vt^^ we shall readily have by 
following the processes before explained, (Art. 1. and 2.) 

r.« = 27ra,<V cos t0 2: r*" g ^ 5^? 



»-l.»+l « + 2« + 2/'-8 

X — zz -. ^. ■ ^., X 



r(^+i)r(»±«^l^) 



2 . 4 2i + 2<' ^„ /2/3 + 5 + 2<-2<" 

2r 



/ 2/a+5 + 2<-2n 
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S-tf 



r()8 + i)r(?^) 



^ 2.4 2f ^2.4 2i + 2f 

S — n.S'-n l + 2t-2f-n 

^ 2/3 + 5-» 2/3 + 3 + 2/+2^-.»' 

the sign of integration 2 belonging to the variable f. 

Having thus the part of V due to the term Ot^^ cos iff in the expansion 
of y(^, yO it is clear that we may thence deduce the part due to the 
analogous term W^ sin iff by simply changing Ot^*^ cos iO into ft/*^ sin iO, and 
consequently we shall have the total value of V^ itself, by taking the 
sum of the various parts due to all the different terms which enter 
into the complete expansion of ^(4/, y'). 

If now we make 3 = —^ — and recollect that 

2 



\ 2 \ 2 ) . (n-l \' 

sin (^-.) 



the foregoing expression will undergo simplifications analogous to those 
before noticed (Art. 5.) Thus we shall obtain 

sin (-^.) 

w-l .n + 1 n-\^2i + 2f-3 S-n.5-n l-h2^-2f-» 

^2.4 2i + 2f ^2.4 2^-2^ 

or by writing for abridgment 

. »-!.» + 1 n-^^f-S »~l.?i-H gg + 2i + 2/^-3 

Vy'^^f-- 2 . 4 2f "" 2 . 4 2i + 2? ' 

there will result this particular value of /3 
^'"= . /^-l >. ^«>«'^:^>^'- 2.4.6 2t-2f '»<*'^)' 
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and afterwards by making 

we shall have 

F^^= ^ , — -r* cos 10 into x 

a?>.1.0(»;O) 
+ iA'».~^.<pii;0) + af{>.l.<l>{iil).r' 

+ ai''.^^^^.^(i;O) + ai\^.0(»;l).^+ai')0(i;2).r* 
,r. 8 — ».5 — ».7-"W .. . ^rtS— ».5 — » ,/. ^v ^ 

•^^^ 2.4.6 • » (* ; 0) + «1?^ g 4 •»(»;i)-r' 

+ <^«.^.0(i; 2).r«+a».1.0(i;3).»- 
+ &e +&C +&C +&C.. 



Conceiving in the next place that J^ is a given rational and entire 
function of a?, y, the rectangular co-ordinates of jo, we shall have since 
:f = r cos 9, y = r sin 0. 

(25) r=C<'> + C^'> cos + C<*> cos ae + C^'^ cos 30 + &C. 

+ ^('> sin + E^'^ sin 20'+^'> sin 3e + &c. 

of which expansion any coefficient as C^^ for example, may be still 
farther developed in the form 

C«= "^'.i X {4^0(»;O)-fc<i^0(g; l).r'+c?>.0(i; 2)./^ + &c.|. 

sin 






Now it is dear that the term C^^ cos iO in the developement (25) 
corresponds to that part of V^ which we have designated by F^^\ and 
hence by equating these two forms of the same quantity, we get 

r<'> = c<'> cos ie. 
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which by substituting for V^^ and O^ their values before exhibited, and 
comparing like powers of the indeterminate quantity r gives 

c<„'> = l .4''+ -2-M'+ -g-— ^4')+ -g— ^-— g-og) + &c. 
4'> = 1.4'^+^^ai^+&c. 

2 

&C.=: &C &CC 

of which system the general type is 



the symbols of operation being here separated from those of quantity, 
and € being used in its ordinary acceptation with reference to the lower 
index m^ so that we shall have generally 

«"• t^^ ^ a ^^ 

The general equation between d^ and 6^ being resolved, evidently gives 
by expanding the binomial and writing in the place of cd*^, 6*ct^ i&^y &c. 
their values c/+\, c^%y €,%, &c. 

(26) a«=(l-6/■^Vo = c^>+^c.V^+^^^^ 

Cu+9 -t - -g j jg €;,+8 1 cxc. 

Having thus the value of dJ!^ we thence immediately deduce the value 
of A^^ and this quantity being known, the first line of the expansion 
(25) evidently becomes known. 

In like manner when we suppose that the quantity E^^ is expanded 
in a series of the form 

^(0= ^^r7"-7 ^'>.0(t;O)+c</>0(«;l).r'+d'>0(f;2).f^-l-&c.} 

sm 



.in (^ .) 
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we shall readily deduce 

and U^ being thus given, B^^ and consequently the second line of the 
expansion (25) are also given. 

From what has preceded, it is clear that when V is given equal to 
any rational and entire function whatever of x and y, the value of 
f{x\ jf) entering into the expression 



a-8 



/»=(l-r'«)V/(a:',y), 
will immediately be determined by means of the most simple formulas. 

The preceding results being quite independent of the degree s of 
the function f{x\ j/) will be equally applicable when s is infinite, or 
wherever this function can be expanded in a series of the entire powers 
of x\ jf^ and the various products of these powers* 

We will now endeavour to determine the manner in which one fluid 
will distribute itself on the circular conducting plane A when acted 
upon by fluid distributed in any way in its own plane. 

For this purpose, let us in the first place conceive a quantity q of 
fluid concentrated in a point P, where r=a and Q^Q^ to act upon a 
conducting plate whose radius is unity. Then the value of V due to this 
fluid will evidently be 



^ 



1-1 ^ s 



(a»-2ar cos0 + r^) « 

and consequently the equation of equilibrium analogous to the one marked 
(20) Art. 10., will be 

(27) const. = 2 ^+ JT; 

(rf--2arcos + r*) * 

V being due to the fluid on the conducting plate only. 

If now we expand the value of V deduced from this equation, and 
Vol. V, Paet I, H 
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then compare it with the formulas (25) of the present article, we 
shall have generally Ef^^^O^ and 

C<'>= -2S^a-^. {0(i; O)+0(i; 1) ^ +0(i; 2)^ +0(i; 8)^ + &c.}, 

except when i = 0, in which case we must take only half the quantity 
furnished by this expression in order to have the correct value of C^^^. 
Hence whatever u may be, 

^j>=0, and ci?=: ^ ^gra^— ''•; 

the particular yaluje « =! being excepted, for in this case we have agreeably 
to the preceding remark 

sin(^^) 

IT* 

and then the only remaining exception is that due to the constant 
quantity on the left side of the equation (27). But it will be more 
simple to avoid considering this last exception here, and to afterwards add 
to the final result the term which arises from the constant quantity thus 
neglected. 

The equation (26) of the present article gives by substituting for 
d'^ its value just found. ^ 

2 sin ( 7^ y) 

IT % 

n-1 



cS"'* ^ -q . a'-'-*', 






L-2 i qa-'-*— . («•- 1)~, 
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and consequently, 






2sin(^.) 



fli* fl* 



. in-l 



2 sin (—3- ir ] ,_, „ , 

asm 1-5—'^) L:« ^i 
1^2 Lq{a*-l)' (o^-O-.^; 

the particular value A^^^ being one half only of what would result from 
making i:=0 in this general formulae. 

But ef^saO evidently gives JE^^=0, and therefore the expansion of 
y(4?', y') before given becomes 

/(^', S^) = ^<"> + ^<'> cos 0'+^^*> cos 2ff+A^^ cos 3d' + &c. 



dn(^.) 



Ssmi — - — TTi 3_, , ,2 



IT 



.8 



qiif-l) * (a»-r'0-^{i + -cose'+^cos2^' + &c.} 



a a^ 



or by summing the series included between the braces, 






R being the distance between P, the point in which the quantity of 
fluid q is concentrated, and that to which the density p id supposed to 
belong. 

Having thus the value off{x\ j/) we thence deduce 

sm I ttJ 

H 2 



'W—l^l 3-11 

»-8 »"M'""5^^i •-» (fl^-lV 
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The value of p here given being expressed in quantities perfectly 
independent of the situation of the axis from which the angle ff is 
measured^ is evidently applicable when the point P is not situated upon 
this axis, and in order to have the complete value of /o, it will now 
only be requisite to add the term due to the arbitrary constant quantity 
on the left side of the equation (26), and as it is clear from what has pre- 
ceded, that the term in question is of the form 

const. X (1 — r *) * , 
we shall therefore have generally, wherever P may be placed. 



-s . sm ■ '"" 



!Lz5 f ""' ( 2 "" ) (a*- 1) » 1 
p = (l-/«) » .|const. -5 q.^ — ^r— J- 

The transition from this particular case to the more general one, 
originally proposed is almost immediate : for if p represents the density 
of the inducing fluid on any element dtri of the plane coinciding with 
that of the plate, pidni will be the quantity of fluid contained in this 
element, and the density induced thereby will be had from the last 
formula, by changing q into pid(Xi. If then we integrate the expression 
thus obtained, and extend the integral over all the fluid acting on the 
plate, we shall have for the required value of p 

--z! f "''("T"''), , (a* -1)^1 
p=(l-r«)« .|const. /pic/cri ' ^^^ j; 

R being the distance of the element dai from the point to which p belongs, 
and a the distance between d^i and the center of the conducting plate. 

Hitherto the radius of the circular plate has been taken as the unit 
of distance, but if we employ any other unit, and suppose that h is 
the measure of the same radius, in this case we shall only have to 

write ^ » J » "jT ^^^ -J- ^^ the place of a, r', da^ and B respectively, 

recollecting that ^ is a quantity of the dimension with regard to space, 
by so doing the resulting value of ^ is 
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sm ■ * 



(28) p = (ft'-/o'"^.|const,-- '' ^J ""^ fp^d<r,^^^^=p-^. 

By supposing « = 2, the preceding investigation will be applicable 
to the electric fluid, and the value of the density induced upon an 
infinitely thin conducting plate by the action of a quantity of this 
fluid, distributed in any way at will in the plane of thef plate itself 
will be immediately given. In fact, when » = 2, the foregoing value of 
P becomes 

If we suppose the plate free from all extraneous action, we shall 
simply have to make /oi = in the preceding formula; and thus 

y/^/vv const. 

(29) p = 



Biot {Traite de Physique, Tom. n. p. 277.)> ^^^ related the results of 
some experiments made by Coulomb on the distribution of the electric fluid 
when in equilibrium upon a plate of copper 10 inches in diameter, but 
of which the thickness is not specified. If we conceive this thickness 
to be very small compared with the diameter of the plate, which was 
undoubtedly the case, the formula just found ought to be applicable 
to it, provided we except those parts of the plate which are in the 
immediate vicinity of its exterior edge. As the comparison of any 
results mathematically deduced from the received theory of electricity 
with those of the experiments of so accurate an observer as Coulomb 
must always be interesting, we will here give a table of the values of 
the density at difierent points on the surface of the plate, calculated 
by means of the formula (29)> together with the corresponding values 
found from experiment. 
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Distances from the 
Plate's edge. 


Obsenred 
densities. 


Calculated 
densities. 


5in 

4 


1, 
1,001 

1,005 

1,17 
1,52 

2,07 
2,90 


1, 
1,020 

1,090 

1,250 

1,667 

2,294 

infinite. 


8 


2 


1 


,5 







We thus see that the differ^ioes between the calculated and observed 
densities are trifling; and moreover, that the observed are all something 
smaller than the calculated ones, which it is evident ought to be the 
case, since the latter have been determined by considering the thickness 
of the plate as infinitely small, and consequently they will be somewhat 
greater than when this thickness is a finite quantity, as it necessarily 
was in Coulomb's experiments. 

It has already been remarked that the method given in the second 
article is applicable to any ellipsoid whatever, whose axes are a, b, c. 
In fact, if we suppose that or, y, z are the co-ordinates of a point p 
within it, and x', y', «' those of any element dv of its volume, and 
afterwards make 

^ = a. cos 0, y = i.sin cos v, s = c.sin sin v, 

0?'= a. cos C, y' = ft. sin ff cos tr', »'= c.sin ff sin v'^ 

we shall readily obtain by substitution, 

r ^ abc fpy^dr^dffdw' sin ff.{\r^-aiiirr' + vr^)^; 
the limits of the integrals being the same as before (Art. 2.), and 
\ = fl* cos 0* + 6* sin 6* cos w* + c* sin fl* sin w*, 

fi = a" cos cos 0^ + ft" sin sin 0' cos w cos ly' + c" sin sin ff sin tr sin v\ 
V =a»cose^ + ft" sin ©"costr^ + c" sine" sin bt'*- 
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Under the present form it is clear the determination of V can offer 
no dif&culties after what has been shown (Art. 2.). I shall not there- 
fore insist upon it here more particularly, as it is my intention in a 
future paper to give a general and purely analytical method of finding 
the value of V^ whether p is situated within the ellipsoid or not I 
shall therefore only observe, that for the particular value 



a/» v" «^^ 



•1—4 •-♦ 



the series U^ + U^ + C7/ + &c. (Art. 2.) will reduce itself to the single 
term U^^ and we shall ultimately get 

r= _— --/jrf0'sin0'yT«?tr'(a»oos0« + J»8in0« cos tr«+ c»sm©*sin»'«)~ . 

2 8m(— .) 

which is evidently a constant quantity. Hence it follows that the ex- 
pression (80) gives the value of p when the fluid is in equilibrium 
within the ellipsoid, and free from all extraneous action. Moreover, 
this value is subject, when i» < 2, to modifications similar to those, of 
the analagous value for the sphere (Art. 7-)- 

G. GREEN. 



II. On EUminaHon between an Indefinite Number of Unknaum Qtiitntities. 
By the Bev. R. Murphy, M. A. Feliow of Caius College, and of 
the Cambridge Philosophical Society. 



[Read Nov. S6, 183S.3 



SECTION I. 



INTRODUCTION. 



Fourier, in his treatise, ' Theorie de la Chaleur* * has given an 
example of the determination of an indefinite number of imknown 
quantities, subject to the same number of conditions. If » be the 
number of those quantities, in order to discover their law by this 
method, it will be necessary to eliminate successively the first («» - 1) 
and the last (» — m) unknown quantities, thus determining the m^, by 
a final equation containing that quantity only. 

This process is obviously too laborious, and the results too compli- 
cated, to be practically useful, in most cases. 

The same objection applies to the elegant method of Laplace, which 
makes the determination of one of the unknown quantities, depend 
on the discovery of all the (w — 1) arbitrary multipliers introduced in 
the process. It has besides the disadvantage of not seizing, in many 
cases, the facilities offered by the peculiar forms of the proposed equa- 
tions. 

• Vid. Fourier, p. I69 to 174. 
Vol. v. Paet I. I 
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In the physical investigations, which conduct to an indefinite num- 
ber of equations, it is of great importance to discover the law of those 
quantities, corresponding to the law by which the given equations are 
connected. The method which I here propose for this object is founded 
on the two following principles. 

First, if we make the right-hand member of the a?* equation dis- 
appear by transposition, the left-hand member is then a function of or, 

which vanishes when x is any number of the series 1, 2, 3, n\ and 

therefore it must be of the form 

P.(a:-l)(a:-2) (a?-S) {x-n). 

Secondly, if an identity exist between two formulas which are 
partly integer, partly proper algebraic fractions (of which the numerators 
are of lower dimensions than the denominators) the integer and fractional 
parts are separately equal. 

To demonstrate this principle, let 

P R 

represent such an identity, where each symbol denotes an entire function 
of ^a:, and the dimensions of P, P' are respectively lower than those of 
Q, Q'; then we have 

(N-N") QQ = P'Q - PQ\ 

If therefore N—N' he not identically nothing, we shall have the 
entire function, represented by the left-hand member, identical with one 
of lower dimensions ; but this is impossible, because in integer formulas, 
we may equate like powers of a:, hence we must have N^N' and, 
therefore also, 

p_ p; 

By means of this principle, we shall be able to expand a given 
entire function P, in terms of other given functions, whenever such an 
expansion is possible. 
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SECTION IL 

Application of the First Principle. 

The first principle alone is sufficient, in a great number of instances, 
to resolve the proposed equations; we shall illustrate its application by 
selecting three distinct classes of equations to be resolved. 

First, when the terms which compose the general or x^ equation are 
proper fractions. 

Example : 

To find the values of the n unknown quantities »i, Xs, Xs^ x^ sub- 
ject to the n equations following, 

*i , ^ , ^ x« - 

2 ■•" S "^ 4 ••■ n + 1 ' 

*i , ^ , ^ , *, 1^ 

3 4"^5'*' » + 2~ 2' 

5i 1 ^ , 5 I *n _ _ i 

4 ■** 5 6 ''" » + 8 8' 



Xl ^ Xs %j^ ^ X 

» + l « + 2 » + S 2» " n' 

The general, or al^ equation, when its right-hand member is trans- 
posed, becomes 

1 ■!■ ^^ 4 *» + -i. *' sQ 

a? a?+l a: + 2 x-^n 

N 
Suppose these fractions are actually added, and let -jz represent the 

sum; where 2)=a?(a? + l) (^ + 2) (j: + «) and N is some function of x 

of n dimensions. 

i2 
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Hence we have 75 =0, and therefore iV=0, provided x is any num- 
ber of the series 1, 2, 3,....n and consequently N (which is of n dimensions) 

has a factor (a?— 1) (or — 2) (x — n); and can therefore admit of no 

other factor, but a constant c. 

Hence we have in general, 

(a) 1 + ^' 4. ^ + ^ ^ c.(x-1)(x-2)...(x-h) 

^^ X x + 1 ^ + 2 a:+» ar(a?+l)(a?-»-2) (a: + 8)...(a?+ii) ' 

Multiply this equation by x, and then put a? = 0, hence c = ( — 1)\ 

Multiply the same by x + 1, and then put ^ = — 1 ; 

, n n + 1 

hence »i » - - . — - — . 

Similarly, multiply by a: + 2, and put a? = — 2, 

. n.(»^l) (it-H)(»-f2) 

• *•"!. 2 ' 1 • 2 • 

and generally, if we multiply equation (a) by a? + w», and then put 
x= -«», we get 

/ ,v- ».(»-l)(»-2) C»-«» + l) (ii + l)(ii + 2) (it + wi) 

^ ^ ^' l. 2.8 m * 1 . 2 ji» • 

It is clear from this example, that if the general or x^^ equation were 

we should find the sum of the fractions composing the left-hand member 
ta be 

c. (a'-1)(j? — 2) (g? — «) 

{p^hx) {a + //x) (a" + b''x) (a<-> + A<->^) * 

then multiplying by a-^-bx and putting ;r= — j, we should find r, 

multiplying by a'+b'x and putting ^ = — t/» we should find X|, 
• • &c &c &c 
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In the example above taken, we have supposed that the number 
of equations and unknown quantities were the same, but if we supposed 
that following the same law as in that example, the number of equa- 
tions were n + m, then the numerator N which was shown to be of 
n dimensions, ought to vanish when x is any number of the series 

1, 2, 3 n-^-m; that is, the equation iV=0 has more roots than it has 

dimensions, which is impossible ; it is therefore equally impossible to 
satisfy all the given equations. 

On the other hand, if the number of the given equations was 
only 12 — 991, then n would by the preceding reasoning have a factor 

(or — l)(a: — 2) {x-n-\m), 

and since it is of » dimensions, it must have another factor of m dimen- 
sions, as C {x-ai){x — ai) (x-^an). 

Hence 1+-^ + -^-+ *• 



X or + l ar + 2 x-i^n 

_ g(j? — l)(a: — 2) (x - n + m) {x ^ Qi) jx'-a^) ( x-a^) ^ 

_ a:.(a? + l)(a? + 2) (ar-f-«) ' 

following now the same steps as before, w^e find 

t ^ c(-l)*.ai «2 <^m . ^_/ TV, »'(n-l) {n-m-^iy 

W.(ll — 1) («-m + l) ai.a« a. 

_ c(~l)".(l+tti)(l4-aa) (l^aj) _ (l-faiXl+Og) (l-^^g,>,) n n-m-^l 



Xi = 



(ll-l)(» — 2) (m — WI + 2) ax . Qi a^ '1' 1 



«. ., , (24-a,)(2+a,) (2+a„) n.{n + l) {n-m+l) {n^-m-^i) 

bimilarly, z^^ . — z — ^ — . = ^ 



The quantities a„ og a« are evidently arbitrary, and each of the 

required quantities «i «,., &c. «^_« are here determined in such a manner, 
as to contain the m arbitrary constants. This is therefore the most 
complete solution of the problem. 
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Another useful observation may be made in this place ; if the function 
which represents the x^^ equation were discontinuous, i. e. if any of the 
equations, for instance the second, were 



85i 8^ «»3 



«•_ 



5 7 



2 2 2 

and consequently an exception to the general law expressed by the x^^ 

equation, we should have then N=-0 when a?= 1, 3, 4 w, also when 

X = ^, but not when a? = 2, hence in this case, 

iNr=c.(^-'J)(x-l)(a?-8)(ar-4) (ar-w); 

after this the remainder of the process would be the same as before. 

We have been thus particular about the preceding example, as being 
well calculated to shew the spirit and advantages of the present method. 

The next class of equations, which may be solved by the first principle 
alone, consists of those in which the terms composing the a^^ equation 
contain common factors; for if we then assign to w such values as may 
successively cause such factors to vanish, the unknown quantities will 
be determined. 

Example : 

To find the values of Xj, ««, x^ s« subject to the n equations 

following; viz. 

»i + 1.2.»i + 1.2.8.9^+ + 1 .2.8 »«,= — 1, 

2asj + 2.8.«, + 2.8.4.s?s+ + 2.8.4...(«+l)«^=— 1, 

8«i + 8.4.«4 + 8.4.5.«8 + + 8.4.5...(»+2)«,= -l. 



n«i+«(»+l)««+»(»+l)(»+2)a%i+ + «(«+!)(» + 2). ..2n«,= -l. 

If we transpose the right-hand member of the above equations, the 
jp^ or general equation becomes 

l+d:«x + x(a:+l)as, + ;r(a?+l)(a?+2).«3-h +a?(a?+l)(a?+2)...2;r.«, = 0. 
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This equation is evidently of n dimensions with respect to a?, and its 

roots by the first principle are 1, 2, 3 n; the left-hand member 

must therefore be identical with the product 

c{x-l)(^X'- 2) {x - 3) {x - «), 

whatever value may be assigned to x. 



Put therefore x = 0. Hence c = 



(-1)" 



X=- — 1 «i=r — », 

n .(»— 1) 



X =: —2 Zi = 



X ■■" ^ «/••••••••••• aiCs ^" "^ 



P. 2" ' 
«(«- l)(«-2) 



r.2*.3* 

&c &c 



™d g«,erdly, ^ = '(^";'>"';«);;-;<'-y > . ( - 1)-. 

We may verify this result by observing, that if we substitute this 
quantity for 2. in the general or x^^ equation, then its left-hand member 
becomes 

. n.{n-l) a:.(a?-H) «.(»-l)(»-2) x.(x+l){x + 2) , 
1.2 1.2 1.2.3 1.2.3 

This quantity is evidently the part which does not contain h in the 
product, 

fi iL x{x-¥l) ,« . a? (4? + l)(a: + 2) j- • , • 1 L n n{n-\) 1 . 1 

or in (1-A)-. fl-^)', 

it is therefore the coefficient of k" in the expansion of 

(-1)«(1-A)-'. 

But this coefficient is manifestly when x is any positive integer, which 
evidently agrees with the proposed conditions. 
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» 

Another class of equations which may easily be resolved by the 
first principle, otcurs when the o?*^ equation is of n dimensions, and 
arranged according to the powers of some function of or; it is then 
merely necessary to expand 

c.x{x-l)(x-'2) (a? — w) 

accOTding to the powers of that function; and equate the coefficients 
of like powers in both cases. 

Example: 

Ki + ^+ aSs + + «. = -!, 

2«, + Srzg + 2»«3 + + 2"a5, = - 1, 

8«x + 3'«, + 8'«> + + SX = - 1. 



n%x + »*«, + it*«i + + «■«, = — 1, 

to find Sly z^ ^»- 

The general or af^ equation in this case, is 

1 +4?«, + or**, + + afsB, = 0, 

the roots of which equation are ^=1, Z, 8 i?. 

Hence, the left-hand member is identical with the product 

c.(a?-l) (a?-2) (a? — 8) (^ — »), 

or c(-l)-{«.-^«..i + a?*-S..,- (-1)".^}, 

where Sm denotes the sum of the quantities 1, 2, 8 n when taken 

in products m and m together. 



Hence, by equating, we get 



_ (-1)' 



c{-lY.S, =1; .-. c = 

and generally as^ = iSL» 

where i9.„ denotes the sum of the reciprocals of the quantities of which 
Sm represents the sum. 
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SECTION III. 

AppUcaHon qf the Second Principle. 

To expfmd a given function of a; as P, in terms of other given 
functions 

Q,, Qi, Q. Q., 

all being supposed of n dimensions in x. 

Let P = UoQo + aiQi + a»Q» + +«.Q., 

where Oo, au fh ^ are constants to be determined. 

Divide aU the functions by Qo, and let the corresponding quotients 
be respectively 

P. Qos Q'l, Qu Qn. 

and the remainders 

i^> ^09 q'u ^2 s^«. 

Then by attending to the second principle, we have 

P'=aoQ'o + aiQ, + a,Q,+ +0*^., 

when we obviously have 0^0= 1 and 5^0=0. 

Dividing the last equation by ^i and using a similar notation, we 
get in like manner 

P'=aiQ"i + fl«Q"«+ «.Q"., 

y= ax^\ + a»g^'« + 0,5^',, 

where Q"i==l and ^\^0. 

Divide the equation last obtained by ^\y and we obtain 

r"=a,q!\'^ +«.Q'"., 

li'"=a.y% + +«.5^"., 

in the latter of which equations the first term = and in the former 
it equals unity. 

Vol. V. Part I. K 
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The systems of the first equations thus obtained may be written in 
an inverse order thus, 

&C.=s«....*...«..&C 

whence a,, a,-i, a,.25 &c. are successively known. 

We have supposed all the functions to be of 9» dimensions, for 
these necessarily comprise , all of lower degrees. 

Example; 
To expand unity in terms of the functions 

of, (a?+A)% (a: + 2h)% (a? + nh)\ 

Put 1 = Oo^ + tfi (a? + A)" + Oj (a: + 2^)" + + a« (x + «A)" ; dividing by 

a:*, we get 

= <io + ai +08 + + ««, 

1 = aiq'i + (hgfi + + «»}'«, 

where we have ^n^h.{naf'Km+ ■ ;^'" ^ hni?(xf"^+ }. 

Divide now by ^i and we obtain 

= ai + 24i + + ^4,> 

1= ««g^'2+ + ««j"i., 

where in general 5^.= A* ) 1 g ^"* («»*-i») + &:c. I . 

This process is easily continued, and we obtain successively the 
equations 

= 1 .202 + 2.808 + (»-l).«o„ 

0= 1.2.303+ (»-2)(«-l)«a„ 



and lastly, ^= 1.2.S na^. 
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From these equations taken in the inverse order, we get 

^ 1.2.8 »A"* 

_ »(» — 1) 

&c.» &c 

Hence the required expansion is 

To apply this principle to equations, we may observe that when 
the general or af^ equation is cleared of fractions and its right-hand 
member transposed, it is of the form 

-P+sBi-Ti + assJTji + +«,X,=0, 

where n^^ ass ». are the unknown quantities, and P, JTi, JTs.... 

known functions of a. 

The left-hand member must, by the reasoning of the preceding 
Section, be divisible by (a? — l)(a?— 2) (a?— «). 

Let Xi, JTt, &c. when divided by this quantity leave the re- 
mainders Q'l, Q», &c. and P, the remainder P', hence 

P" = «iQ^i + ^Q2+ +«.Qi, 

where all the functions are necessarily of less than n dimensions, the 
application of the process above described, would then determine the 
quantities Xi, X|, «». 



R. MURPHY. 
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III. On the General Equation qf Surfaces of the Setmd Degree. 
By Augustus De Mobgan^ qf Trinity CoUege. 



[Bead Non. IS, 188S.3 

The present investigatioiis are a continuation of those upon lines 
of the second degree, published in Vol. IV. Part I. of these Transactions. 
I have omitted various algebraical developments, as unnecessary, and 
tending to swell this conununication to a length more than proportional 
to its importance. 

As the theory of the reduction of oblique to rectangular coordinates 
is a very necessary part of what follows, I proceed first to give the 
equations which will be required under this head. Let ^, y, », be 
oblique, and ^, ff^ fi rectangular co-ordinates to the same point, with 
a common origin. Let the angles made by the first system be 

y% = f, K« = If, a?y = ^ 
and let the rectangular and oblique co-ordinates be so related that 

AAA 

COS xaf «s a, COS yaf ^ fi, oosxj^ == a^ &c. ; 

whence the following equations: 

^ s a^ + fiy + 7«, 

y^ ^ ax + ^y + y« (1), 

9i = af'x + (y'y + y'«; 

1 = a«+ a^ +a"», COS f = jSv + (^y' + (i'Y^ 

1 =^+ /3'» + /y^ COS ly = 7a + 7V + 7V' (2), 

1 ^y+ 7'»+ y*, COS ^ = a/S + a'/3' + a"i8". 
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Make the following abbreviations, to which, for facility of reference, 
are annexed those which will afterwards appear in treating the general 
equation of the surface, 

aa? + hf + c«* + 2ay« + 25x0? + 2c jj^ + 2aa? + 25y + 2c« +y = (8), 

the co-ordinates of the center of which call X, K, ^nd Z. Throughout 
this paper, all subscript indices indicate the dimension of the quantity 
signified, in terms of the coefficients of (8) : 



P^fiV-ftW, 


q =7V'-7V, 




r 


= a'j8" - a"/y. 


P' = /3"7 - fiy", 


y' = y'a-7a", 




f* 


= a"fi-a(y (4), 


p"^(iy' -(i'y, 


^'-yol --y'ay 




t" 


= «^-a'^. 


a^^= bc^a^f 


a^s= i + c-*2aco8 


& 




oi, =* sin* ^» 


b^f ^ca- b\ 


J^ss c + a— 2icos 


n* 




b^^m^n (6), 


c,,-ab-'?. 


c^ = a + i — 2ccos 


^ 




Co = sin* f . 



l^, ^ic-aa, l^ = Jcos^+ccosiy-a— «cosf, ij, s^ oosi;cos^— <5Dsf, 
m^.^cu^bb, i»^= ecosf +ircos^— i -^oos«^ iMo"^ cos^tsos^— coSl^•»(6), 
n,, = ab'-cc, n^ =acosj; + icosf— c— ccos^ Ho = cosf oosiy— cos^. 



^0= 



l+2cosf C0Si»C0S^-C0S"^-C0S*^-C0S*^;{ »AA-^^ 

aao + ftJo + <^Co + 2a/o-f"i*^o + 2c«o 

^// + ft^^ + Cft + 2/^^ cos 5 + 2wi^^ cos 9 + ^n^i cos ^.. 




= 4wio-cb^-!-cos^ 



-.(7), 



totw* ■«••«•••<#«•• . 



(8). 
■<9), 



Fi = a Jc + 2 oic — arf — iift* — ««^ 












««»« -J-'cJ 



..(10), 



F; = a^^rf + ft^^4^ + c^^c» + 2/^Jc+2«i,^ca + 2»,,ai (11), 



f; 



>r= - ^ +/= aX+4F+cZ+/ 



(18). 
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From (4), we find by inspection that the following six quantities 
are severally equal; 

pa + ql3 + ry, pa + p'a! + p^'a", 

pTa' ^^fif +f^y\ qfi + ^P' + ^'^' (18), 

j/'a'' + 5"^" + r^'v", ry + f'y' + r^V', 

and moreover* that any symmetrical interchanges of accents in the first 
three, or of letters in the second, give results severally equal to nothing. 
Such are pa+qiy + ry\ pfi+p'iy+p"^', &c. Let the common value 
of the first six be T. We have then 

pa +q(3 -{-ry - T, 

pa' +y/3' + ry=0 (14), 

pa" + qfi'' + ry''^0. 

From which, by obvious multiplications and additions, looking at equa- 
tions (2), we have 

p +j^ cos ^+r cos iy=ra, 

p cos 1^+q +r cos f = Tfi (15), 

|i cos^+5^oo8^f+r BsTy. 

From either of which sets we deduce 

jf+g^+f^ + iqr ix>s^ + 2rp cos ti+2pq cos ^=T* (16), 

and similar relations may be deduced between p\ ^, r^, and p", ^\ r' ; 
T being the same throughout. 

Again, form the several quantities 

009 4> &c. or 1 - cos^ f , cos i; cos ^ - cos f , &;c. 

from the second set of equations in (2), and make the results homo- 
geneous and sjonmetrical from the first set; for example, write for 
Oq and lo 

iya+y'a' + y"a") (ai3+a'/8' + a"/3") -[«*+«'*+«"*] (fiy+^y'+^'y"\ 
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in which the factors equal to unity, and introduced for symmetry, 
have the brackets []. Develope these expressions, from which we 
obtain the following equations: 

*o=?" + g^+5^^ • m.^rp^^f'pf+ry (17), 

Co = r« + r^ + r"', fh^pq +p^ +y Y'. 

These, added together, the three last having been respectively multi- 
plied by 2 cos ^, 2 cos ly, 2 cos ^, give from (16) 

aD+Jo+^o-H24cosf+2»ioCos ji + 2»oCOS ^=8 2^. 
The first side of which, developed from (5) and (6) gives Sf^o, whence 

T^y/r, (18). 

If the process by which (17) was obtained from (2) be repeated 
upon (17), that is, if floio-4% «»o»o-^4, &c, be formed, we shall have 
equations of a similar form, substituting instead of p^ pf &c. such functions 
of them, as they themselves are of a, )3, &c., the first sides of the equations 
being from (7), V^ in the first three, and V^ cos f , V^ cos i|, Fi cos f , in 
the last three. These equations are such as would arise from sub- 
stituting in (2), 

^''y^'' instead of a ^^^t^SII and ^^K^ for a' and a", &c...(19). 



which are therefore the values of a, a\ &c. in terms of p^ q^ &c. 

From (1), by means of (14) and (18), can be deduced the following : 

\/Foy = ?a?'+S^y'+s^V .(20), 

and the equations of the axis of a!^ referred to the oblique axes 
Xf tfy and %j are any two of the three, 

qx-py-Oj rjf-qz^O, pz-rx^O (21). 
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The equations of the center, central line, or central plane, as the 
case may be^ of the surface expressed by (3) are 

cX+*F+aZ + 6 = (22), 

JX+aF+cZ+c=0, 

and in the two following sets of quantities, it will be found that the 
sum of the products made by taking a term from each in the same 
horizontal line is = ^s ; while if the terms be taken from efferent horizontal 
lines, it will be = 0. 



a 


c 


b. 


«« 


«« 


"»,/» 


c 


b 


a. 


»« 


K 


I.. 


b 


a 


c. 


m„ 


K 


^u* 



Thus 



aa^^+c»^^-f ft«»;^=f^s, a»,, + cJ^^+i/,, = 0, &c. 



Hence, if the three equations in (22) be independent of one another, 
the co-ordinates of the center are 

^i ^S ^9 

The equation of the surface, referred to this center, and to axes 
parallel to the primitive axes, becomes, calling (^, y, x) the first side 
of equation (3), 

a^+iy«+c«» + 2ay« + 2J«a? + 2ca?y + 0(X, F, Z) = (24), 

and by multiplying the three equations in (22) by JT^ F, and Z respec- 
tively, and adding, we get 

0(X, F, Z)^aX+br+€Z+f=:W (25). 

When only two of the equations (22) are independent, there is a 
central line. The conditions of this case are, that the numerators and 
Vol. V. Paet I. L 
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denominators in (2S) must be severally equal to nothing; but if 
^s = 0» the equations in (10) shew that it is sufficient that one of 
the numerators should be equal to nothing; or that the conditions 
may be stated thus^ 

^8 = 0, \/a^, aH-v^,6 + V^,c = (26). 

When ^8 = 0, Fi is a perfect square, (10) and (11), its root being 

the second expression in (26). Hence TV appears in the form - . From 

two of equations (22), substitute in (25) values of any two co-ordinates 
of the center in terms of the third; it will be found that the co- 
efficient of the third disappears under the conditions in (26), and that 
the resulting value of W^ which we denote by Wy may be expressed 
in either of the following ways: 

^TTp ^^ ^^^^' 

When no two of the equations (22) are independent, there is a 
central plane. The conditions of this case are, as appears from the 
equations, that a,^, ft,,, c,,, /,,, »»,,, «,,, must be severally = ; of which how- 
ever it is sufficient that any three should exist. We have moreover 

a : h \ c i\ a \ c \ h (28). 

From all which it appears that W is now in the form -. From 

one of the equations (22) substitute in (25) the value of one of the 
co-ordinates in terms of the other two; the coefficients of the last two 
will disappear, as before, and the different forms of the value of W, 
which we call W", will be 

^"= -?+/=-?+/=-? +/•• (29). 

By substituting W or W"y when necessary, for W or <p (JT, !F, Z) 
in (24) the equation of the surface will be obtained, referred to any 
point in its central line or plane. 
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Let the equation of the surface, referred to the principal axes, be 

Ax" + A't/' + ^"»''+W^O (80), 

which must be identical with (24) when the values of as', t/, «', found in 
(1) are substituted. We must then have 

a=A<^ +A'a'* +A"a"', 
b = A^ +A'^ +A"^'^ 

C = ^y +A'y'* +A''y"; 

(81), 

a^Afiy+A'^y' + A"^'y", 

bssAya -^A'y'd +A"y"d', 

'c^Aa^+A'a'^+A"a"^, 

whidi equations are reduced to those in (2) by substituting unity for 

Ay A\ A'\ €tj b, and c; and cos ^, cos % and oos ^ for a, b, and c. Thus, 
whatever equation is deduced from these> we immediately find another, 
containing a, /3, &c in the same way, by the last mentioned substitu- 
tion. Multiplying the first of these by p^ the last by q, and the last 
but one by r; and adding, we obtain by the use of (14), 

pa + qc +rJ ^Aa^/V^ 

p +y COS^+r cos i;= ay/T^Q 

from which, and similar processes, we obtain 

p(A — a) + q{A cos ^--c) + r(-4oosj;— J) = 0, 

p{Acos(^-c) + q{A — b) + r (^ cosf-a) = (88), 

piAcoHtf-b)-^ q{AcosJS'-a) + r{A — c) =0; 

which agree in form with (22), if a, by and c be struck out, and A --a 

substituted for a, ^cos^— a for a, &c. But F^sO is the result of (22), 
with the last terms erased ; that is, if in F^ the substitutions just men- 
tioned be made for a, a, &c. the result developed and equated to zero 
will give the equation for determining A, A'y and A". That equation is 

ro^»-r;^»-fr,^-r,=o (84). 

l2 
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We also find from (33), for substitution in (21), 
-:-:-:: l^^-^l^A + loA^ : m^^^m^A + mQA^ : n,^ — n,A + nQA* (35). 

The equation (34) must have all its roots possible. For from (31) 

it appears that A' and A'' cannot be of the forms X +/* \/^ and \-/* \/- 1, 
unless a' and a", /3' and /3", 7' and 7" are of the same form ; from which, 
since 

(^+x\/^)(0-0\/^-r) ^ (ic-XA/^)(0+0\/^nr) 



is of the form ic \/ — 1, it will follow that jp, q, and r (4) must be of 
this form: which is inconsistent with (32), if we suppose J^ positive; 
since it may be seen from (31), and will presently appear otherwise, 
that a is possible when A is possible. 

We might find equations of the third degree to determine />, q, &c, 
but it will be . more .convenient to express them in terms of A, &c., 
supposed to be found from (84). To do this, let a,^ a„ /^^, l^, &c. (5) 
and (6), be found in terms of A, a, &c. by substituting the values of 

a, b, a, S, &c. from (31). The results, after reduction, are 

a,,^A'A"f ^A'Ap'^ +AAy, a,^{A'-¥A'')f ^A''+A)p'* +(A^A')p''', 

h,,^A'A"if +A''A^ +AA'q'\ * =(^'+^'V HA''-^A)^' ^A^A)^\ 

c,,^A'A"f^ -hA'^Ar'' +AAy'', c,=(^'+^'V HA''+A)r'' +{A'^A')r''\ 

.....(36), 

l,,=A'A"qr+A"Aq'r'+AA'g'y', l.={A'+A")qr+{A"+A)^f^+iA+A')fr'', 
m=A'A"rp+A"A r'p+AAVy, m={^' +^")rp+iA" +A)r'p' +{A +A')r"p", 
n=A'A"pq-i-A"Ap^-^AA'f^', nM^'+^")pq+U"+A)j/^+{A+A')j/Y' 

which equations, with those marked (17), give the following values 

of jf, qr, &;c. 

^_ ao-a,A+thA' ^/. - l,^ + kA* 

, ^ * U - A')U - A") ' ^ (A- A') {A - A") 



_ h„ -b,A + hA* _ m,,-m,A + moA' ' 

^~ {A-A')(A-A"y ^P ~ {A-A'){A-A") ^'^^* 

, _ c,,—c,A + c„ A'' _ n„ — n,A + UgA* 

** " Tjr^A'){A - A") ' P^~ {A- A') {A - A") ' 
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In which equations the letter p^ q. A, &c. may be accented throughout 
singly or doubly, striking off three accents from any A which thus 
obtains three or more. 

By squaring the equations (15), writing V^ for T\ substituting 
the values just obtained for p\ qr, &c. and then multiplying the same 
equations together two and two, and making 

r 

we get 

^ r,^L,-{r,^ar,)A + roA' ^, F,^M,-'(r,^bv,)A-\-KA^ 

"*"" K{A''A')(A''A'') ' ^"" V,{A-A'){A^A'') 

, r,^N,^{F,^cro)A + KA' .„. 
^^ rAA^A^){A-A'^) ^^^^' 

^^'^ r,{A--A')(A^A") ' 

_ F2 cos ly — ^g — (Fi COS 17- & f^o)A'\- 1^0 COS tjA* 

^^ V, COS ^- A^>-(ri COS r-c K) ^ + K COS r^' . 
""^"^ r,{A--A')(A-A") 

in which the letters may be singly or doubly accented as before, and 
from which the determination of the position of the principal diameters 
is made to depend directly upon the solution of (34). 

Let the surface whose equation is (3) be referred to another origin 
and other axes, and let the quantities corresponding to those already 
given or deduced, which belong to the new origin or axes, be denoted 
by the same letters and accents enclosed in brackets [ ]. Thus the 
angles made by the new axes are [f], [ly], and [^]; the coefficients of 
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the new equation are [a], [a], &c.; the functions of these coefficients 

already noticed are [a, J, [/,J, [Fl], &c. Since the principal diameters 

of the surface are the same, from whatever equation they are derived, 

JV \W^ 
that is, since — -j- = — rTT* *^^' *^^ ^^ooXs of (84) bear to those of [84] 

the proportion of )^ to [ W^ ; whence, X being an indeterminate quan- 
tity, since one coefficient in (3) is indeterminate, 






(39), 



These equations* correspond to the general relations (6), (7), and (9), 
given in my former paper, and from them may be deduced the pro- 
perties of systems of conjugate diameters, and the remarkable property 
of the reciprocal squares of three semi-diameters at right angles to one 
another. 

Let JT', Y\ and Z\ be the co-ordinates of the second origin referred 
to the first, so that if the co-ordinates be changed, [y ] and <f> {X\ T\ Z') 
will be corresponding terms of two equations, the terms of which should 
be respectively proportional. Assume X, the indeterminate quantity 
above-mentioned, so that 

[/] ^ X0(jr', F', Z') (40), 

and multiply together the first and last of (89)> recollecting that 



jr=- 



^+/ [Fr] = .[g] + [/], 



* These relations have been given by M. Cauchy, for the case of rectangular co- 
ordinates, in his " Lefons sur les appUcaiions du Calcfd InfimUnmal it la GSomStrie/' Vol. i. 
p. S4r4. The equation (S4) of this paper^ in as general a form, has also been given, since 
this was written, by Mr Lubbock, in the PkUosopUad Magazine, 
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and we obtain 

[|;;]-x«(jr-.r'.z')[^3.x.(^-/^). 

Substitute from the last of (89) for fW], and develope 0(X', F', Z'), 

removing the term ' which contains it to the left hand side ; which 
gives 

r-Fn ,, F',+ r,(aJr'' + bV'*+cZ'* + kc. &c.) ,.,, 

LfJ^'^ K ^*^>' 

answering to (8) in my former paper. 

We shall afterwards proceed to some applications of these general 
formulas, and now enquire into the several varieties of the equation (S), 
and the criteria for distinguishing between them. The following table, 
immediately to be explained, gives a synoptical view of the various 
cases. 



When the Equations of the 
Center denote 



A point 



A Right Line. W 
substituted for FT. 



A Plane. FF" sub- 
stituted for W, 



W 



positive, 
negative. 



W changes its sign. 



Impossible. 

Single Hyper- 
boloid. 



Impossible. 

Hyperbolic 
Cylinder. 

Impossible. 



(»r=0) Point. 

(fTcr oc) Elliptic Paraboloid. 

(»r=0) Cone. 
(^=oc) Hyperbolic Para- 
boloid. 

(Fr=0) Right line. 
(fF'=oc) Parabolic Cylinder. 

( fF' s 0) I ntersecting Planes. 
(fr==oc) ParaboUc Cylinder. 






Plane. 



_. negative, 
positive. 



Ellipsoid. 



Double Hyperboloid. 



Elliptic Cylinder. 



Hyperbolic Cylinder. 



Parallel Planes. 
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Taking the first line of this table, and the signs of W^ f^, Vu and 
Fi, (on which, as will presently be shewn, the variety of the equation 
depends,) being such as to denote that the equation is impossible, a 
change of sign in W only will indicate the ellipsoid, the elliptic cylinder, 
or parallel planes, according as the centre is a point, a line, or a plane. 
When the sign changes, if W be then = 0, the variety of the equation 
belongs to a point, a right line, or a plane; while if ^ be infinite, 
we have an elliptic paraboloid, a parabolic cylinder, or a plane. In 
using Wy we mean its real value, W^ or W\ when the primitive form 

of W becomes - . 

The following table, from which the preceding may be deduced, and 
which I proceed to establish, gives the signs of W^ &c., and also of J^, 
&c., for the different cases. When p alone, or p and n occur on the 
same line, p may signify either sign, provided n stands for the other. 
Also when a sign is enclosed in brackets, it is a necessary consequence 
of what precedes it, and not an independent assumption. The num- 
bers over the headings are references to the equations. 

The last part of the table, including all the varieties under W^ - , 

forms a similar synoptical table for the curves of the second degree. 
The following are the values of W\ W'\ Ft and Fl, expressed in the 
notation of my former paper, the equation of the curve being 

and the angle made by the axes being d, 

i^—4iac 

™.« d*-4,af _ ^-4icf 

^ ~ ^d ~~ ^c * 

Ft =- (A«-4ac), 

Vi =i a + c — bcos6. 
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Firfit, with regard to the coefficients Fi, Fl, F«, V^ in equation 
(34) it appears from spherical trigonometry, that V^ is always positive 
when ^, 17, and ^ are the sides of a spherical triangle; while from the 
possibility of the roots, as well as from the quantities themselveSi we 
infer that if F's is finite, Vi and V,^ can never vanish at the same 
time, while if f^i = 0, and f^=0, V% must be negative. 

If we suppose W finite, and the order of signs in (34) to be 

+ - + - or + + + +, in which case all its roots are of one sign ; 

that is, i£ V%he positive, and Vi and V^ of the same sign, the equa^ 

tion (30) shews that the surface is impossible or an ellipsoid, according 

as W and Vz have the same or difierent signs. From (36) it appears 

that in this case, a^^, 6^^, and c,, must be positive, whence a, i, and c have 

the same sign; which conditions, together with that of V^ having the 

same sign as a, are equivalent to those given in the Table for the 

impossible case or the ellipsoid. If we examine independently into 

the conditions under which the aggregate of the first six terms of 

(24) always has the same sign, we shall find them to be that a^, , 6^^, 

and Cff must be positive, and f^ must have the common sign of a, by 

and c. And it is evident that the first three terms of (30) are the first 

six terms of (24) in a different form. It may be worth noticing, that 

« A 7» 

these conditions are equivalent to supposing ^— . , ■ .n, .—. to be 

the cosines of the sides of a spherical triangle. When any other order 
of signs except the two already noticed, is found in (34), we shall have 
one positive root only, or one negative root only, according as f^ is 
positive or negative; that is to say, one possible axis, or a double 
hyperboloid, when V^ and W have contrary signs; and one impossible 
axis or a single hyperboloid, when they have the same signs. 

When Hr=o, V^ being finite, equation (30) represents a point, or 
a cone; the first when all the roots of (34) have the same sign, the 
second in any other case. When f^j = 0, Fi being finite, or W infinite, 
the center is at an infinite distance, and the equation belongs to an 
elliptic or hyperbolic paraboloid, according as f^ is positive or negative. 
Since when V^ = 0, a^,, ft,^, and c^, have the same sign, (10), which is 
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also the sign of Vt^ a^^ may be substituted for V^ In this case, (10) 
and (9)» Vt has the form 

P^Q^B+ a^/Q5■cos f + 2\/BP cos j|+ 2\/?5 cos ^, 

which, when P, Q, and R have the same sign, is always of that sign; 
and therefore can only be «= when P, Q, and B are severally » 0. 

When f^»0, and ^^4 = 0, in which case W appears in the form -, 

tfid its real value is W (97)> the simplest criteria of which are ex* 
pressed in (26) the equations (80) and (34) assume the forms 

Aa^ + A'i/'+W^O (42), 

V^A^^r.A + r,«0 (48), 

the first of which, if Fs be positive, and Vy and W of the same sign, 
is impossible, and belongs to an elliptic cylinder if F't be positive, 
and Vy and W of different signs. As before, we may substitute a^^ 
for Vt. If Vt or a,, be negative, (42) belongs to an hyperbolic cylinder : 
and if F;|=0, in whidi case a^^=0, 5^^=0, and c^/sO and W is infinite, 
we have a parabolic cylinder. It appears therefore, that any surface of 
the second order, which has three parabolic sections, not having a 
common line of intersection, is a parabolic cylinder. The central line 
ci this surface is at an infinite distance. When W s and F]» is 
positive, equation (42), considered as of two dimensions, represents 
only the origin, and therefore belongs to a straight line, the axis of 
d. When V^ is .negative, W being ^O, (42) is the equation of two 
planes intersecting at an angle whose tangent is 

Z\/^AA' 2\/-^«ro 

A^A' ' '''' n ' 

When the equations of the center belong to a plane, and Jf^' as 
well as W appears in the form - , the real value of W is WT", given 
in (29) and the simplest conditions are, as in (28), 

a : b : e :: a : e : b. 

M 2 
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The equations (42) and (48) take the forms 

Aa/'+W^O (44), 

r^A- V, =0 (45). 

The first of which is impossible if W" and Fl have the same sign, 
that is, if W" and a have the same sign; for when. a^^ = A^^c=c^^=sO, 
V^ takes the same form with respect to a, ft, and c which Vt took with 
respect to a^^, ft^„ and c,^ in the last case. When a and W" have 
different signs (44) belongs to two parallel planes, which coincide in 
one where W"=^0. That is (29) the surface is impossible, two parallel 

planes, or one plane, according as q/*— (f is positive, negative, or nothing. 

When W becomes infinite, or a = 0, in which case ft, c, a, ft, and c are 
severally = 0, the proposed equation (3) is in fact of the first degree. 

Though oblique co-ordinates have hitherto been used, yet they 
might have been dispensed with so far as the criteria of distinction 
between the different classes of surfaces are concerned. It would take 
some space, and complicated algebraical operations, to prove this in 
all the individual cases, but the following general consideration is equally 
conclusive. So long as we only consider those distinctions which are 
implied in calling the surface bounded or unbounded, of one sheet or 
of two sheets, &c. in which no numerical relations of lines, &;c. appear, 
it is evident that any equation will preserve the same character, how- 
ever the axes on which its results are measured are inclined to one 
another. That is, when the sign of a quantity is alleged to be a cri- 
terion of distinction, it cannot stand as such, if by any alteration of 
^, i;, or ^, consistent with V^ remaining positive, the sign of that quantity 

can be changed. Again, if the signs of two out of the three, a, ft, and c 

be changed, as well as that of the third letter in a, ft, and c, (those of 

a, ft, and c, for example) it is evident that the surface remains the same 
in form and magnitude, those parts which were below one of the co- 
ordinate planes being transferred above it, and vice versa. That is, 
it is impossible that any aggregate of terms of an odd degree, with respect 

to a, ft, and c, ft, c, and a, or c, a, and ft, can affect the sign of any 
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of the criteria. If we look at Fl, V^^ Fl, and F^, we find that those 
terms, and those terms only, which are multiplied by cosines of ^, &c., 
are of the first or third degree, with respect to any of the three sets 
just mentioned. 

The case is very much altered when we consider any numerical 
relation, however simple. For example, I give the condition which 
expresses a surface of revolution, or a surface two of whose axes are 
equal. If A and A' belong to the equal axes, a, a , &c. become in- 
determinate; hence the numerators of the six equations (38), will, when 
equated to zero, have a common root. Eliminate Fi - Fl^ + VoA^ from 
the values of a* and fiy, &c. in (38), which gives 

Air ^ ^CQsg— J<> _ Mt cos ly — D _ JNTgCos^— AT, . 

a COS f— a 6 cos 17 -6 ccos^— c 

which does not admit of any material simplification. There are evidently 
other ways of obtaining corresponding conditions from (38). I have 
chosen this because the corresponding formulae have been given in the 
case of rectangular co-ordinates. In this case, 

cos f =5= cos 1; = cos ^ = 0, and i» = — /^^, &c. 
whence, 

a h c 

(See Mr Hamilton's Analytical Cfeametrtf, p. 383.) 

To apply the formulae (39) and (41), let there be two planes whose 
equations, separately considered, are 

Var-f M'y+ i/« + l=0 / 

but which together must be one of the varieties of equation (3). Let 
new and rectangular axes be taken, the intersection of the planes 
being that of x. Their equation will then be 

[c] sK"-h 2[a]y«=0, 
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IV. On a Mmstrosily qf the Common M^ionette. By Rev. J. S. 
Henslow, M.A. Prq^ssor qf Botany in the University of Cambridge, 
and Secretary to the Cambridge Philosophical Society. 



[Read May 21, l^SSt.'} 



Having met with a very interesting monstrosity of the common 
Mignionette {Reseda odorata,) in the course of last summer (1831), 
I made several drawings of the peculiarities which it exhibited. I beg 
to present the Society with a selection from these, as I think they may 
both serve to throw considerable light upon the true structure of the 
flowers of this genus, which is at present a matter of dispute among 
our most eminent Botanists, and also tend to illustrate the manner 
in which the reproductive organs of plants generally, may be con- 
sidered as resulting from a modification of the leaf. 

It is well known to every Botanist, that Professor Lindley has 
proposed a new and highly ingenious theory, in which he considers 
the flowers of a Reseda to be compounded of an aggregate of florets, 
very analogous to the inflorescence of a Euphorbia. Mr Brown, on 
the other hand, maintains the ordinary opinion of each flower being 
simple, and possessed of calyx, coroUa, stamens, and pistil. I shall 
not here enter upon any examination of the arguments by which 
these gentlemen have supported their respective views, but will refer 
those who are desirous of seeing them to the '' Introduction to the 
Natural System of Botany, by Prof. Lindley,** and to the "Appendix 
to Major Denham's Narrative, by Mr Brown.'* My present object will 
be little more than to describe the several appearances figured in plates 
1 and 2. 
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Fig. 1. is one of the slightest deviations that was noticed from the 
ordinary state of the flower. It consists in an elongation of the pistil (a), 
and a general enlargement of its parts, indicating a tendency in them to 
pass into leaves. This is accompanied by a slight diminution in the size 
of the central disk. The number of the sepals was either six or seven. 

Fig. 2. is a portion of the ovarium of the same flower opened, in 
which three of the ovules are somewhat distorted. 

Fig. 3. Here the three valves of the ovarium have assumed a dis- 
tinctly foliaoeous character (a); the same has happened to some of the 
stamens (b), and to the petals' (c); but the sepals are imaltered. The 
central disk has entirely disappeared. 

Fig. 4. This is a still closer approximation to the ordinary state of 
a proliferous flower bud, when developed. Those parts which would 
have formed the pistil, if the flower had been completed^ are no longer 
distinguishable, and only a few of the stamens are to be seen, disguised 
in the form of foliaceous filaments crowned by distorted anthers {b). 

Fig. 5. A . slight deviation in one of the petals from the usual 
character. The fleshy unguis is somewhat diminished, and the fimbria 
are becoming green and leaf-like. These are aggregated into three 
distinct bundles, the middle one being composed of a single strap, 
and the two outer ones of five straps each, blended together at the 
base. 

Fig. 6. The line of demarcation between the unguis and the fimbriae 
has completely disappeared, and the number of the latter is considerably 
reduced. The whole is more green and leaf-like than fig. 5. 

Fig. 7. The fimbriae reduced to a single strap ; the position of the 
lateral bundles being indicated by slight projections only. Other in- 
stances occurred in which the petal appeared as a single undivided 
uniform green strap. 

Fig. 8. The two exterior whorls of a flower, consisting of seven 
regularly formed sepals, and eight petals. The latter deviate more or 
less from the forms represented in fig. 6 and 7. The whole of a green 
tint, and leaf-like. 
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Figs. 9» 10. These are parts of one and the same flower dissected 
to shew fhe several whorls more distinctly. The whole has assumed 
a regular appearance, and is composed of seven sepals, alternating with 
seven green strap-shaped petals, which are succeeded by about twenty 
stamens without any fleshy disk ; the pistil is somewhat metamorphosed. 
This is perhaps the most remarkable deviation that was noticed from 
the ordinary state of the flower, and as several examples of it occurred, 
it is not likely that there is any error in this account of it. It appears 
to lead us in a very, decided manner to the plan on which the flowers 
of the genus may be considered to be constructed, and to shew us 
that they are really simple and not compound. 

Fig. 11 to 15, represent the appearances assumed by some of the 
stamens, indicating various degrees of deviation from the perfect state 
towards a foliaceous structure. 

There were other circumstances, besides the appearances in figs. 9- 
and 10, which may lead us to conclude the structure of the flowers 
of the genus to be simple and not compound. A compound flower 
arises from the development of several buds in the axillas of certain 
foliaceous appendages more or less degenerated from the character of 
leaves, and consequently these buds and the florets which they develop 
are always seated nearer to the axis than the foliaceous appendages 
themsdves. If we suppose a raceme of the mignionette to degene- 
rate into the condition of a compound flower, we must allow for the 
abortion of the stem on which the several flowers are seated, so that 
these may become condensed into a capitulum, each floret of which 
will be accompanied by a bractea, more or less developed, at its base. 
Let us compare this supposition with the diagrams represented in 
figs. 16, 17, 18. 

Fig. 16. is an imaginary section of the flower in its ordinary state, 
(a) the pistil, (J) the stamens on the fleshy disk, (c) the petals, (d) the 
sepals alternating with them. 

Fig. 17. represents the position erf the several buds (e) which com- 
pose the florets of the flower on the supposition of its being com- 
pound. Here it will be noticed that these buds alternate with the 

Vol. V. Paet I. N 
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sepals instead of being placed in their axils where we might rather 
expect to find them. 

Fig. 18. represents a fact which was observed in the present case, 
where some of the latent buds in the axils of the altered petals were 
partially developed. This development might' perhaps be considered as 
indicating the construction of a compound flower, and those buds which 
in ordinary cases compose the outer and abortive florets, it might be 
said, are here manifesting themselves. But the axes of these buds lie 
nearer to the axis of the whole flower than the petals in whose axils 
they are developed; whereas it appears by fig. 17, that they ought to 
be further from it, since the centres of the five outer circles marked (e) 
would represent the axes of the several buds, whose partial develop* 
ment must be supposed to be on the side next the axis, if we allow 
any weight to the analogy between the position of the abortive 
stamens on the supposed calyx, and the fertile stamens on the central 
disk. 

These figures are all that I have thought it necessary to give foi' 
the purpose of illustrating the structure of the flower; but as ther^ 
were several interesting appearances noticed upon dissecting the pistil, 
I have selected some of them for the second plate, a^ they may 
possibly serve to throw some light upon the relationship which th6 
several parts of the ovarium bear to the leaf, and to support the 
theory of their being all of them merely modifications of that im- 
portant organ. 

Fig. 19. is a pistil in which the three ovules have become foliaceous, 
and the central, or terminal bud of the flower-stalk is developing in 
the proliferous form represented in fig. 4. 

Fig, 20, The central bud is not developing; but the three axillary 
buds in the bases of the transformed valves of the pistil are here 
assuming the form of branches on which one or two pair of leaves are 
expanded. 

Fig. 21. 22. unite the appearances in fig. 19 and 20, with the 
addition of a glandular body seated between the leaves at their 
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junction. This apparently originates in the union 6f the two glandular 
stipules seated at the base of the leaves of this genus, and which 
may also be seen to accompany the scale-like leaves on the central 
bud within,. 

Figs. 23. to 25. Interior views of metamorphosed pistils, in which 
the ovules are seen transformed to leaves, and the glandular stipules 
are all that remain of the leaves which should compose the central 
bud, their limbs having entirely disappeared. 

Fig. 26. The appearance of these stipules on a leaf-bud, develop- 
ing under ordinary circumstances. 

Fig. 27. One of them more highly magnified. 

Figs. 28. 29. Their appearance on the small scale-like leaves of the 
central buds in fig. 21, 22. 

Fig. 30. Similar to fig. 23, but without any appearance of the 
transformed ovules; the glandular stipules are seen in the bottom of 
the ovarium. 

These glandular bodies assume a very prominent character in the 
anatomy of the metamorphosed pistils, and I was for some time 
puzzled to account for them, thinking that they might represent an 
altered condition of the ovules. I believe however that I have rightly 
considered them as the only representatives of the various leaves which 
would have made their appearance on the branch if the bud had 
developed in the ordinary way. They do not appear to diminish in 
size though the limb of the leaf has disappeared. 

Fig. 31. Four pedicillated semitransformed ovules, seated on a pla- 
centa of a pistil metamorphosed similarly to that in fig. 9t 

Figs. 32. to 35. Other appearances of a similar kind, all representing 
various approaches of the ovules to a foliaceous character. The little 
theca-shaped appendages are hollow, with a perforation at their apex, 
representing the foramen. 
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Fig. 36. One of these dissected, exhibiting a free davate celluiar 
body within, resembling the columella in the theca of a moss, and 
here probably representing the nudeus of the ovule. 

Fig, 37. In this case the theca-shaped body was partially open 
exposing the included nudeus. 

Fig. 38. This nucleus more highly magnified. 

These appearances surely indicate a development of the investing 
coats of the nucleus into leaves; but how far these devdopments 
might be extended, and whether the nudeus itself is capable of being 
further separated into a series of investing coats does not appear from 
these spedmens. 



J. S. HBNSLOW. 
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Since the publication of Fresnel's experiments on Diffi'action^ it has 
been usual to employ as the source of light, in all experiments of this 
class, the image of the Sun formed by a lens of short focal length. On 
the undulatory theory, the eflTect of light thus produced is precisely 
the same as if the minute image of the Sun were the real origin of 
the light diverging with equal intensity through a solid angle whose 
diameter is many degrees. The spherical or chromatic aberration of 
the l^is produces no sensible e£Pect in any of the common experiments, 
in all which the angle, made by rays which afterwards interfere, is small. 
In calculating experiments thus conducted we proceed therefore with 
full confidence that no consideration is left out of sight, the omission 
of which could cause sensible error. 

Newton's experiments however were conducted in a different way. 
His origin of light was a hole, from -jV to -J^ of an inch in diameter, 
through which the Sun's light was made to pass. The effect of this 
light, on the undulatory theory, is not the same as if the bright hole 
were the origin of light. It becomes then a matter of some interest 
to examine mathematically what is the effect produced by transmitting 
the sun-beams directly through a hole of sensible size ; and whether this 
effect, in practice, will differ much from the effect produced by forming 
an image of the Sun with a lens of short focal length. 

The integrals which occur in this investigation are of such a kind 
that their values cannot be exhibited even in tables of numbers (except 
Vol. V. Part II. O 
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of course in any particular case, when by very tedious summation nume- 
rical results might be obtained). The only thing which can be attempted 
is, to shew that the integrals are precisely the same as those that occur 
in a very different instance where Fresnel's method of experimenting 
is adopted. Even thus far however I have not succeeded except in one 
case, namely, where the hole is a rectangular parallelogram of any length, 
and where the diffracting aperture is also a rectangular parallelogram 
in a similar position ; including in this general case the particular instance 
in which one or both parallelograms have no boundary on one side. 

To consider, in the first place, a case similar to Newton's. A plane 
wave is supposed to enter an external parallelogram and then to pass 
through a slit with sides parallel to those of the parallelogram ; and the 
intensity of the light which falls upon a screen at a given distance is to 
be found. First, it is to be observed, that in estimating the comparative 
intensity of light in a direction parallel to one side of the parallelograms 
(suppose for instance the shorter) there is no necessity to take into ac- 
count the length of the parallelograms in the other direction ; as it will 
easily be seen, upon attempting an integration, that the intensity of light 
is expressed by the product of two quantities, of which one depends only 
on the lengths of the parallelograms and the position of the point of 
the screen in one dimension, and the other depends only on the breadth 
of the parallelograms and the position of the point of the screen in the 
other dimension. The intensity of light along a given line parallel 
to one side of the parallelogram will therefore, so far as it depends on 
the other side, be affected only with a constant multiplier. Neglecting 
therefore the lengths (by which term I designate that dimension of the 
parallelograms which is perpendicular to the line on which the comparative 
brightness is to be ascertained), suppose a normal to the front of the 
wave to be drawn, and suppose the limits of the breadth of the external 
aperture measured from this line to be a, /3, (the distance of any point 
of the aperture being ©), and suppose the limits of the breadth of the 
slit to be 7, 5, (the distance of any point of the slit being w): and 
suppose the distance of the point on the screen, whose illumination we 
wish to ascertain, to be x. Let the distance of the external aperture 
from the slit be a, and the distance of the slit from the screen ft. Suppose 
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the front of the wave where it enters the external aperture to be divided 
into a great number of small parts iv; and suppose each of these to 
be the origin of a small wave which diverges from it as a center. The 
distance from the point v of the aperture to the point w of the slit is 

V^{a* + (t? - wy] =« + 2^ (t?-«r)»; 

and the disturbance produced at w by the small wave spreading from the 
space Sv at v will therefore be proportional to 

5t?.sin . — - {v/--4 — a— x-C^? — «?)*}. 

Integrating this with respect to v, the coefficient of sin -— {vt—A-a) 
will be 

f^cos — iv-wy, 

and the coefficient of cos-r-(v/— -4 — a) will be 

A 

-^sin^(«?-fr)«. 
The first of these integrals = X ^^^ ^ ft? V "t " ^ '^~x) ' 

and putting 0(«) for jT cos (s*"), this integral between the limits f? = a, 
i?=/3, will be proportional to 

Similarly putting yjr (z) for jT sin (s**) $ the integral - JT sin -^ (t? — it)' 
between the same limits will be proportional to 

- -^ (^ v/| -« Vl) +«(.(. Vj -" \/|;) . 

o 2 
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The whole displacement at the point w will therefore be 



. 2^ 
sm — 

A 



Suppose now this displacement to be the origin of a small wave 
which diverges from it as a center. The distance of the point w of 
the slit from the point x of the screen is 

and this distance must be added to ^ + a in the expressions 

sin -— (v*— -4 — a) and cos ~ {wt-^ A — a)^ 

A A 

in order to find an expression proportional to the displacement produced 
by it on the screen at the point x. The expression must also be mul- 
tiplied by Sir, the breadth of the small space from which the wave 
proceeds. Thus we find for the whole displacement at the point x of 
the screen, 

sin-^(v<-^-a-J)x M \ 



+COS— (v/ 

+cos^(ir 
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where the integrals are to be taken between the limits w^y^ to — S. Thie 
brightness at the point x of the screen will then be proportional to the 

sum of the squares of the coefficients of sin— -(v/— u4 — a — &) and 
cos -—(v/— -4 — a— J). 

A 

To consider in the second place a case in which the illumination is 
produced in Fresnel's method. Let the distance from the origin of light 
to the aperture be a^ and from the aperture to the screen b'. Let a 
line be drawn from the origin of light perpendicular to the screen, and 
let the limits of the aperture measured from this line, in the same 
direction as the breadths of the parallelograms in Newton's case, be e and ^ 
(the general letter for the distance of any point in this direction being jp), 
and let the limits in the direction perpendicular to this be 17 + np, + np^ 
where n is constant. (It is readily seen that this implies the figiire to 
be rhomboidal, with two sides parallel to the length of the parallelograms 
in Newton's case.) Let q be the general letter for distance in this second 
direction : also let a/ and y^ be the distances, in the directions of p and q^ 
of a point on the screen from the same line. The distance from the 
origin of light to the point p, q, in the aperture is 

and the displacement there will therefore be proportional to 



• 27r/ . ., , p^ q^\ 



The distance from the point p, q, in the aperture to the point a?', t/, on 
the screen, is 

and this must be added to 

in the expression for the displacement, in order to find the displacement 
produced at the point a?',y', of the screen by the wave diverging from 
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the point p, q, of the aperture. For the effect of the wave spreading 
from the small rectangle whose sides are Sp, Sq, we must multiply hy 
Sp, iq. Hence we find that the quantity to be integrated is * 

/,./,.sm-(v/-^'-a'-ft-.^-^-AL jy^); 

where, after integrating with respect to q^ the limits of q must be ex- 
pressed in terms of jp before the next integration. 

Putting A'+(^ + b'+ . , %;. = jy, this expression becomes 
The first integral is 

27r 



sm 

A 



2ir 
— cos — - 

A 



which between the limits q = ^-{-np, q = 9 + np, is proportional to 






The quantity proportional to f^ sin If* 'h'\ \^ ^~^) I ^^^^ ^ ^^" 

pressed in the same manner, putting yjf in the place of <p. 

The whole displacement of ether at the point a/, y', will therefore 
be found to be 
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■K ei+V ( flV\ r .L./2(a' + ft') ,./ 2fl? ^ 



sin^{yt-B')x fl 



^-^^^l-W'V^-^v^S^''-^^^}] 









)^ 






+ COS— ^(v<-JB')x / < 






+ COS 






)X 



^^/ 2{a:+b') \ , ( . /a («'+*') ,./ a^' . /a (a'+6')l n 



where the integrals are to be taken between the limits p = €, ^ = ^. 
The brightness at the point of, y', of the screen will then be propor- 

tional to the sum of the squares of the coefficients of sin— -(v#— jB^ 

A 

and cos -r- (v * - JB"), 

We have now to shew that, for a constant value of y', and a vari- 
able value of y, these expressions may be made similar to those ob- 
tained in the first case. For this purpose it will be necessary, first, to 
make the coefficients of the expressions under the integral sign equal: 
secondly, to make the limits of integration the same* 
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rm. /Si "Ji* • *■ IT a! + lif daf 

The first consideration gives us 7— = - . - . . . ■ : x = —: — r, : 

'^^oX ''^ ah'\ y ^ 5'(a' + A')X' 

and the second consideration gives 7 = c ; 3 r= ^ ; whence 5-7 = ^-6. The 
first set of equations, reduced, are 



a o ' b a 



aV- = n\/ ^ — y' V T7i; whence (/3 — a) v - = 0—17; and n=— V -• 

The purport of these equations, in common language, may be stated 
thus : 

If in Newton's method light pass through a rectangular hole whose 
horizontal breadth is /3 — q, and through a slit whose horizontal breadth 
is S-7, at. the distance a from the former, and fall finally on a screen 
at the distance h from the slit : 

And if in Fresnel's method light pass through a rhomboidal hole, 
with two vertical sides, at the distance a' from the Sun's image; and 
fall on a screen or eyepiece at the distance V from the hole, so that 
1 1^_ 1 



And if the length of the vertical sides of the rhomboid be \/- 



X 

a 



the horizontal breadth of the external hole in the first case (or /3 — a) ; 
and the horizontal breadth of the rhomboid be equal to the horizontal 
breadth of the slit in the first case (or 5 — 7); and the tangent of the 

angle made by the sides of the rhomboid be \/t» (*^® acute angle of 

the rhomboid being on the side where x is negative and y positive). . 
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Then the proportion of the intensities of light along the horizontal 
line in the first case will be the same as the proportion of the inten- 
sities of light along a horizontal line in the second case: the distance 

ai^x^-^m the second case corresponding to the distance x in the first 
case. 

If in the first case the center of the hole is opposite to the center 
of the slit» the horizontal line in the second case must be drawn over 
the middle of the illumination on. the screen. But if in the first case 
the center of the hole is not opposite to the center of the slit, but 
deviates in the direction which makes x positive, then the borizontal 
line in the second case must not be drawn over the middle of the 
illumination, but on that side on which ^ is negative. In general, 
or when one side of either aperture in the first case is wanting, the 
equations 

may be used. 

When the inequality of the sides of the rhomboid is considerable, 
the form of the illumination is not very different from the illumination 
when the hole is parallelogrammic. The coloured bars will be a little 
inclined, so that those which for a parallelogram would be perpendi* 
cular to its longest sides, will approach towards the direction perpendi- 
cular to the longer diagonal of the rhomboid. Besides these, there is 
a faint brush of light projecting from each part which corresponds to 
an obtuse angle, and nearly in the direction of a line bisecting that 
angle produced. These general notions will assist the reader in judging 
what ought, theoretically, to be expected in the diflferent circumstances 
of Newton's experiments. 

In Newton's experiments the external hole was in fact circular. 
What would be the efiect of this form it is impossible (theoretically) 
to say : but judging from the insignificance of the effect produced by a 

Vol. V. Part II. P 
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rectangular hole, I am inclined to think that, when the apertures are 
centrally opposite, the same investigation will apply weU to it. 

ft 

I may now without impropriety mention the circumstances which 
induced me to make this investigation. 

In Newton's Optics, Book iii. Observation 6, Newton describes in 
very striking language the effect of narrowing a slit on which the 
sim-light fell after havmg passed through a hole a quarter of an inch 
in diameter. He states that when the breadth of the slit was about 
-i-th of an inch, the illumination on the screen was interrupted by 
a black shadow in the middle. It is certain, theoretically and prac- 
tically, that if the experiment had been made in Fresnel's method the 
center would be the brightest part. It seemed therefore worth while 
to ascertain, by the best kind of investigation that such an un- 
manageable case admits of, whether the size of the external hole 
could account for the dark shadow. From consideration of the form 
of the illumination in the second case above, it appears certain that 
it could not. The only resource (which the dullness of the weather 
at that time denied me) was to repeat the experiment. This I have 
now done three separate times in the presence of as many different 
persons: I have used both parallelogrammic and circular holes of dif- 
ferent sizes (the largest circular hole being ^inch in diameter) and 
have sometimes diminished the aperture to as little as ^ inch (by 
estimation). The distances have been 30 inches each, whidi appear 
to have been the distances in Newton's experiments. In every in- 
stance the center has been bright. I can account for this inaccuracy 
in Newton's observation only by supposing that his eye was in such 
a state as not to recover from the sudden impression which is pro- 
duced by rapidly diminishing the central light on the screen (which 
makes it for an instant appear black), and by referring to his candid 
avowal in the Advertisement, that "the third book and the last pro- 
*• position of the second were put together out of scattered papers,*' 
and that "The subject of the third book I have also left imperfect, 
"not having tried all the experiments which I intended when I was 
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"about these matters, nor repeated some of those which I did try 
"until I had satisfied myself about all their circumstances." I may 
add that Newton's measures of the distances at which the first dark 
bar was formed are so irreconcileable with those of his admirer Biot 
that, referring to the avowal above-cited, I think no reliance ought to 
be placed on the accuracy of his observations of diffraction. 

Since writing the above, I find that Biot has repeated the experi- 
ment with the same result which I have obtained {Traite de Physique^ 
Tom. IV. p. 749). He has not commented on or even mentioned 
Newton's observation. 



G. B. AIRY. 



Observatory^ 
May 6, 1833. 
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INTRODUCTION- 

The object of my fonner Memoir on the present subject, pub- 
lished in the Fourth Volume of the Society's Transactions, was to 
investigate the principles by which we might revert from a function 
outside the sign of definite integration, to the function under that 
sign, whenever the latter belonged to any of those classes usually 
received in analysis. In that case the function outside the sign of 
integration possessed the characteristic property of converging to zero 
when a variable quantity x was made to increase indefinitely; in the 
present Memoir I have endeavoured to complete this theory, by the 
research of the forms and properties of the functions under the sigin 
of integration, when the characteristic above mentioned is not pos- 
sessed by the function resulting from integration: and as the subject 
increased in difficulty, those methods of analysis which possessed greater 
simplicity and uniformity have been most adhered tOy in the follow- 
ing investigations. 

The fourth Section is devoted to the research of the nature and 
properties of the function under the sign of integration, when the 
integral always vanishes between the limits (0 and 1) of the indepen- 
dent variable which have been uniformly adopted in this as in the 
first Memoir. The class of functions thus investigated possess the re- 
markable property of vanishing an indefinitely great number of times 
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in a finite extent; such functions correspond to an extended and 
curious class of phaenomena in nature, when any principles of action 
which have been observed, under peculiar circumstances cease to produce 
the observed eflfects, as when equal charges of opposite electricities 
are communicated to a body, or when a body electrised by influence 
is removed from the vicinity of the influencing system; or lastly, as 
when heat in its thermometric efiects disappears in the chemical 
changes which bodies undergo. 

The properties of this class of functions are of great use and 
importance in analysis, as they conduct directly to the theory of 
reciprocal functions. This term I have here employed to denote such 
functions, two of which being multiplied together the integral of the 
product vanishes, except in one particular case. That function which 
is in this sense reciprocal to another, is also in general difierent in its 
nature. There are however many functions which are reciprocal to 
functions of their own nature, and to this class belong the only two 
species of reciprocal functions hitherto introduced into analysis; namely, 
the sines or cosines of the multiples of an angle, the integral of the 
product of which always vanishes (when taken between proper limits) 
except in the particular case of equimultiples; and secondly, such 
functions as satisfy the well-known partial difierential equation in the 
third book of the Mecanique Celeste; where the integral of the product 
also vanishes except in the particular case where the functions are of 
the same order. It is this exception which renders reciprocal func- 
tions particularly useful, as is evident from the application of the 
trigonometrical functions in the theory of heat, and of Laplace's functions 
in investigations relative to the distribution of electricity. In the same 
Section I have shewn generally the means of discovering all species 
of reciprocal functions, and given several examples: as an instance of 
one of the most simple species possessing properties very analogous to 
those of Laplace's functions, but giving a simpler integral in the case 
where that integral does not vanish, it is proved in the succeeding 

Section that if Tn be the coefficient of A* in - — 7 , then when n and m 
are unequal jfr«7'«, = 0, but when n = m, ^7^,3r« = l. 
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The theory of reciprocal functions is applied in the fifth Section 
to the complete solution of the question, . which was the object of this 
and the preceding Memoir, namely, to revert from any function what- 
ever to that under the sign of definite integration, those reciprocal 
functions being employed which are most convenient in each particular 
instance. 

The last application in this Memoir of the theory of reciprocal 
functions, is to the development of given functions of x in descending 
powers or other forms which vanish when x is infinitely great; the 
results of which may be applied to the valuation of functions of 
very great numbers, and to a great variety of physical problems. 
These series have also the peculiarity, generally, to terminate for the 
functions of integer numbers. 
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SECTION IV. 

Inverse Method for Definite Integrals which vanish; and Theory of 

Reciprocal Functions. 

1. When the equation ftf{t).f=^(p{x) is supposed to be restricted 
to particular values of x, then whatever may be the form of <p (x), 

f{f) may always be determined; the values to which x is restricted 

we shall suppose to be the natural numbers 0, 1, 2, 3 (» — 1)> and 

the method here pursued will also apply if the values of n should be 
different from those mentioned, 

2. •First, let Jfy(^-^'=0, the limits of t being always and 1, 
and let us seek for f{t) a rational Junction of t of the lowest possible 
dimensions, which shall satiffy this equation when x is any integer from 
to ;} — 1 inclusive. 

Any value of f(f) which answers the proposed conditions may be 
divided by the absolute term, and the quotient, it is evident, will 
equally fulfil those conditions; we may therefore take the first or 
absolute term in f(f) to be unity, and as the conditions to be satisfied 
are n in number, we must have n coefficients mf{t\ which will hence 
be a rational function of the form 

1 + ^i/ + A^f + + AJ,*\ 

and therefore 0(a:) = ——j^—±^^r—^^ + __i^, 

x-\-\ x + x x + o x + n-^1 

p 

or = ^ by actual addition, 

putting Q for {x + l)(x-\-Q) (x + n + l), and P representing a function 

of X ot n dimensions. 

Hence P=0, provided x be any number of the series 0, 1, 2....(« — 1); 
these are therefore all the roots of that equation, P being of n dimensions ; 
hence we must have 

P= c.x.{x—l){x-2) (:i?-ii + l); 

c representing a constant quantity. 

* I have resolved this question in a different manner in the " Treatise on Electricity.** 
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We have thus 



1 Ai Aj An _ c.x.{x-l) ....(a?-w + l) 

ar + 1 a: + 2 a? + 8 a? + » + l "" (a?+ l).(a? + 2)....(a? + « + l)' 

Multiply by a? + l, and then put ^= — 1; hence e = ( — 1)*, 

i_^ r> ^ n n + 1 
by ar + 2, ^= -2; Ai— - -• -^ — » 

by . + 3, x=-3; ^^ ^ _ ^«rl) . ^)(|±2) . 

&c &c. 

hence /(0 = 1- j -y^^^^ ^ g ^ - f^^ ^.^»-&c. 

rf/" 1.2.3....» 

3. Denoting by P, the value oi f{t) which has been investigated 
in the preceding article, it possesses the remarkable property : that 
jiPmPm = 0, except when m^-n^ and then 

^^-^" " 2^r+i • 

the limits being always and 1. 

For when m and n are unequal, one of them as » is the greater, 
P« contains then only powers of t inferior to », the integral of each 
of which vanishes by the nature of P,. 

When w* = », the last term of P«, namely 



(»-hl)(yg-h2).,..2» . _ 
1 . 2 ....» ^ ^^' 



is the only term of which, when multiplied by P,, the integral does 

* This value o£f(t) has been shewn in the " Treatise on Electricity " to be the coefficient 
of A- in {l-2/*.(l-2/)+A«}-*. 

Vol. V. Pabt II. Q 
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not vanish; and since in general 

jti-.r^K ^^ •(a: + l)(a: + 2)....(ar + » + l)' 

1 

it is evident that in this case ^P,* = r . 

« w + 1 

4. To illustrate the observation in Art. 1, with respect to the 
generality of this method, let it now be required, to find a rational function 
of ty as f{t)y of the lowest possible dimensions^ to satisfy the equation 
ftf(t) .t' = 0, when x is any number qf the series 

p, jp-hl, /> + 2, .J9 + W-1. 

Putting as before y(/) = 1 + Aj + A^P + + A^t^, we have 

•^•^*^'^ • ^' " FTl ^ IT^^ ir+%'^ x + n\l' 

the sum of all which fractions must by the reasoning of Art. 2, be 

c.(j?— j9) (;r— jo — 1)....(^— jt)-w + l) ^ 

(^-l-l)(a? + 2)(ar + 3)....(a?+j9 + ar) ' 

and determining e, A^^ A^y &c. in the same manner as in the Article 
referred to, we have 

1 .2.3....n 



e = (-!)-. 



(/> -h 1) . (p + 2)....(j» + n) * 



- n n+p-^l 

1 p + 1 



J _ n.in-'l) (»-Hj9 + l).(»-fjg + 2) 
^•" 1.2 • (p + l).(ip + 2) ' 



&c &c. 

and therefore 



'^ ' 1 p + l 1.2 (/> + 1) . (/> + 2) 



(/» 



+ l).(jt) + 2)....(/> + ») rf<" I V 1 1.2 j' 
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or, putting 1 — / = <^, we obtain 

5. From this result it follows that if we put 

^^^^ If • 

then shall jif{t).t'^0^ provided x is any number of the series 

0, 1, 2 (»-l); 

ap representing any constant quantity. 

Now Oft^ may be taken for the general term of an arbitrary function V\ 
hence the most general function which satisfies the equation fif{t) . /' = 0, 
is expressed by 

^^^^ w • 

In fact we have (supposing the integrals to commence from < = 0,) 

;/(0 'f^t'f, it) -. xt'-'f, (/) + ^ . (a? - 1) ./s {t), &c. 

representing by Jl (t) the n^ successive integral oif{f), and putting for x 
0, 1, 2....(«— 1) successively, it follows that 

Mf) = 0, f,{t) = .f.{t) = 0, when /=1; 

that is, y«(/) and its n differential coefficients vanish when / = and when 
^=1; therefore ^ (<) contains a factor of the form f".(l— /)•, and con- 
sequently the most general form of J^{t) is 

df^ • 

6. Hence we deduce the following general property: ^^ If f{f) he 
' «»y Junction which satisfies the equation Jtf{t) .t' = 0, x being any integer 
from /o («— 1) inclusive, then the equation f{C) = unll always have n real 

roots lying between and 1." 

For the equation f*.<'"^=0 has n roots /=0 and n roots / = 1; and 
therefore f{t) which is the n^ derived equation must have n roots be- 
tween and 1. 

q2 
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Hence, if we suppose the equation Jij^{t).t* = to hold true for an 
indefinite number of entire values of a?, the equation y(/) = wiU also 
have an indefinitely great number of roots all lying between and 1, 
and the curve, of which the ordinate is y(<), and the abscissa /, would 
intersect that portion of the axis of x, of which the length is unity 
measured from the origin in an indefinitely great number of points; 
thus we have a property characteristic of this class of functions.* 

7. We have supposed J'(t) to consist of terms involving the 
powers of t, but as we may proceed in like manner for any other 
assumed form^ we take the following as an example, because it leads 
to some remarkable results. 

To find a rational function of h. 1. {t) as y(h. 1. t) qf the lowest 
possible dimensions^ which may satisfy the eqtmtion ftf{h. 1. /)./' = 0, 
X being any integer from Q to n—X inclusive. 

Put /(h. 1. = 1 + ^i h. 1. / + A^ (h. 1. tf + -h A, (h. 1. /)', 

12 3 m 
and observing that ^ {h. 1. {f)Y.f = (- 1)*. -7 — '^^i » 

4. r -r/u 1 ^v *r 1 -^1 . -^2.1.2 , 1.2 nAn 

we get ^/(h. 1. ^) . ^ = ^^ --^^^^^ + -^^^^ - ±-(^TTr^' 

and actually adding the fractions in the right-hand member of this 
equation, the numerator which is a function of n dimensions, ought 
to vanish when x is any number of the series 0, 1, 2...(»-l); that is, 



11-3 



(ar + l)--^i(a? + l)"-^ + 1.2^,(a?-H)"-»--1.2.3^8(x + l) 

= Car. (a?- 1) (a?- 2) (a?-« + l). 

Let Si represent the sum of the natural numbers 1, 2, 3....(«- 1)» «» 
St the sum of their products two by two, 
S^ the sum of their products three by three, ice. 

* Vide Art. (4) in my first Memoir on the Inverse Method of Definite Integrals. 
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Then by the theory of equations, the right-hand member of this 
equation is equivalent to 

c {(x-hl)- - -y,(a: + l)-> + *Si(a?4-l)-« - S^{x + 1Y'\ &c.} 

whence c = l, Ai = Su -^8= , *r»» -^3= , J ^ 9 &c. hence the required 

1.2 1.2.8 ^ 

function is 
l + iy>.h.l. /4-^.(h.l. f)' + r--f— .(h.L y + ..,.-f , 5 .(h.l. 0"- 

l.« l.«.d 1.2.. ..91 

8. It has been proved, that the function thus obtained (which we 
shall denote by Ln) in common with all others which possess the 
property that ft/{t) .f = 0, when x is any integer from to n — 1 in- 
elusive, is of the form 

dV ' 

to verify this in the present case, we must sum the preceding series 
which is represented by 2>,. 

First, by the nature of multiplication, we have 

A- + 5',A-» + iSA"-«+ +-S. = (A + l)(A + 2) (A + »), 

and the development of an exponential gives 

l+Ah.l.(0+--\-^+ + ^-l^+&c. = /^, 

the coefficient of h' in the product of both the latter series is iden- 
tical with that by which Z<. is expressed. 

But since that product =/*(A + l) (A + 2) (A + «) 

df 



= ^ {<'(i+^h.i.^ + ^'(|^;^g^' +&c)}, 



it follows that the coefficient of A" is also expressed by 

rf"{<*(h.l./)"} 
1 .2.3 ndV^ 
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this quantity is therefore the sum of the series which we proposed to 
find. 

Now the equation h. 1. {t) = is satisfied by < = 1 ; hence h. 1. t is 
of the form t . Q, {where Q= — (!+- + -■ + &c.)}, and therefore if we 

put :r-^ — = V^ we get the value of Z^, to be 

which was the formula we had required to verify. 

We may also observe that since in the equation 2>« = 0, / must have 
n values lying between and 1, therefore h.l. (/), according to the powers 
of which Li^ is arranged, must have n real negative roots, which we 
see confirmed by the positive signs of all the terms which compose i«. 

9. If we form the equation 

« (1 — A h. 1. ti) = /, 
we have by Lagrange's theorem 

from whence it appears that Z#« is the coefficient of h" in the value 

d%L 
of ^. Similarly if in Article (12) we form the equation 

w {1 - A. (1 - u)\ =t, 

we have P, = the coefficient of A* in -r- . 

10. If Qn he the coefficient of A* in -j-, supposing u to he deter- 

mined hy the equation « (1 — A C7) = ^, U heing a function of u which 
vanishes when i«=.l, and T the same function of t^ then shall 

JiOnf a?.(a?-l)(a?-2) {x-n + 1) . 

iT^f 1.2.3 n '^ '' 
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For if we put w = in the equation w (1 ^ hU)^t we get / = 0, 
and putting » = 1 we have by supposition 17 = and therefore / = 1, 
hence the limits of u are the same as the limits of t 

But ftQnf = the coefficient of A" in /^ . ^, 
and f^^.f = fut'^fuU^il-hUy 

expanding the part under the sign of integration, and taking the co- 
efficient of A" we obtain 

11. If U be a rational and entire Junction qf u which vanishes* 
when tt = I9 and if Q^ he the term independent qf u in the product 

f/" . f 1 j , then shall Q« he itself a rational and entire Junction qf 

t possessing the property qf ftQnf = 0, x heing any integer fr(nn to 
/I — X inclusive. 

For it has been proved in my former Memoir on the Resolution 
of Equations *» that the root of the rational equation 0(^)=:O is the 

coefficient of - in — h. 1. ^— , hence the value of u in the equation 

X X 

tt(l — Af7)=/, is the coefficient of - in — h.l. <(l J — AC7(, and 

du 
diffi^rentiating, it follows that the value of ^ is the term independant 

of K in 



(i-i)-*i7' 



♦ Camb. Trans. VoK iv. p, 1S1» 
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because the u under the logarithmic sign is the same as if we had 

placed there, a or any arbitrary symbol, and is therefore treated as a 

du 
constant in the diiferentiation ; hence the coefficient of h" in -rr is the 

at 

term independant of u in 

U' 



i^-i) 



n+1 » 



that is, its value is Q„ and therefore by the preceding Article JiQnf 
vanishes between the limits of ar, and « — 1, its general value being 

x.{x^l){x^2) jx^n + l) (^i^.jjy*^^ 

T being the same function of t that U is of w. 

By this theorem, every possible variety of rational and entire func- 
tions which possess the above-mentioned property may be found, as in 
the following 

Example: 

To find a rational function of /, in which the powers of the variable 
are in arithmetical progressio7iy such that JtQ,/'=0 when x is any number 
of the series 0, 1, 2 (« — 1). 

In this instance put f7 == 1 — «*, m being any positive integer. 
Hence Q, = term independent of u in 

(1 - «-)• . (i - -) 

_ « (n+1) (n+2)..,(^-fm) n. {n-l) (»+l)(w-f2)...(n+2i») ^«_« 

'^""1- 1.2...W "^ iT2~* 1.2...2»i ' 

in which if we take in particular wi = 1, we get the value of P, before 
found in Art. (2). 

This formula for Q, may be written in another form by which it 
will comprise the case where w is a fraction, thus 

^_ n (m+l)(wi+2)...(ffl+») ^ n{n+l) (2i»+l)(2wi+2)...(2»i+n) . 
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and it is, moreover, evident that either of those values are identical with 

eft, [fjl -t^y] 
which is included in the general form given in Art. 5. viz. 

dir 

12. To find a rationed and entire Junction of t^ of n dimensions , 
which if multiplied hy a rational and entire function of V of less than n 
dimensions f the integral of the product may vanish between the limits ^ = 
and /=1. 

Let the required function be represented by (/>, §')„ so that 

{p, 5^). = 1 + A,t^ + A^f^ + Antr^, 

and by the proposed conditions we must have 

Ii{p. q)nt^' = 0, 

m being any integer from to » — 1 inclusive, put /^ = T, the limits 
of T are the same as those of /. 



1 

r-l 



Hence fAp, q\ r«" . 2"-'= 0. 



1-1 



Now {pyq^T'^ 5 is a function of T of which the indices are in 



1 



arithmetical progression, ^ being the common difference, and 7'«" the 

first term ; and as the nature of the question affords n independant 
equations for the determination of the n coefficients ^„ Ai^^.A^ it 
follows that there is only one function of the kind, which will satisfy 
the proposed conditions, and by Art. 5, it is evident that the function 



^^.\r'\-\i-Th'\ 



(„+i_l)(„^.l_2)...l 



1' 

q 



answers those conditions, and is manifestly of the required form, it 
Vol. V. Paet II. R 
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follows that if we divide this function by T' , and then substitute t^ 
for T, we shall obtain the value of (p, q), ; we have thus, 

(p + l)ip + l+q)(p-\-l + 2g)....{p + 1+(n-l).q] n 
l(l+q){l + 2q)....{l + (n-l).q\ 1 

. (2j? + l)(2jg + l+g)....{2/? + l + («-l).y} tt.(n-l) 
■^ l.{l+q)....{l+(n-l).q} ' 1.2 

Cor fo f>) =1-" ^^ f». "-<»~^) {(»+l)-P+l}(«;>+l) ^. !,„ 

UOR. IP,1>).-1 J. J .tr+ J 3 . 1.(1+;,) ^ *'*^- 

13. The functions (p, q), and {q, p), may be termed reciprocal func- 
tions, and possess the remarkable property, that if » and n' are any 
different integers, then shall 

Hp> q)n . {q, p),- ^ 0. 

For if n>n' then {q,p)»' is a rational and entire function of t* of 
less than n dimensions, and therefore by the preceding Article the 
integral of the product must vanish ; again if n' >n, then {p, q), is a 
function of /' of less than »' dimensions, and therefore when multiplied 
by (g,p}n- the integral ought to vanish. 

To determine the value of the same integral when n^t^, it is 
evident by the nature of the function {p, q), that we need only attend 
to the last term in the expansion of (q,p),, namely 

/ 1^. «, {nq-^l)(nq + l+p)....{nq + l + {n-l).p} 
^ ^'' ' l.il+p)....{l + {n-l).p] 
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Now if we put for (jp, q\ the series assumed in Art. (12) and multi- 
plying then by fj integrate from /=0 to /=1, we have 

liip. q)nf= j^ + ^^p\^ + ^ + 2p + l "^ ••• "^ x + np + 1' 

and actually adding these fractions, the denominator of the sum is 

(oj-f l)(a? +/> + l)(a? + 2^-f 1) (x-k-np + 1); 

and since the numerator is of n dimensions in x, and vanishes when 

a: = 0, q, 2g. ...(« — 1) . y, 

it follows that the sum is of the form 

e .X. (a? — g)(^ — 2g)....{a?— (n — l).g} 
(a? + 1) . («+i? -f 1)....(^ +«i> + 1) 

Multiply by a: + 1 and then put a: = - 1 ; hence 

j_ c.{^l)\l.(q + l)(2g + l)....{{tt^l).q + l} 

p .2p . Sp....np ' 

whence deducing the value of c^ and substituting in the above integral, 
we obtain 

j?.(j?— g)(j?— 2g).,..{j?-(ig— l),y} 
(:i?+ l)(a?+^ + l)....(:r + «^ + l) ' 

hence /J (», or), . /«» — ( _ ©)• . -_ , ' .' "'\ ttt 

ji\r*^f* \ rf 1 (5r + l)-..{(« — l).5 + lj 

»y (/gy — y) {nq — 2y) .... {»y - (» — 1) . y} 
(«g' + l)(«5'+/H-l)....(»g + «Jt> + l) ' 

from whence we obtain finally 

/(i>» ?). (fi^./>). = n(|> + 9) + ri(g+ !).!..{(»- 1).?+!} 

nq(nq — q) (nq — 2q)....{nq—{n — l).q} 
/" l(/> + l)(2;) + l)....{(»-l).l> + l} ' 

R 2 
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that is, it 

{pqY I'.a*. 8* n* 

~«(p+^) + l*l.(p+l)(g'+l)(2j» + l)(2j+l)....{(»-l).p+l}{(«-l).5r + i} • 

r n v«_ -P" / 1.2.8....» V 

«-0E. ^^i'.p).- 2s^:^:•u.(J»+l).(2J9+l)....{(«-l).J^+l}^ 
l4. To find the reciproad Junction to that denoted hy L, in Art. 8, 

, d'{f(h.lt)'\ 
""""'^V' l.L..» df 

Xr, consists of the powers of h. 1. /, and possesses the property of 
JtLnf^O when x<n\ suppose now that we investigate a rational function 
X« which shall possess the property Jf\,(h.l. /)'=0 when x<n\ then it 
is evident that ftKL^^^O when n and n' are unequal; and therefore they 
are reciprocal functions. 

Put X. = 1 + ^l^ + Aftfi + ....Ant^, 

Put Ai = a'+»-Bi, A^ = S'^'B, An = (ll + l)•+^^.; 

hence we must have when x<n, 

1— + 2-'jBi + S"-'-B, + (n + l)-'^, = 0. 

Now the left-hand memher of the equation is the same as 

putting t=0 after the differentiations. 

Hence the differential coefficients from the l** to the n^ inclusive 
of the function between the brackets vanishes when /=0; that function 
of e* ought therefore to contain no power of t inferior to the (n + 1)^, 
and conversely, a function of e* which does not contain such a power 
of t, will fulfil the required conditions. 
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Now' this is the case with (1 — 6*)" +\ which is also when expanded 
of thie same form as the part between the brackets; hence equating like 
terms, we have 

Hence ^,= -j.2% -^«= "'i"a ^^ -3' ^.+, = (-l)".(» + l)"; 

and therefore X. = 1 - j . 2"< + i'^^ - 8"<* - ( - 1)' • (» + 1)' • f- 

Cor. 1. When n and »' are unequal, then jfZ/.Xu=0. 

But when n'= n, we need only take the last term of L^ namely, (h. 1. 1)'; 
hence 

= (-l)M .2.3....«jl- Y .^ + — ^-g— ^- - &C.| 

_ (-i)*.i.a.8....« 
~ « + i 

Cob. 2. jfx, (h. 1. tf 

= ( - 1)' . 1 . 2 . 8.. ..a? |l-'-' - n 2-'' + "j I^^ -S'"*'' - &c.} 

. = (-1)-M.2.3....a; AV(A-'-'), 

A being put s 1 after the operation of taking the ri^ finite difference 
on the supposition that the increment of h is unity; from whence it 
is easy to deduce 

CoR. 3. All the roots of the equation X» == are real, and lie between 
and 1. 

For if we put h. 1. (f) = w, and X,6"= U, 
then jf\.(hJ./)'=r/.C7«'=«V.t^-^«'-V-'f^+^^l^^ &c. 

1 . SI 
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and putting x^sQ, 1, 2, &ce. success] vely» it follows that jEi'Uand its (n — 1) 
successive differential coefficient vanish when u s and «a - od. Hence 
{7=0 has n real negative roots; and therefore X«s=0 has n real positive 
and fractional roots. 

15. In general let U., Vn be any functions of the variable / and the 
integer /t, and let Ai...An9 ai...a» represent constant quantities; or de- 
pending on n only. 

Put T.^Uo + AiUi + A,U^ + .... + AnUn, 

and Tn== f^o + a^V^ + a^V^ + .... + a,F.. 
Then the n equations 

jfT.Fo^o, jjr.Fi^o, jf2;r,=o ;7;r..,=o, 

will serve to determine the constants -4,, A%....An^ 

In like manner let the corresponding constants ^i, as....a« be de- 
termined from the n equations 

jiT:Uo^o, j;r;c7i=o, ;r;c7.=o....jEr;t7:., = o, 

the functions Tn and TL' which are thus determined, are reciprocal func- 
tions, and possess the general property ft T, TJ = 0, except when n = «', 
and then 

this is the general principle of reciprocal functions. 

Cob. Let y (/) be any function of t represented by the series 

fit) « CoTo + Ci 2\ + c, T2 .... &c. 

where Co, Ci, C2, &c. are constant coefficients to be determined, then 
multiply by To\ TU Ti^ &c. and integrate the successive products, 
and we get 

c. ft T, T/ = ft fit) . r/, 

&c &c. 

by means of which equations the required coefficients are given. 
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16. Let a,, i,, c,, &c. be any functions of /, the reciprocal functions 
to which for simple integration are a/, 6/, c/, &c. 

Let o^, &c. be any function of another variable T, and let a,', &c. 
represent the corresponding reciprocal function. 

Put Sn = ^nOfl + Jjittl + C.Oa + 

and SJ = a/oo' + ft.'a/ + c/a/ + 

then Sn, S»' are general forms for reciprocal functions with respect to 
the double integration relative both to t and T. 

For if we put m for n in the latter series, and multiply the series 
for Sn and SJ together, the integral of the products of any two terms 
which do not hold the same place in either series when taken relative 
to T must vanish, since a,, a,' are reciprocal functions. 

Hence frS^SJ = a^aj f^a^a^ + Kbjfj,aiai' + CnCjfrOta^' + 

Integrate now with respect to /, observing that when m and n are un- 
equal, then 

jfa,a«' = 0, ft Kb J = 0, jjc.c,' = 0, &c. 

Hence ftJ^S^SJ = 0, when m is not equal to n, 

and JifrS^SJ = Jifr {a^ajoooo' + fi.ft.'aia/ + C^C^a^a^ +...}. 

GoR. 1. In the same manner reciprocal functions of any number 
of independent variables may be formed. 

Cor. 2. The equation S^^O has n real roots or values of / lying 
between and 1, whatever value be assigned to 7', when a,, ft,, c„ &c. 
are functions possessing the property jfa«/'=0, &c. x being any integer 

from to »-l inclusive; for then a» must be of the form — ^-^-j — ^, 
by Art. 5, and similarly 

and therefore 

g^^d^i^^^ where 17= 00^+ a, T' + a,r" + &c. 

Hence Sn^O must have n real roots between and 1. (Art. 6.) 
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17. If it is necessary that the terms which compose the reciprocal 
functions S,, SJ should follow a simple law, it will be most convenient 
to get first two reciprocal functions of t, hs B^, Rn^ which may contain 
an arbitrary constant r, and to put for a., £,, c. &c. the values acquired 
by 22, when r=0, 1, 2, &c. ; and similarly for «/, i.', c/, &c. the cor- 
responding values of R\. 

Example : 

Thus, put R^^{tfj"'^, and i?; = («')^-^, p. being the 

function so denominated in Art, 8, namely, ^ — 4- ; then, integrating 
by parts, we have 

the part outside the sign of integration vanishes between the limits of 
/, and repeating the same operation any number of times, the part out- 
side the sign of integration is evidently of the form 



dV ' dt'-'V^ dr )' 



the latter diflferential coefficient will vanish between limits when i is 
any number from to r inclusive, because it will always contain the 
factor {tfy*^^; also when n and m are unequal we may suppose n to 

, d'P^ 

be the greater, and since /7'*^ . is of «i + r dimensions, it follows 

that if k>n + r, then k-l>m + r; and consequently the latter dif- 
ferential coefficient will be identically zero. 

The only instance in which the factor ^prr: (''''' "^^) ^^^^ ^^^ 

vanish between limits is, therefore, where k lies between r + 1 and r+n 
inclusive, but then the first factor is changed to Jt'^'Pui and since * — r 
is now some number from 1 to n inclusive, this factor vanishes between 
limits (vid. Art. 5.), and therefore the part outside the sign of integration 
vanishes in all cases, and we thus obtain 
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Put now Arsr, the first factor under the sign of integration becomes 
simply P., and the second factor is then of m dimensions; and there- 
fore, by the nature of P„ the integral vanishes; and therefore, when 
n>m, JiM^RJ^O: and the same reasoning applies when m>n, only sub- 
stituting RJ instead of B^ throughout the process, hence Rn and RJ are 
reciprocal functions. 

When m=sn, then in the general expression 
we need only take the term involving the highest power of t in 

. dt' y' dt I' 

namely, 

. (» + l).(» + 2)...(2n) rf^ / d\tr \ 

^^ ' 1.2 ... n dt'\\ dr I 

and observing that ^Pj' = (-!)•. (^n + l)\nl'2C(in^l) ' 

it follows that Jf J2,J2,' = Tpi-r .(»+r)(ii + r-l)(ii + r-2)...(n-r). 

Ml WW l" A 

The reciprocal functions a., a.' may be obtained by putting r = 
in -B, and J?,'; similarly, if we put r=l, we get 4„ 4,', &c, and thence 
we obtain the reciprocal functions relative to double integration, namely, 

dP d}P d^P 

dP d^P d^'P 

In the same manner if we vary the constant a while r remains constant, 
we obtain the reciprocal functions 

<r. = («')« ^ K (WO- + «i («')■* + «. CO ■^+&c.} 

<r.' = («')« . ^' {«.' («V + a,' («')« + a.' («')» +...}. 
Vol. V. Part II. S 
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CoE. 1. The simplest form for a, is the sine or cosine of the »* 
multiple of an arc of which the limits are and 2nw, as 

An sin (2 nw T) + B, cos (2 nir T), 

where ^,, jB« are arbitrary constants, then we have (putting for sim- 
plicity a = 0), 

dP 
S^ = A^P^ + Ml sin Sttt + jBi cos 2^t) 



dt 

d^P 

+ {A2 sin 4 TTT + J?8 cos 4 ttt) , * , 

this is the roost general form for all the reciprocal functions which occur 
in the Mecanique Celeste. (Vid. Prop. xi. Treatise on Electricity.) 

CoR. 2. If T^y TJl are arbitrary functions of /, which do not become 
infinite when ^=0 or 1, then, putting 

R, = («')» i;^", and r; = («')« t:.^, 

the same reasoning as that used in the preceding example will show 
that -B,, Rn are reciprocal functions, and thus we get for S^^ S^ the 
very general forms 

//P rf«P //*P 

S^^a,T,P^^a,T,'^{ft')^^-a,T,'^ 

tl'P tJ^P //s P 

S: = ai To'P, + a/ r/ ^" («')* + as' T/ ^" «/') + a,' T/ ^ («')» + &C. 

Cor. 3. If y (/, t) is any function of the variables /, r, which is ex- 
panded under the form 

/{ty t) = a^So + UiSi + (hS» + 

then, to determine the coefficients Oo, ai, o^, &c., multiply successively 
by So 9 Sly S9.... and integrate from /=0 to *=1, and from r = to 
T c= 1 : we thus get 

OoJtfr^oSo = JtfrSoJ^ity t), 

a,f,US,S^^J,US:f{tyT)y 
ttom whence the required coefficients are known. 
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SECTION V. 

Inverse Method /or Definite Integrals which are expressed in positive 

powers of Xy or under any form. 

18. Let 0(a?) represent any function of a?, such that ftf(f) .tf ^ <p{x) 
when X is any integer from to » — 1 inclusive^ then excluding the 
case of 0(a;) = O, which has been considered in the preceding Section, 
it is evident that by putting 

the conditions of the question give n equations, which suffice to de- 
termine the coefficients A^^ Au Au ^«-i; if we represent the 

particular value of f{t) thus deduced by r,.i, and seek its most 
general value, we have 

ftf{t).t^^<p{x). 

Hence by the preceding Section, the most general value ofy(/)— 7\.i is 

dt- ' 

and therefore the most general value of f{t) is found by adding this 
appendage to its prime value T,.i. 

19. When* {x) is a rational and entire function of x^ of m di- 
mensions, we have by the proposed conditions 

^^ ' a:+la? + 2 ^ + 8"^ x + n' 

and actually adding the terms which compose the right-hand member 
of this equation, the common denominator is 

(x + 1)(^ + 2) (a: + »), 

s2 
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and the numerator will be a function of n — 1 dimensions, represented 
by Vn9 so that 



d>lx) = ^ 



when X is any integer from to (i» -' 1) inclusive; and if we multiply 
by a?+l and put d?=s — 1, and again by ^ + 2 and put x^s— 2, &c. as in 
the preceding Section, we get 



A.^ 



^i=- 



1.2. 8... .(»-!)' 
1 -* 1 r-i 



1 •l.2.8....(n-.l)* 
(»-l)(«-2) r.a 



^'" 1.2 ' 1.2. 8. ...(«- 1)* 
&c. = &c. 

Now the equation 

(f>(x).{x + l)(a? + 2) {x^ «)-r. = 0, 

is of f» + » dimensions, and is by hypothesis satisfied, when 

^ = 0, 1, 2, (»-l); 

therefore if u^ represent some function of ^ of m dimensions, we must 
have the identity 

^(a?).(a? + l)(a: + 2) (a? + ii)-r, = K^.a?. (a?-l)(d?- 2) (^-n + i), 

hence if we divide 

(l>{x)(x + l)(x + 2) (a: + ii> by x(d?-^ l)(ar-2) (ar-u + l), 

and retain only the part of the quotient which is an entire function of jt, 
Us will be completely determined. 

Put now —1, -2,...— » successively for * in the preceding identity, 
and we get 

t?-i = ( - 1)•*^ 1.2. 8....» . •!« 1, 
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»_, = (- !)•+'. 1 . 2.S....n . ^yi. «_„ 

i;.,=(-l)-.1.2.S....„.<^±in|±2}.«_., 

1 . 2 
&C. = • &C 

from whence the values of A^, Ai, A2, &c. are known, and being sub- 
stituted, give 

r.., = (- 1)- {««-.- !:^!±l) .<!t^ ....< 

+ «(«-^^')j»^-«) . (»-y(«7«) .„..^_fe,|. 

Example : 
Let (j}(a!)-l, then u,^l, and therefore 

. «.(« + i)(>t + 2) (»-!)(»-- a) - . 1 

+ — Ti — • — rra — •<•-«««•)• 

20. The function 7._i possesses a property analogous to the charac- 
teristic property of those in the former Section, that is, the equation 
7',_, = admitt qf n—m-1 roots between and 1, and consequently 
vanishes an indefinitely great number of times between the limits t=0 
and ^=1 when n is taken indefinitely great. 

For since T... = ( - 1)- |««., - ^<!!+i) . IzJ . „_, t 

(-1)'-' ^U L «^:il « , . («-i).(»-2) ^^ ,, . \i 

° l.2.8..'.(»-l) -^^^'^'"'"-'^''^ 
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the operation A being performed on the supposition that the finite 
increment of x is unity, and x being put =1 after the operation A""* 
has been performed. 

Put /=1 — ^, and therefore, 

and since u^s is of m dimensions, the first term of this series which does 
not vanish is 

and therefore the whole expansion is of the form 

/'-—^r. 1.2.3 (ii-l), 

which being substituted gives 

^"-^ rfr ' 

and since the equation /"/'""•"-* ^= has at least 2«-w*— 1 real roots, 
viz. n of them = 0, and » — 1» — 1 of them « 1, it follows that the »**• 
derived equation r, = has » — wi— 1 real roots lying between and 1. 

Cor. Since 21 i = —i . -r- J/-A"-'tt ,^"H, 

"-' 1.2.8 (»-l) rf/-^ ' ^' 

if we actually difierentiate we get 

21 . Let now ^ (a?) be any function whatever, and let it be required, 
in general, to find f{f)^ so that !if(f) - If = 0(^)> provided x be any 
integer from to » — 1 inclusive. 

It has been shewn in Art. 18, that a function T^-i of »— 1 di- 
mensions may always be found to satisfy the imposed conditions, and 
for the most general value oi f(f) we shall then have 



^•4i 
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Now Tn-i contains only n constants, being of n — 1 dimensions, and 
therefore if we denote by P, the same quantity as in the preceding 
Section, namely the coefficient of A** in 

we may put 

the right-hand member being of the same dimensions with the left, and 
containing the same number of constants. 

Now by the properties of P, we have JJP«P, = 0, when m and n are 
unequal, and 

Hence we have jIPo3r«-i= o^, 

4 

CO m ^1 

But by the conditions of the question, 

X being {my integer less than n. 

Hence 
/P.7;_.=j{r._, = 0(O) = ^(A) when h is put =0, 

jfp. r._. = jf r... (1-20=0 (0) - 80 (1) = - A ^^ili . (A), 

JJP.r._. =j;2;-,(l - 6<+60 =0(0) - 60(l)+60(2) - A» .^^^t^^|^0(A), 
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and generally 

= ( - ir A«. <^ + ^) f .;^.^;;:;-^^^"'^ ■ »(^). when a « put =o. 

and by comparing the former integrals with the latter, the values of 
^, ax 9 at3 &c. are known, and being substituted give 

r...=p..0(*)-8PiA^.»tf)+«p.A' /**y;**"^ *' ■»(») 

- 7P.A- (* + ')(*+')■(* + ») . ^i + ie. 

1.2.3 ^ 

h being put =0, after the operations are performed. 

It should be observed here that the terms of this expansion are 
perfectly independant of n, which only fixes the number of the terms; 
hence this series may be continued to any number of terms, and we 
shall always have ^Tn.xtf ^ fp{x) provided x is any integer less than that 
number, and consequently if the series be continued ad infinitum^ the 
equation will be true for all integer and positive values of x. 

Cor. Multiply both sides by e and integrate from /=0 to t^\, 
hence <^(.)=-i^.,^(A) + 3.^-^^.j^^ A*±1.^A 

•*■ ^ -(ar + lX^ + aX^+S) ^ 172 ** + ***^- 

when h is put =^0. 

This series may be used, not only for the integer and positive 
values of a?, but for any values which will not render it divergent. 
(Vid. First Memoir, *On the Inverse method of Definite Integrals/ 
Art. 2.) 
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S2. When if>{x) is given we may obtain J'it) in an infinite variety 
of forms by means of the theory of reciprocal functions given in the 
preceding Section. For instance, if we denote by Sm the sum of the 

products of the natural numbers 1, 2, S n when taken m and m 

together, and put 

jL. = l+^i.h.l/-h -^.(h.l./)»+ -j|_.(h.l. /)»+....+ —^ — .(h.1.0- 

rf"{r(h.l./)-} /A^i. O O 4.- N 

= \ \, — uir^. (Art. 8. Section iv.) 



and 



= (-l)"A-{(A + l)"^}, when h is put =0, 
then Ln and X» are reciprocal functions. (Sect. iv. Art. 14.) 

Put therefore y(^)=saoio+^i-^i + ^J^ + ^A + &c. 
and observing that 

1.2. 8....II 



jCx.i,=(-i)". 



n + l 



we hAve «.= (- 1)'. 1 g"^^^ - Jf/(0 • J^- 

But jf/(/) . X. = jf/(^ . ( - 1)". A' . (A + 1)- . /*. When A is put = 0, 

-(-l)"A-(A + l)"jf/(<).<* 

-= ( - !)• . A- . (A + 1)" . ^ (A), since )!/(/) . <•= («). 

Hence «.= — ^±L_. a«.(A + 1)".^(A), 
and therefore 

/(o-A»(*Hai. ^-<*Y'»s »i, ^''*;/,''»^ 5j.. ^'<*;y .to. 

Vol. V. Paet II. T 
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which series when convergent will satisfy the equation Jtf{t).f^<f>{x) 
for all values of x\ but even if not convergent, it will satisfy that 
equation for all the integer values of x from to n — 1 inclusive, 
provided it be continued for at least n terms. 

If we multiply by e and integrate as before, we get 

which series when convergent may be used for any value of x^ but 
only positive and integer values when divergent. 

23. In Art. 21. when ftfii).i'=<p(x) a given function of x, we have 
found /(t) in a series expressed by functions of t of the same nature 
as P„ now Pn is only a particular value of the general function (p, q)^ 
investigated in the former Section, Art. 12, namely, when p = q—l; we 
shall now express y*(/) according to this more general class of functions, 
that is, under the form 

fit) = «o {Pf q)o + «i. (p, q)i + «2 {p, q\ + &c. 
Now in Art. 12. above referred to, we have found 

. . (;i + l)(p + l-fg)....{p-H + (i»-l).gl m 

^P'^f'-^ l(l+q)....{l+(m-l).q} 1'^ 

{2p + l){2p + l+q)....{2p + l + (m^l).q} m.jm^l) 
■*" i.(l+q)....{l + {m^l).q} ' 1.2 '^ '^' 

To simplify this expression, put 

CT ^ {ph-^l){ph'hl'¥q)....{ph + l'h{m-l).q} 

'-' l(l+g)....{l+(m-l).y} 

Let x/r express the operation of changing h into A + 1 (Vid. former 
Memoir, Note B. 2.), >/f' the repetition of this operation a second 
time, &c.; the preceding series will then become 
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on the supposition that we put ^ = after the operations above indicated, 
are performed. 

Separate in this expression the symbols of operation and of quantity, 
and we shall obtain the equation 

But >^ — 1 or yff — yjf^ indicates that we must subtract the original 
value -of ffp.q9 from the value it receives * when A + 1 is put for h, 
that is, it is the same as performing the operation A of finite differences ; 
this consideration transforms the preceding equation, to this 

(jp, 5').. = ( - 1)" A" . Hj,,gf\ when h is put =0. 

In like manner if we put 

H = (£* +Jl) (^A + 1 -hp) {qh + l'\'(m-l).p} 

"" 1 (1 +p) .{1 + («•-!) .jp} 

we have (g, />)« = (-!)* A* IT,. p<**, when A = 0. 

Now observing that by the nature of reciprocal functions we have 

A (/>» ?)« (9f P)n = 0» except when «i = «, 
and by Art. 18., ft{p, q)m{qyp)m 

_ ip* 9T 1.1.8.8.8. 8 m . m 

" l+«i(/>+^) 1.1. (l+^)(l+5^)(l+8^)(l+ay)...{l+(m-l) .p) {l-H(«»-l).y} ' 

then since f{t) = Oo (p, q)o + «i (p, q)x + (h {p, q)* + &c. 

we have Jlf{t) . (q, p)^ 

— ^P9T 1.1.8.8. 8 m . m 

""^""l+«i(/>+y)'l.l(l+;>)(l+y) {l + (i»-l).j9}{l+(»i-l).^}* 

TS 



kll — HI — 1 • 
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24. The functions which have been all along designated by {p^ q)^ and 
{qiP)n9 have been already shewn to be reciprocal one to the other; putting 
p^q^ the resulting function {pyp)n must be reciprocal to itself; that is, 
ft {p9 p)n {p, p)m = when m and n are unequal positive integers ; when 
p = 1 the function ( j9, p). is then identical with that denoted by P. , which 
has been before shewn to be reciprocal to itself; again, the function Tn or 

1 ^ « I, 1 / ^ »•(»-!) (h- 1- ff ^ ».(«-l)-(»-a) (h. L ff ^ , 

i + -.ii.i.«+ J g -172-+ TTsTl TTsTs ■^*'''- 

is reciprocal to itself, for if we multiply by (h. 1. /)*, and integrate, we get 
Jir.(h.l.0- = 1.2.8...«,(-l)-{l-f.^-^^ i5Ltl)^_&e| 

The expression between the brackets is the term independent of h in the 

1 + t) » or the coefficient of A"^*^*^ in (l+hy 

it is therefore zero when n>m, but when n = m its value is ( — l)", 
and when uKm, its value is 

. _ - jm + l -n){m + 2'-n)...m 
^ *' • 1.2...W 

Hence ^T, TL = 0, when m and n are unequal, and 

1 .2. ..91 

25. Put h.l. (<) = T, and substituting in T,, we have 
1.2...w2r.€^ = e'^|l.2...»-hn.2,8...nT+ ^'^^^ \ 8.4...WT'-f &c.> 

= ^|rf:?^-^^rf:F^+nr2-^-^^ 

«^"^^ ^■' l.2...nrfJ' - 
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From this formulae it appears that the equation T, = has n real 
values of T all negative; and therefore n corresponding values of /, 
which are all included between and 1. 

Moreover, if we form the equation 

« s= T + A«, or tt — 



1-A' 



it follows by the theorem of Lagrange, that Tn is the coefficient of A" 
in e-^.;7-, that is, in - — y, and putting t for e^, T, is clearly the co- 

h 

efficient of A" in the expansion of the function - — y . 

Conversely, we may now prove that the coefficient of A* in the ex- 

pansion of - — 7 is a reciprocal function; for when A = 0, this function 

1 — h 

is reduced to unity, we may therefore put generally 



^ 

r- 



1-A 



= ro+riA + T,A» + &c. where To^l. 



Let h' represent any other arbitrary quantity, and we have 



h' 



1 — ^ 



Multiply both series term by term and integrate, the result in the 
left-hand members is 

1 JL+-iL 1 



(1«A)(1-A')-^'^ l-AA" 

which expanded becomes 1 +AA' + A*A'*-f &c.; which being identical with 
the integral of the product of the right-hand members, will necessarily 
require that the integrals of those terms which are not in corresponding 
places in both series must vanish, and the integrals of the products of 
the corresponding coefficients to be unity, which are the same properties 
that have been demonstrated in Art. 24. 



148 Mr MURPHY'8 SECOND M£MOIR, &c 

Cor. Put ' — r = ^9 and the series 

1 — n 

k 

/»-* = (l-A){T,+ r,A+r8A» + &c.} becomes 
T X of' 

The principles which have been used in this Section to obtain ex- 
pansions such as the preceding by means of reciprocal functions relative 
to simple integration, will apply with equal simplicity to reciprocal 
functions relative to any number of integrations. 



R. MURPHY. 



Caius Collboe^ 
Dec. 18, 1835. 



VII. On the Nature qf the Truth of the Laws qf Motion. By the 
Rev. W. Whewell, M.A. Fellow and Tutor of Trinity College. 



[Read Feb. 17, 18S4.] 



1. The long continuance of the disputes and oppositions of opinion 
which have occurred among theoretical writers concerning the elementary- 
principles of Mechanics, may have made such discussions appear to some 
persons wearisome and unprofitable. I might, however, not unreasonably 
plead this very circumstance as an apology for offering a new view of 
the subject; since the extent to which these discussions have already 
gone shews that some men at least take a great interest in them; 
and it may be stated, I think, without fear of contradiction, that 
these controversies have not terminated in the general and undisputed 
establishment of any one of the antagonist opinions. 

The question to which my remarks at present refer is this: "What 
is the kind and degree of cogency of the best proofs of th^ laws of 
motion, or of the fundamental principles of mechanics, exprest in any 
other way?" Are these laws, philosophically considered, necessary^ and 
capable of demonstration by means of self-evident axioms, like the 
truths of geometry ; . or are they empirical, and only known to be true 
by trial and observation, like such general rules as we obtain in natural 
history ? 

It certainly appears, at first sight, very difficult to answer the argu- 
ments for either side of this alternative. On the one hand it is said, 
the laws of motion cannot be necessarily true, for if they were so, the 
denial of them would involve a contradiction. But this it does not, 
for we can readily conceive them to be other than they are. We can 
conceive that a body in motion should have a natural tendency to 
move slower and slower. And we know that, historically speaking, 

Vol. V. Part II. U 
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men did at first suppose the laws of motion to be different from 
what they are now proved to be. This would have been impossible 
if the negation of these laws had involved a contradiction of self-evi- 
dent principles, and consequently had been not only false but incon- 
ceivable. These laws, therefore, cannot be necessary ; and can be duly 
established in no other way than by a reference to experience. 

On the other hand, those who deduce their mechanical principles 
without any express reference to experiment, may urge, on their side, 
that, by the confession even of their adversaries, the laws of motion 
are proved to be true beyond the limits of experience; — that they are 
assumed to be true of any new kind of motion when first detected, as 
well as of those already examined; — and that it is inexplicable how 
such truths should be established empirically. They may add that the 
consequences of these laws are allowed to hold with the most complete 
and absolute universality; for instance, the proposition that "the quan- 
tity of motion in the world in a given direction cannot be either 
increased or diminished," is conceived to be rigorously exact; and to 
have a degree and kind of certainty beyond and above all mere facts 
of experience; what other kind of truth than necessary truth this 
can be, it is difficult to say. And if the conclusions be necessarily 
true, the principles must be so too. 

This apparent contradiction therefore, that a law should be neces- 
sarily true and yet the contrary of it conceivable, is what I have now 
to endeavour to explain; and this I must do by pointing out what 
appear to me the true grounds of the laws of motion. 

2. The science of Mechanics is concerned about motions as deter- 
mined by their causes, namely, forces; the nature and extent of the 
truth of the first principles of this science must therefore depend upon 
the way in which we can and do reason concerning causes. In what 
manner we obtain the conception of cause, is a question for the meta- 
physician, and has been the subject of much discussion. But the general 
principle which governs our mode of viewing occurrences with reference 
to this conception, so far as our present subject is concerned, does not 
appear to be disturbed by any of the arguments which have been 



OF THE LAWS OP MOTION. 151 

adduced in this controversy. This principle I shall state in the form 

of an axiom, as follows. 

« 

Axiom I. Every change is produced hy a cause. 

It will probably be allowed that this axiom expresses a universal 
and constant conviction of the human mind; and that in looking at 
a series of occurrences, whether for theoretical or practical purposes, 
we inevitably and unconsciously assume the truth of this axiom. If a 
body at rest moves, or a body in motion stops, or turns to the right 
or the left, we cannot conceive otherwise than that there is some 
cause for this change. And so far as we can found our mechanical 
principles on this axiom, they will rest upon as broad and deep a 
basis as any truths which can come within the circle of our know- 
ledge. 

I shall not attempt to analyse this axiom further. Di£Perent per- 
sons may, according to their different views of such subjects, call it a 
law of our nature that we should think thus, or a part of the con- 
stitution of the human mind, or a result of our power of seeing the 
true relations of things. Such variety of opinion or expression would 
not affect the fundamental and universal character of the conviction 
which the axiom expresses; and would therefore not interfere with our 
future reasonings. 

3. There is another axiom connected with this, which is also a 
governing and universal principle in all our reasoning concerning 
causes. It may be thus stated. 

Axiom II. Causes are measured by their effects. 

Every effect, that is, every change in external objects, implies a 
cause, as we have already said : and the existence of the cause is known 
only by the effects it produces. Hence the intensity or magnitude of 
the cause cannot be known in any other manner than by these effects: 
and, therefore, when we have to assign a measure of the cause, we 
must take it from the effects produced. 

In what manner the effects are to be taken into account, so as 
to measure the cause for any particular purpose, will have to be 

u2 
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further considered ; but the axiom, as now stated, is absolutely and 
universally true, and is acted upon in all parts of our knowledge in 
which causes are measured. 

4. But something further is requisite. We not only consider that 
all changes of motion in a body have a cause, but that this cause may 
reside in other bodies. Bodies are conceived to act upon one another, 
and thus to influence each other's motions, as when one billiard ball 
' strikes another. But when this happens, it is also supposed that the 
body struck influences the motion of the striking body. This is inclu- 
ded in our notion of body or matter. If one ball could strike and 
a£fect the motions of any number of others without having its own 
motion in any degree afiected, the struck balls would be considered, 
not as bodies, but as mere shapes or appearances. Some reciprocal in- 
fluence, some resistance, in short some reaction^ is necessarily involved 
in our conception of action among bodies. All mechanical action upon 
matter implies a corresponding reaction; and we might describe matter 
as that which resists or reacts when acted on by force. Not only 
must there be a reaction in such cases, but this reaction is defined 
and determined by the action which produces it, and is of the same 
kind ' as the action itself. The action which one body exerts upon 
another is a blow, or a pressure; but it cannot press or strike with- 
out receiving a pressure or a blow in return. And the reciprocal 
pressure or blow depends upon the direct, and is determined altogether 
and solely by that. But this action being mutual, and of the same 
kind on each body, the effect on each body will be determined by the 
effect on the other, according to the same rule; each effect in turn 
being considered as action and the other as reaction. But this cannot be 
otherwise than by the equality and opposite direction of the action and 
reaction. And since this reasoning applies in all cases in which bodies 
influence each others motions, we have the following axiom which is 
universally true, and is a fundamental principle with regard to all me- 
chanical relations. 

Axiom III. Action is always accompanied by an equal and opposite 

Reaction. 
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5. I now proceed to shew in what manner the Laws of Motion 
depend upon these three axioms. 

Bodies move in lines straight or curved, they move more or less 
rapidly, and their motions are variously affected by other bodies. This 
succession of occurrences suggests the conceptions of certain properties 
or attributes of the motions of bodies, as their direction and velocity, 
by means of which the laws of such occurrences may be exprest. 
And these properties or attributes are conceived as belonging to the 
body at each point of its motion, and as changing from one point to 
another. Thus the body, at each point of its path, moves in a 
certain direction, and with a certain velocity. 

These properties, direction and velocity for instance, are subject 
to the rule stated in the first axiom : they cannot . change without 
some cause; and when any changes in the motions of a body are 
seen to depend on its position relative to another body or to any part 
of space, such other body, or such other part of space, is said to 
exert a Jbrce upon the moving body. Also the force exerted upon 
the moving body is considered to be of a certain value at each 
point of the body's motion ; and though it may change from one point 
to another, its changes must depend upon the position of the points 
only, and not upon the velocity and direction of the moving body. 
For the force which acts upon the body is conceived as a property of 
the bodies, or points, or lines, or 3urfaces among which the moving body 
is placed; the force at all points therefore depends upon the position 
with regard to the bodies and spaces of which the force is a property ; 
but remains the same, whatever be the circumstances of the body 
moved. The circumstances of the body moved cannot be a cause 
which shall change the force acting at any point of space, although 
they may alter the effect which that force produces upon the body. 
Thus, gravity is the same force at the same point of space, whether it 
have to act upon a body at rest or in motion ; although it still remains 
to be seen whether it will produce the same effect in the two cases. 

6. This being established, we can now see of what nature the 
laws of motion must be, and can state in a few words the proofs 
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of them. We shall have a law of motion corresponding to each 
of the above three axioms ; the first law will assert that when no force 
acts, the properties of the motion will be constant; the second law 
will assert that when a force acts, its quantity is measured by the 
efiect produced; the third law will assert that, when one body acts 
upon another, there will be a reaction, equal and opposite to the 
action. And so far as the laws are announced in this form, they will 
be of absolute and universal truth, and independent of any particular 
experiment or observation whatever. 

But though these laws of motion are necessarily and infallibly 
true, they are, in the form in which we have stated them, entirely 
useless and inapplicable. It is impossible to deduce from them any 
definite and positive conclusions, without some additional knowledge or 
assumption. This will be clear by stating, as we can now do in a 
very small compass, the proofs of the laws of motion in the form 
in which they are employed in mechanical reasonings. 

7. First, of the first Law ; — ^that a body not acted upon hy any farce 
wiU go on in a straight Une with an invariable velocity. 

The body will go on in a straight line: for, at any point of its 
motion, it has a certain direction, which direction will, by Axiom I, 
continue unchanged, except some cause make it deviate to one side or 
other of its former position. But any cause which should make the 
direction deviate towards any part of space would be a force, and the 
body is not acted upon by any force. Therefore, the direction cannot 
change, and the body will go on in the same straight line from the 
first. 

The body will move with an invariable velocity. For the velocity 
at any point will, by Axiom I, continue unchanged, except some 
cause make it increase or decrease. And since, by supposition, the 
body is not acted upon by any force, there can be no such cause 
depending upon position, that is, upon relations of space; for any 
cause of change of motion which has a reference to space is force. 

Therefore there can be no cause of change of motion, except 
there be one depending upon time, such, for instance, as would exist 
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if bodies had a natural tendency to move slower and slower, according 
to a rate depending' on the time elapsed. 

But if such cause existed, its effects ought to be considered sepa- 
rately; and it would still be requisite to assume the permanence of 
the same velocity, as the first law of motion; and to obtain, in addi- 
tion to this, the laws of the retardation depending on the time. 

Whether there is any such cause of retardation in the actual 
motions of bodies, can be known only by a reference to experience; 
and by such reference it appears that there is no such cause of the 
diminution of velocity depending on time alone; and therefore that 
the first law of motion may, in all cases in which bodies are exempt 
from the action of external forces, be applied without any addition or 
correction depending upon the time elapsed. 

It is not here necessary to explain at any length in what manner 
we obtain from experience the knowledge of the truth just stated, that 
there is not in the mere lapse of time any cause of the retardation of 
moving bodies. The proposition is established by shewing that in all 
the cases in which such a cause appears to exist, the cause of retar- 
dation resides in surrounding bodies and not in time alone, and is 
therefore an external force. And as this can be shewn in every in- 
stance, there remains only the negation of all ground for the assump- 
tion of such a cause of retardation. We therefore reject it altogether. 

Thus it appears that in proving the first law of motipn, we obtain 
from our conception of cause the conviction that velocity will be 
uniform except some cause produce a change in it; but that we are 
compelled to have recourse to experience in order to learn that time 
alone is not a cause of change of velocity. 

8. I now proceed to the second Law: — that when a force ojcts 
upon a body in motion, the qffect is the same as that which the same 
Jbrce produces upon a body at rest. 

This law requires some explanation. How is the effect produced 
upon a moving body to be measured, so that we may compare it with 
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the effect upon a body at rest? The answer to this is, that we here 
take for the measure of the effect of the force, that motion which 
must be compounded with the motion existing before the change, in or- 
der to produce the motion which exists after the change: the rules for 
the composition of motion being established on independent grounds 
by the aid of definition alone. Thus if gravity act upon a body 
which is falling vertically, the effect of gravity upon the body is 
measured by the velocity added to that which the body already has: 
if gravity act upon a body which is moving horizontally, its effect 
is measured by the distance to which the body falls below the hori- 
zontal line. 

The effect of the force which we consider in the second Law of 
motion, is its effect upon velocity only : and it is proper to mark 
this restriction by an appropriate term: we shall call this the accele- 
rative effect of force; and the cause, as measured by this effect, may 
be termed the accelerative quantity of the force.* 

« 

A law of motion which necessarily results from our second Axiom 
is, that the accelerative quantity of a force is measured by the acce- 
lerative effect. But whether the accelerative effect depends upon the 
velocity and direction of the moving body, cannot be known indepen- 
dently of experience. It is very conceivable, for instance, that the 
force of gravity being every where the same, shall yet produce, upon 
falling bodies, a smaller accelerative effect in proportion to the velocity 
which they already have in a downward direction. Indeed if gravity 
resembled in its operation the effect of any other mode of mechanical 
agency, the result would be so. If a body moved downwards in 



* The accelerative quantity of a force (the quantitas acceleratrix vis cujusms of Newton) 
is often called the accelerating force; and we may thus have to speak of the accelerating 
force qf a certain force, which is at any rate an awkward phraseology. It would perhaps 
have been fortunate if Newton^ or some other writer of authority, at the time when the 
principles of mechanics were first clearly developed, had invented an abstract term for 
this quantity: it might for instance have been called accderativity. And the second law 
of motion would then have been, that the accelerativity of the aame force is the same^ 
whatever be the motion of the body acted on. 
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consequence of the action of a hand pushing it with a constant effort, 
or of a spring, or of a stream of fluid rushing in the same direction, 
the accelerative effect of such agents would be smaller and smaller 
as the velocity of the body propelled was larger and larger. We can 
learn from experience alone that the effects of the action of gravity 
do not follow the same rule. 

We assert that the accelerative quantity of the same force of gra- 
vity is the same whatever be the motion of the body acted on. It 
may be asked how we know that the force of gravity is the same 
in cases so compared ; for instance, when it acts on a body at rest 
and in motion? The answer to this question we have given already. 
By the very process of considering gravity as a force, we consider 
it as an attribute of something independent of the body acted on. 
The amount of the force may depend upon place, and even time, for 
any thing we know a priori; but we do not find that the weight of 
bodies depends on these circumstances, and therefore, having no evi- 
dence of a difference in the force of gravity, we suppose it the same 
at different times and places. And as to the rest, since the force is a 
force which acts on the body, it is considered as the same force, 
whatever be the circumstances of the passive body, although the effects 
may vary with these circumstances. If the effects are liable to such 
change, this change must be considered separately, and its laws investi- 
gated; but it cannot be allowed to unsettle our assumption of the 
permanence of the force itself. It is precisely this assumption of a 
constant cause, which gives us a fixed term, as a means of estimating 
and expressing by what conditions the effects are regulated. 

It appears by observation and experiment, that the accelerative 
quantity of the same force is not affected by the velocity or direction 
of the body acted on: for instance, a body falling vertically receives, 
in any second of time, an accession of velocity as great as that which 
it received in the first second, notwithstanding the velocity with which 
it is already moving. The proof of this and similar assertions from 
experiment produced, historically speaking, the establishment of the 
second law of motion in the sense in which we now assert it And 
here, as in the case of the first law, we may observe that an important 
Vol. V. Pabt II. X 
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portion of the process of proof consisted in shewing that in those cases 
in which the accderative effect of a force appeared to be changed by 
the circumstances of the motion of the body acted on, the change was, 
in fact, due to other external forces; so that all evidence of a cause 
of change residing in those circumstances was entirely negatived; and 
thus the law, that the accelerative effect of the same force is the 
same, appeared to be absolutely and rigorously true. 

9. When the motions of bodies are not affected merely by forces 
like gravity, which are only perceived by their effects, but are acted 
upon by other bodies, the case requires other considerations. 

It is in such cases that we originally form the conception of force; 
we ourselves pull and push, thrust and throw bodies, with a view, it 
may be, either to put them in motion, or to prevent their moving, 
or to alter their figure. Such operations, and the terms by which 
they are described, are all included in the term force^ and in other 
terms of cognate import. And in using this term, we necessarily 
assume and imply the co-existence of these various effects of force 
which we have observed universally to accompany each other. Thus 
the same kind of force which is the cause of motion, may also be 
the cause of a body having a form different from its natural form ; 
when we draw a bow, the same kind of pull is needed to move the 
string, and to hold it steady when the bow is bent. And a weight 
might be hung to the string, so as to produce either the one or 
the other of these effects. By an infinite multiplicity of experiments 
of this kind, we become imbued with the conviction that the same 
pressure may be the cause of tension and of motion. Also as the 
cause can be known by its effects only, each of these effects may be 
taken as its measure; and therefore, so long as one of them is the 
same, since the cause is the same, the other must be the same also. 
That is, so long as the pressure or force which shews itself in 
tension is the same, the motion which it would produce must, under 
the same circumstances, be the same also. This general fact is not 
a result of any particular observations, but of the general observation 
or suggestion arising unavoidably from universal experience, that both 
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tension and motion may be referred to force as their cause, and have 
no other cause. 

We come therefore to this principle with regard to the actions of 
bodies upon each other, that so long as the tension or pressure is the 
same, the force, as shewn by its effect in producing motion, must 
also be the same. 

10. This force or action of bodies upon one another, is that which 
is meant in the Third Axiom, and we now proceed to" consider the 
application of this axiom in mechanics. 

Pressures or forces such as I have spoken of, may be employed in 
producing tension only, and not motion ; in this case, each force prevents 
the motion which would be produced by the others, and the forces 
are said to balance each other, or to be in equilibrium. The science 
which treats of such cases is called Statics, and it depends entirely 
upon the above third axiom, applied to pressures producing rest. It 
follows from that axiom, that pressures, which acting in opposite di- 
rections thus destroy each other's effects, must be equal, each measuring 
the other. Thus if a man supports a stone in his hand, the force or 
effort exerted by the man upwards is equal to the weight or force 
of the stone downwards. And if a second stone, just equal to the first, 
were supported at the same time in the same hand, the force or effort 
must be twice as great ; for the two stones may be considered as 
one body of twice the magnitude, and of twice the weight; and 
therefore the effort which supports it must also be twice as great. 
And thus we see in what manner statical forces are to be measured 
in virtue of this third axiom; and no further principle is requisite to 
enable us to establish the whole doctrine of statics. 

11. The third axiom, when applied to the actions of bodies in 
motion, gives rise to the third law of motion, which we must now con- 
sider. Here, as in the cases of the other axioms, we must inquire 
how we are to measure the quantities to which the axiom applies. What 
is the measure of the action which takes place when a body is put 
in motion by pressure or force? In order to answer this question, we 

X 2 
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must consider what circumstances make it requisite that the force 
should be greater or less. If we have to lift a stone, the force which 
we exert must be greater when the stone is greater: again, we must 
exert a greater force to lift it quickly than slowly. It is clear, there- 
fore, that that property of a force with which we are here concerned, 
and which we may call the motive quantity of the force,* increases both 
when the velocity communicated, and when the mass moved, increase, and 
depends upon both these quantities, though we have not yet shewn 
what is the law of this dependence. 

The condition that a quantity P shall increase when each of two 
others F^ and M does so, may be satisfied in many ways : for instance, 
by supposing P proportional to the sum M^-V (all the quantities being 
expressed in numbers), or to the product, MV, or to il!f P*, or in many 
other ways. 

When, however, the quantities V and M are altogether hetero- 
geneous, as when one is velocity, and the other weight, the first 
of the above suppositions, that P varies as M-^-V^ is inadmissible. 
For the law of variation of the formula M-k-V depends upon the 
relation of the units by which M and V respectively are measured; 
and as these units are arbitrary in each case, the result is, in like 
manner, arbitrary, and therefore cannot express a law of nature. 

12. The supposition that the motive quantity of a force varies as 
M+V^ where M is the mass moved and V the velocity, being thus 
inadmissible, we have to select upon due grounds, among the other 

formulfiB MV, MV\ JkPV, &c. 

* 

And in the first place I observe that the formula must be propor- 
tional to M simply (excluding M^ &c.) for both the forces which 



* The motive quantity of a force (vis cujusvis quantitas matrix of Newton) is sometimes 
called moving force; we are thus led to speak of the moving force of a force^ as we 
have already observed concerning accelerating force. Hence, as in that caae, we might 
employ a single term, as motivity, to denote this property of force; and might thus speak 
of it and of its measures without the awkwardness which arises from the usual phrase. 
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produce motion and the masses in which motion is produced are capa- 
ble of addition by juxtaposition, and it is easily seen by observation 
that such addition does not modify the motion of each mass. If a 
certain pressure upon one brick (as its own weight) cause it to fall 
with a certain velocity, an equal pressure on another equal brick will 
cause it also to fall with the same velocity; and these two bricks 
being placed in contact, may be considered as one mass, which a dou- 
ble force will cause to fall with still the same velocity. And thus 
all bodies, whatever be their magnitude, will fall with the same velo- 
city by the action of gravity. Those who deny this {as the Aristo- 
telians did) must maintain, that by establishing between two bodies 
such a contact as makes them one body, we modify the motion which 
a certain pressure will produce in them. And when we find experi- 
mentally (as we do find) that large bodies and small ones fall with the 
same velocity, excluding the effects of extraneous forces, this result 
shews that there is not, in the union of small bodies into a larger one, 
any cause which affects the motion produced in the bodies. 

It appears, therefore, that the motive quantity of force which puts 
a body in motion is, caeteris paribus^ proportional to the mass of the 
body; so that for a double mass a double force is requisite, in order 
that the velocity produced may be the same. Mass considered with 
reference to this rule, is called Inertia. 

13. The measure of mass which is used in expressing a law of 
motion, must be obtained in some way independent of motion, other- 
wise the law will have no meaning. Therefore, mass measured in 
order to be considered as Inertia must be measured by the statical 
effects of bodies, for instance, by comparison of weights. Thus two 
masses are equal which each balance the same weight in the same 
manner; and a mass is double of one of them which produces the 
same effect as the two. And we find, by universal observations, that 
the weight of a mass is not affected by the figure or the arrange- 
ment of parts, so long as the matter continues the same. Hence it 
appears that the mass of bodies must be compared by comparing their 
weights, and Inertia is proportional to weight at the same place. 
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Since all bodies, small or large, light or heavy, fall downwards with 
equal velocities, when we remove or abstract the effect of extraneous 
circumstances, the motive quantity of the force of gravity on equal 
bodies is as their masses ; or as their weight, by what has just been said. 

14. For the measure of the motive quantity of force, or of the action 
and reaction of bodies in motion, we have, therefore, now to chuse 
among such expressions as MK, and MF^. And our choice must be 

regulated by finding what is the measure which will enable us to 
assert, in all cases of action between bodies in motion, that action and 
reaction are equal and opposite. 

Now the fact is, that either of the above measures may be taken, 
and each has been taken by a large body of mathematicians. The former 
however {MV) has obtained the designation which naturally falls to the 
lot of such a measure; and is called momentum^ or sometimes simply 
quantity of motion: the latter quantity {MV^) is called rw viva or Uv- 
ing force ^ 

I have said that either of these measures may be taken : the former 
must be the measure of action, if we are to measure it by the effect pro- 
duced in a given time; the latter is the measure if we take the whole 
effect produced. In either way the third law of motion would be true. 

Thus if a ball B^ lying on a smooth table, be drawn along by a 
weight A hanging by a thread over the edge of the table, the motion 
of B is produced by the action of Ay and on the other hand the 
motion of A is diminished by the reaction of B; and the equality 
of action and reaction here consists in this, that the momentum {MV) 
which B acquires in any time is equal to that which A loses: that is, 
so much is taken from the momentum which A would have had, if 
it had fallen freely in the same time; so that A falls more slowly by 
just so much. 

But if the weight A fall through a given space from rest, as 1 foot, 
and then cease to act, the equality of action and reaction consists in 
this, that the vis viva which B acquires on the whole, is equal to the 
vis viva which A loses; that is, the vis viva of A thus acting on B is 
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smaller by so much than it would have been, if A had fallen freely 
through the 9ame ^pace, 

15, In fact, these two propositions are necessarily connected, and 
one of them may be deduced from the other. The former way of 
stating the third law of motion appears, however, to be the simplest mode 
of treating the subject, and we may put the third law of motion in 
this form. 

In the direct mutual €u:tion of bodies^ the momentum gained and lost 
in any time are equal. 

This law depends upon experiment, and is perhaps best proved by 
some of its consequences. It follows from the law so stated, that the 
motive quantity of a force is proportional to the momentum generated in 
a given time; since the motive quantity of force is to be equivalent 
to that action and reaction which is understood in the third law of 
motion. Now, if the pressure arising from the weight of a body P 
produce motion in a mass Q, since the momentum gained by Q and 
that lost by P in any time are equal, the momentum of the whole 
at any time will be the same as if P's weight had been employed 
in moving P alone. Therefore, the velocity of the mass Q will be 
less, in the same proportion in which the mass or inertia is greater: 
and thus the accelerating quantity of the force is inversely propor- 
tioned to the mass moved. This rule enables us to find the accele- 
rative quantity of the force in various cases, as for instance, when bodies 
oscillate, or when a smaller weight moves a large mass; and we 
can hence calculate the circumstances of the motion, which are found 
to agree with the consequences of the above law. 

16. But the argument may be reduced to a simpler form. Our 
object is to shew that, for an equal mass, the velocity produced by a 
force acting for a given time is as the pressure which produces the 
motion; for instance, that a double pressure will produce a double 
velocity. Now a double pressure may be considered as the union of 
two equal pressures, and if these two act successively, the first will 
communicate to the body a certain velocity, and the second will com- 
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municate an additional velocity, equal to the first, by the second law 
of motion; so that the whole velocity thus communicated will be the 
double of the first. Therefore, if the velocity communicated be not 
also the double of the first when the two pressures act together^ the 
difference must arise from this, that the effect of one force is modified 
by the simultaneous action of the other. And when we find by expe* 
rience (as we do find) that there is no such difference, but that the 
velocity communicated in a given time is as the pressure which com<» 
municates it^ this result shews that there is nothing in the circumstance 
of a body being already acted on by one pressure, which modifies the 
effect of an additional pressure acting along with the first. 

IT. I have above asserted the law, of the direct action of bodies 
only. But it is also true when the action is indirect, as when by 
turning a winch we move a wheel, the main mass of which is farther 
from the axis than the handle of the winch. In this case the pres- 
sure we exert acts at a mechanical disadvantage on the main mass of 
the wheel, and we may ask whether this circumstance introduces any 
new law of motion. And to this we may reply, that we can conceive 
pressure to produce different effects in moving bodies, according as it 
is exerted directly or by the intervention of machines; but that we 
find no reason to believe that such a difference exists. The relations 
of the pressures in different parts of a machine are determined by con- 
sidering the machine at rest. But if we suppose it to be put in 
motion by such pressures, we see no reason to expect that these pres- 
sures should have a different relation to the motions produced from 
what they would have done if they were direct pressures. And as 
we find in experiment a negation of all evidence of such a differ- 
ence, we reject the supposition altogether. We assert, therefore, the 
third law of motion to be true, whatever be the mechanism by 
the intervention of which action and reaction are opposed to each 
other. 

From this consideration it is easy to deduce the following rule, 
which is known by the designation of D'Alembert's principle, and 
may be considered as a fourth law of motion. 
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When any forces produce motion in any connected system of matter, 
the motive quantities of force gained and lost by the different parts 
must balance each other according to the connexion of the system. 

By the motive quantity of force gained by any body, is here 
meant the quantity by which that motive force which the body's mo- 
tion implies (according to the measures ah-eady established) exceeds 
the quantity of motive force which acts immediately upon the body. 
It is the excess of the effective above the impressed force, and of course 
arises from the force transmitted from the other bodies of the system 
in consequence of the connexion of the parts. The motive quantity 
of force lost is in like manner the excess of the impressed above the 
eflfective force. And these two excesses, in different parts of the sys- 
tem, must balance each other according to the mechanical advantage 
or disadvantage at which they act for each part. 

This completes our system of mechanical principles, and authorizes 
us to extend to bodies of any size and form the rules which the 
second law of motion gives for the motion of bodies considered as 
points. And by thus enabling us to trace what the motions of bodies 
will be according to the rule asserted in the third law of motion, 
(namely, that the motive quantity of forces is as the momentum pro- 
duced in a given time,) it leads us to verify that supposition by experi- 
ments in which bodies oscillate or revolve or move in any regular 
and measurable manner, as has been done by Atwood, Smeaton, and 
many others. 

18. We have thus a complete view of the nature and extent of 
the fundamental principles of mechanics; and we now see the reason 
why the laws of motion are so many and no more, in what way they 
are independent of experience, and in what way they depend upon 
experiment. The form, and even the language of these laws is of 
necessity what it is; but the interpretation and application of them is 
not possible without reference to fact. We may imagine many rules 
according to which bodies might move (for many sets of rules, dif* 
ferent from the existing ones, are, so far as we can see, possible) and 
we should still have to assert — ^that velocity could not change without 

Vol. V. Part II. Y 
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a cause, — ^that change of action is proportional to the force which pro- 
duces it, — and that action and reaction are equal and opposite. The 
truth of these assertions is involved in those notions of causation and 
matter, which the very attempt to know any thing concerning the rela- 
tions of matter and motion presupposes. But, according to the facts 
which we might find, in such imaginary cases as I have spoken of, 
we should settle in a different way — ^what is a cause of change of ve- 
locity, — ^what is the measure of the force which changes motion, — ;and 
what is the measure of action between bodies. The law is necessary, 
if there is to be a law; the meaning of its terms is decided by what 
we find, and is therefore regulated by our special experience. 

19. It may further illustrate this matter to point out that this 
view is confirmed by the history of mathematics. The laws of motion 
were assented to as soon as propounded; but were yet each in its turn 
the subject of strenuous controversy. The terms of the law, the form, 
which is necessarily true, were recognised and undisputed; but the 
meaning of the terms, the substance of the law, was loudly contested; 
and though men often tried to decide the disputed points by pure 
reasoning, it was easily seen that this could not suffice; and that since 
it was a case where experience could decide, experience must be the 
proper test : since the matter came within her jurisdiction, her authority 
was single and supreme. 

Thus with regard to the first law of motion, Aristotle allowed that 
natural motions continue unchanged, though he asserted the motions 
of terrestrial bodies to be constrained motions, and therefore, liable to 
diminution. Whether this was the cause of their diminution was a 
question of fact, which was, by examination of facts, decided against 
Aristotle. In like manner, in the first case of the second law of 
motion which came under consideration, both Galileo and his oppo- 
nent agree that falling bodies are uni/brmfy accelerated; that is, that 
the force of gravity accelerates a body miiformly whatever be the 
velocity it has already; but the question arises, what is uniform acce- 
leration? It so happened in this case, that the first conjecture of Ga- 
lileo, afterwards defended by Casrceus, (that the velocity was propor- 
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tional to the space from the beginning of the motion) was not only 
contradictory to fact, but involved a self-contradiction; and was, 
therefore, easily disposed of. But this accident did not supersede the 
necessity of Galileo and his pupils verifying their assertion by refer- 
ence to experiment, since there were many suppositions which were 
different from theirs, and still possible, though that of Casrseus was 
not. 

The mistake of Aristotle .and his followers, in maintaining that 
large bodies fall more quickly than small ones, in exact proportion 
to their weight, arose from perceiving half of the third law of motion, 
that the velocity increases with the force which produces it; and from 
overlooking the remaining half, that a greater force is required for the 
same velocity, according as the mass is larger. The ancients never 
attained' to any conception of the force which moves and the body 
which is moved, as distinct elements to be considered when we en- 
quire into the subject of motion, and therefore could not even propose 
to themselves in a dear manner the questions which the third law of 
motion answered. 

But, when, in more modern times, this distinction was brought into 
view, the progress of opinion in this case was nearly the same as with 
regard to the other laws. 

It was allowed at once, and by all, that action and reaction are 
equal ; but the controversy concerning the sense in which this law is to 
be interpreted, was one of the longest and fiercest in the history of .ma- 
thematics, and the din of the war has hardly yet died awayi The 
disputes concerning the measure of the force of bodies in motion, 
or the vis viva, were in fact a dispute which of two measures of action 
that I have mentioned above should be taken; the effect in a given 
time, or the whole effect : in the one case the momentum {MV) in the 
other the vis viva, {MV"^) waa the proper measure. 

20. It may be observed that the word momenhim, which one party 
appropriated to their views,, was employed to designate the motive 
quantity of force, or the action of bodies in motion, before it was 

y2 
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determined what the true measure of such action was. Thus Galileo, 
in his ^'Discorso intomo alle cose che stanno in su TAcqua/' says, that 
momentum "is the force, efficacy, or virtue with which the motion 
moves and the body moved resists; depending not on weight only, 
but on the velocity, inclination, and any other cause of such virtue." 

The adoption of the phrase vis viva is another instance of the extent 
to which men are tenacious of those terms which carry along with their 
use a reference to the fundamental laws of our thought on such matters. 
The party which used this phrase maintained that the mass multiplied 
into the square of the velocity was the proper measure of the force 
of bodies in motion; but finding the term moving force appropriated 
by their opponents, they still took the same term forcBy with the 
peculiar distinction of its being living force, in opposition to dead 
force or pressure, which they allowed to be rightly measured by the 
momentum generated in a given time. The same tendency to adopt, 
in a limited and technical sense, the words of most general and fun- 
damental use in the subject, has led some writers (Newton for instance,) 
to employ the term motion or quantity of motion as synonymous with 
momentum, or the product of the numbers which express the mass 
and the velocity. And this use being established, the quantities of 
motion gained and lost are always equal and opposite; and, therefore 
the quantity which exists in any given direction cannot be increased 
or diminished by any mutual action of bodies. Thus we are led to the 
assertion which has already been noticed, that the quantity of motion 
in the world is always the same. And we now see how far the 
necessary truth of this proposition can be asserted. The proposition is 
necessarily true according to our notions of material causation; but the 
measure of "quantity of motion," which is a condition of its truth, is 
inevitably obtained from experience. 

21. It is not surprising that there should have been a good deal 
of confusion and difference of opinion on these matters: for it appears 
that there is, in the intellectual constitution and faculties of man, a 
source of self-delusion in such reasonings. The actual rules of the 
motion and mutual action of bodies are, and must be, obtained from 
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observation of the external world: but there is a constant wish and 
propensity to express these rules in such terms as shall make them 
appear self-evident, because identical with the universal and necessary 
rules of causation. And this propensity is essential to the progress of 
our knowledge; and in the success of this effort consists, in a great 
measure, the advance of the science to its highest point of simplicity 
and generality. 

22. The nature of the truth which belongs to the laws of motion 
will perhaps appear still more clearly, if we state, in the following 
tabular form, the analysis of each law into the part which is necessary, 
and the part which is empirical. 



First 
Law. 



Second 
Law. 



Third 
Law. 



Necetaary, 

Velocity does not change 
without a cause. 



The accelerating quantity 
of a force is measured by the 
acceleration produced. 



Reaction is equal and op- 
posite to action. 



Emfirical, 

The time for which a body has al- 
ready been in motion is not a cause of 
change of velocity. 

The velocity and direction of the mo- 
tion which a body already possesses are 
not^ either of them^ causes which 
change the acceleration produced. 

The connexion of the parts of a body, 
or of a system of bodies^ and the action 
to which the body or system is already 
subject, are not, either of them, causes 
which change the effects of any ad- 
ditional action. 



Of course, it will be understood that, when we assert that the con- 
nexion of the parts of a system does not change the effect of any 
action upon it, we mean that this connexion does not introduce any 
new cause of change, but leaves the effect to be determined by the 
previously established rules of equilibrium and motion. The connexion 
will modify the application of such rules; but it introduces no ad^ 
ditional rule: and the same observation applies to all the above stated 
empirical propositions. 
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This being understood, it will be observed that the part of each law 
which is here stated as empirical, consists, in each case, of a negation 
of the supposition that the condition of the moving body with respect 
to motion and action, is a cause of any change in the circumstances of 
its motion; and from this it follows that these circumstances are de- 
termined entirely by the forces extraneous to the body itself. 

23. This mode of considering the question shews us in what 
manner the laws of motion may be said to be proved by their sim- 
plicity, which is sometimes urged as a proof. They undoubtedly have 
this distinction of the greatest possible simplicity, for they consist in 
the negation of all causes of change, exicept those which are essential 
to our conception of such causation. We may conceive the motions 
of bodies, and the effect of forces upon them, to be regulated by the 
lapse of time, by the motion which the bodies have, by the forces 
previously acting; but though we may imagine this as possible, we do 
not find that it is so in reality. If it were, we should have to con- 
sider the effect of these conditions of the body acted on, and to com- 
bine this effect with that of the acting forces; and thus the motion 
would be determined by more numerous conditions and more complex 
rules than those which are found to be the laws of nature. The laws 
which, in reality, govern motion are the fewest and simplest possible, 
because all are excluded, except those which the very nature of laws 
of motion necessarily implies. The prerogative of simplicity is possessed 
by the actual laws of the universe, in the highest perfection which is 
imaginable or possible. Instead of having to take into account all the 
circumstances of the moving bodies, we find that we have only to 
reject all these circumstances. Instead of having to combine empirical 
with necessary laws, we learn empirically that the necessary laws are 
entirely sufficient. 

24. Since all that we learn from experience is, that she has no- 
thing to teach us concerning the laws of motion, it is very natural 
that some persons should imagine that experience is not necessary to 
their proof. And accordingly many writers have undertaken to esta- 
blish all the fundamental principles of mechanics by reasoning alone. 



OF THE LAWS OF MOTION. 171 

This has been done in two ways : — sometimes by attending only to the 
necessary part of each law (as the ports are stated in the last para* 
graph but one) and by overlooking the necessity of the empirical 
supplement and limitation to it; — at other times by asserting the part 
which I have stated as empirical to be self-evident, no less than the 
other part. The former way of proceeding may be found in many 
English writers on the subject; the latter appears to direct the reason- 
ings of many eminent French mathematicians. Some (as Laplace) have 
allowed the empirical nature of two out of the three laws ; others, as 
M. Poisson, have considered the first as alone empirical ; and others, as 
D'Alembert, have assumed the self-evidence of all the three indepen- 
dently of any reference whatever to observation. 

25. The parts of the laws which I have stated as empirical, 
appear to me to be clearly of a different nature, as to the cogency 
of their truth, from the parts which are necessary; and this difference 
is, I think, established by the fact that these propositions were de- 
nied, contested, and modified, before they were finally established: If 
these truths could not be denied without a self-contradiction, it is 
difficult to understand how they could be (as they were) long and 
obstinately controverted by mathematicians and others fully sensible to 
the cogency of necessary truth. 

I will not however go so far as to assert that there may not be 
some point of view in which that which I have called the empirical 
part of these laws, (which, as we have seen, contains negatives only,) 
may be properly said to be self-evident. But however this may be, 
I think it can hardly be denied that there is a difference of a fun- 
damental kind in the nature of these truths, — ^which we can, in our 
imagination at least, cont]:adict and replace by others, and which, his- 
torically speaking, have been established by experiment; — and those 
other truths, which have been assented to from the first, and by all, 
and which we cannot deny without a contradiction in terms, or reject 
without putting an end to all use of our reason on this subject. 

26. On the other hand, if any one should be disposed to maintain 
that, inasmuch as the laws are interpreted by the aid of experience 
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only, they must be considered as entirely empirical laws, I should not 
assert this to be placing the science of mechanics on a wrong basis. 
But at the same time I would observe, that the form of these laws is 
not empirical, and would be the same if the results of experience 
should differ from the actual results. The laws may be considered as 
a formula derived from a priori reasonings, where experience assigns 
the value of the terms which enter into the formula. 

Finally, it may be* observed, that if any one can convince himself 
that matter is either necessarily and by its own nature determined to 
move slower and slower, or necessarily and by its own nature deter- 
mined to move uniformly, he must adopt the latter opinion, not only 
of the truthy but of the necessity of the truth of the first law of 
motion, since the former branch of the alternative is certainly false: and 
similar assertions may be made with regard to the other laws of motion. 

27. This enquiry into the nature of the laws of motion, will, I 
hope, possess some interest for those who attach any importance to the 
logic and philosophy of science. The discussion may be said to be 
rather metaphysical than mechanical; but the views which I have en- 
deavoured to present, appear to explain the occurrence and result of 
the principal controversies which the history of this science exhibits; 
and, if they are well founded, ought to govern the way in which the 
principles of the science are treated of, whether the treatise be intended 
for the mathematical student or the philosopher. 
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VIII. Researches in the Theory of the Motion qf Fluids. By the Rev. 
James Challis, late Fellow i^f Trinity College^ Cambridge^ 
and Fellow of the Cambridge Philosophical Society. 



[Read March 3, 1854.] 



1. The subjects treated of in this communication are of a miscel- 
laneous character, referring to several points of the theory of fluid 
motion, respecting which the author conceived he had something new 
to advance. In ^lustration of the principles he has attempted to establish, 
solutions are given of two problems of considerable interest: — ^the 
resistance to the motion of a ball-pendulum ; and, the resistance to the 
motion of a body partly immersed in water and drawn along at the 
surface in the horizontal direction. The principal object in the solution 
of the latter problem is to account for the rising of the body in the 
vertical direction on increasing the velodty of draught, which in some 
recent experiments on canal navigation has been observed to take place. 
In the course of the paper I have had occasion to refer several times 
to a previous communication* to this Society respecting fluid motion> 
for the purpose of giving to the views there advanced some corrections 
and confirmations which have been suggested by more mature considera- 
tion. For the sake of distinctness the subjects of the present essay 
Are divided into sections. 

*> Camb. Phil. TraiiB. Vol, III. Part nx. . 
Vol. V. Paet Ii! Z 
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SECTION I. 

On the Integral of the Equation -^ + "j^ = 0. 

2. This equation is applicable to all problems respecting the motion 
of incompressible fluids, which require for their solutions the consideration 
of motion in one plane only. Mathematicians have obtained integrals 
of it suited to the particular questions they were discussing ; for instance, 
in solving the problem of waves propagated in a canal of uniform 
width, M. Poisson has given a value of 0, which, while it satisfies the 
equation in question, is exclusively applicable to that problem. But 
it is well known that by the common method of finding 'the integrals 
of linear partial differential equations of the second order between 
three variables, a value of may be found prior to any consideration 
of the circumstances under which the fluid was put in motion. There- 
fore any inferences respecting the nature of the motion, which may be 

'drawn from this integral, must be equally applicable to all problems of 
this class. To obtain such inferences is the object of the following 
reasoning. 

3. The integral I speak of is. 

To ascertain its general signification, I propose to determine the forms 
of the functions F and f, independently of any hypothesis respecting 
the mode in which the fluid, was put in motion. The quantity is 
subject to the condition (d(p)^udx + vdy, where u and v are the 
velocities at the point ay in the directions of the axes of x and y 

respectively. Hence ^ = «, ^ = «^> ^^^ 

tt = F' (a: + y V^.) -h/' (a: -y \/^), 
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First, it may be observed that u and v are not both possible for any 
values of x and y, unless the functions F' andy^ be the same. Again, 
as the form of F' we are seeking for is to be independent of all that 
is arbitrary, it will remain the same whatever direction we « arbitrarily 
assign to the axes of co-ordinates. Let therefore the axis of y pass 
through the point to which the velocities ti, t?, belong. Then 

y=0, « = 2JF''(a?), © = 0. 

If now the axes be supposed to take any other position, the origin 

remaining the same, u will be equal to y , , F' (\/P+V). 
Hence 

a functional equation for determining the form of F\ Let 

^ + y\/-l=wi» and «— y\/— 1=«; 
then 

2a;=i» + 9i, and \/^* + y*=\/»»it. 
Therefore, 

F' (m)^F'{n) ^ -7= F\\^^) = -7=F' (V^) + -7= F' (y/^). 

^ C 

It is easily seen that if F' {ymn) = j — , the equation is satisfied. 

y/fnn 

Hence 

£^_ C C 2Ca? , rf0^ 2Cy ^ 

rfo: a? + y\/-.l ^— yy^_i a^+ff^' dy ^ + y*' 

2C 

and consequently the velocity at d?y, or y/u^ + v^ = . ^ ==. 

V ^ +y 

These results shew that the velocity is directed to or from the origin 
of co-ordinates, and varies inversely as the distance from it. But w^ 
must observe that this limitation as to the point to which the v^lo^ly 
is directed, is owing to the particular forms, «+y\/ — 1, «— yA/ — 1, 

z2 
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of the quantities which the function F' involves. For the equation 
^-^ + -^ = 0, is also satisfied by the following, 

= jP {(a+o? cos 0— y sin 6) + (/3 + a? sin + y cos d) \/ — 1 } 



+y {(a + o? cos d— y sin d) — (/3 + or sin ^ +y cos 9) \/— 1} ; 

and this analytical circumstance has its interpretation in reference to 
the motion of the fluid. By supposing the function y* to be the same 
as Ff and giving to F' the same form as before, we shall find, 

rf0 2C(a? + g cos g -f /3 sin g) 

dx "" (o + a?cos0 — y sin0)' + (/3-HJ5sin0 + ycos0)^ 

dip 2C(y4- jScosg-asin g) 



dy (a + 0? cos — y sin 0)* + (jS + a: sin + y cos Of 

v3^j \rfy/ "" {a + x co&Q—y sin^)* + 03 + 4: sin0 + y cos0)^* 

Or, if acos0+/5sin0= — a, and /3cos0— asin0= — ft, 

d(b 2C(a?-o) 

dx (a?-a)' + (y-ft)'" 

^ or ,, - 2C(y-ft) 

This shews that the velocity is directed to the point whose co-ordinates 
are a, ft, and varies inversely as the distance from it. And as we have 
arrived at this result without considering any circumstances under which 
the fluid was caused to move, the inference to be drawn is, that such 
is the general character of the motion. Nothing forbids our considering 
C, a, and ft, functions depending on the time and the given conditions 
of motion in any proposed problem. Also if at a given instant, a line 
commencing at any point, be drawn continually in the direction of the 
motions of the particles through which it passes, C, a, and ft, may be 
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supposed to vary in any manner along this line. The foregoing 
reasoning only proves that in passing at a given instant from one 
point to another indefinitely near along the line, these quantities may 
be considered constant. 

4. The nature of the integral we have been discussing will perhaps 
be widerstood by comparing it to the general integral of a common 
differential equation, which has a particular solution. The latter, we 
know, is that which gives the answer to a proposed problem, and the 
general integral is used (though not necessarily) to obtain this solution. 
So, I conceive, the integral above is useful for arriving at the particular 
functions of or, y, and /, which give the velocity and direction of the 
velocity at any point and instant in any proposed question. The 

integral of ^-^ + -y-~ = , which M.M. Poisson and Cauchy have 

obtained for the solution of the problem of waves, may be called the 
particular solution of the equation, for that particular problem; and I 
think it. probable that the same might have been obtained by employing 
what I would caU the general integral, though I am not prepared to 
state exactly the process. 

5. The following considerations are added in confirmation of the 
foregoing reasoning. In whatever manner the fluid is put in motion, 
we may conceive a line, commencing at any point, to be continually 
drawn in a direction perpendicular to the directions of the motions at 
a given instant of the particles through which it passes. This line 
may be of any arbitrary and irregular shape, not defined by a single 
equation between x and y. But it must be composed of parts either 
finite or indefinitely small, which obey the law of continuity. Con- 
sequently the motion, being at all the points of the line in the directions 
of the normals, must tend to or from the centres of curvature, and 
vary, in at least elementary portions of the fluid, inversely as the 
distances from those centres. An unlimited number of such lines 
may be drawn through the whole extent of the fluid mass in 
motion. 
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6. If we put ^=0i + ^ + 08 + &c. we shall have 

Hence if there be any number of functions which severally satisfy the 
given equation, the sum of these will satisfy it. But from what has 
been proved above, if 

rf0i _ Ci(a?-ai) rf^i ^ Ci(y-/3i) 

dx "" {x^a,y + {y-fi,T dy (a: - aO' + (y - A)* ' 

d^ C^{x-a^ dffn _ Ciiy-fti) 

dx " ix^a,r + (y^^)*' dy (4?-a,)' + (y-./i)** 

&c. = &c. &c. = &c. 

01 » 01 » 0s » &c. will severally satisfy it; therefore 0i+08 + 08+&c. 
will also. And we have, 

u^iil ^^ +^ +iiCC. 
dx dx dx 

dy dy dy 

These equations prove that the Velocity at any point may be the re- 
sultant of several velocities produced by different causes; and that any 
given cause will have the same effect in producing velocity at a given 
point, whether or not other causes may be operating to produce 
velocities at the same point. 

7. We may here also determine the manner in which the motion 
of the fluid is affected, when the rectilinear transmission of an impulse 
tending from any centre is interrupted by a plane surface. For suppose 
two impulses tending from two centres to be of equal magnitude and in 
every respect alike. Then if the straight line joining these centres be 
bisected at right angles by a plane, there will be no motion of the par- 
ticles contiguous to the plane in a direction perpendicular to it, because 
the resultant of the velocities from the two causes must lie wholly in 
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the plane. Hence as the dUvman qfijfluid^* may be effected without the 
application of force, nothing will be altered if we suppose the plane to 
become rigid and to intercept the communication of the fluid on one side 
with that on the other. The motion on each side will then be reflected, 
and the angle of incidence will be equal to the angle of reflection. 

8. I propose now to adduce an application of the proposition 
above demonstrated (Art. S.) respecting the general law of fluid motion, 
which may serve to shew its utility. Suppose water in a cylindrical 
vessel (for instance, a glass tumbler,) to be caused to revolve with con- 
siderable rapidity about the axis of the cylinder. There is no practical 
difiiculty in making the fluid revolve so that every particle shall de- 
scribe approximately a horizontal circle about the axis. Then, the fluid 
being left to itself after the disturbance, each particle may be considered 
to move as it does; by reason of a centripetal force tending to the 
axis in a horizontal plane. This force must be owing to the action 
of the cylindrical surface on the fluid particles in contact with it, 
deflecting them continually from a rectilinear course. If V be the 
velocity of the particles in contact with the surface, and a the radius 

of the cylinder, the force tending to the axis is — , the effect of 

friction being neglected. The deflections which this force is continually 
producing in the directions of radii, are transmitted through the fluid, 
and as they tend to a centre, will vary, according to the proposition 
above proved, inversely as the distance from the centre.f Hence the 

F^ a F* 

centripetal force at the distance r is — x -, or — . This shews 
* a f r 

that at any distance r the velocity is still F". Experience seems to 

conflrm this result. For if light substances be strewed on the surface 

of the water, those nearer the centre always perform their revolutions 

* The introduction of this consideration here is merely reverting to a principle vhich 
Professor Airy (very properly^ I think,) has proposed to make the basis of the mathematical 
treatment of fluids. Widiout referring to a principle of this nature, I do not see that 
problems of reflection can be satisfactorily solved. 

.t The total motion is compounded of these deflections and rectilinear motions along 
tangents to the circles, which by Art 6. may be considered separately. 
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in less time than those more remqte. This is particularly observable 
in two of the floating particles which are near each other, and at nearly- 
equal distances from the centre. That which is less distant overtakes 
the other, as it ought to do, supposing it to describe a less circle with 
equal velocity. At the centre a kind of eddy is. formed, the more 
observable as the motion at every point of the surface is more nearly 
in concentric circles. When the revolving motion takes place in a 
conical tunnel from which the water is issuing, the appearance at the 
axis is very remarkable, a hollow space like a sack, being formed a 
considerable way down the axis. What has been here said may serve 
to explain in some measure the manner in which eddies in any case 
are produced. 



SECTION IL 

On the Integration of the Equation ^-^ + -^ + -^ = 0. 

9. M. Poisson has expressed the general integral of this equation 
by means of definite integrals ; {Memoires de V Academic des Sciences^ 
Ann. 1818), and this, I believe, admits of a discussion similar to that 

applied above (Art. 8.) to the integral of -^ + ^-2 s o. But perhaps 

tlie following reasoning, analogous to what was indicated in Art. 5.^ 
may be considered sufficient. In whatever manner the fluid is put in 
motion, we may conceive a surface to be described, which shall be 
every where perpendicular to the directions of the motions at a given 
instant of the particles through which it passes. This surface may be 
of an arbitrary and irregular shape, not necessarily defined by a single 
equation between x, y, and s. But it must be composed of parts either 
finite or indefinitely small, which are continuous, and consequently have 
radii of curvature subject to the same conditions as those of regular 
curve surfaces. Hence the normals to all the points of any element 
of the surface will pass through two Jbcal Unes, situated at the centres 
^nd in the plaQes of greatest and least curvature, and cutting the 
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directions of the normals at right angles. The motion^ being in the 
normals, will be directed to the focal lines. If we describe another 
surface indefinitely near the first, and cutting in like manner the direc- 
tions of the motion at right angles, aU the points of any fluid element 
intercepted between two opposite elements of the surfaces, will at a 
given instant ultimately have their motion directed to the same focal 
lines: but this cannot be said in general of more than an elementary 
portion. If we suppose the form of the superficial element to be a 
rectangle, the normals through all the points of its sides, will inclose 
a wedge-shaped mass, the transverse section of which at any point, it 
is easy to shew, will vary as the product of the distances of that point 
from the focal lines. Hence the velocity in passing at a given instant 
from the first to the second of the surfaces above-mentioned will vary 
inversely as this product. Let therefore r and r + / be the distances 
of the point whose velocity is V, from the focal lines to which the 

motion is directed. Then F^^ -7 jr, in which expression C, /, and 

the positions of the focal lines are constant at a given instant, when 
r varies through a space which may either be finite or indefijiitely small. 
Let a, /3, 7, be the co-ordinates of the middle of that focal line which 
is distant by r from the point in question. The velocity {u) in a will 

then be K. ""^ ; the velocity (v) in y, F'.^ — ^; and the velocity 
{w) in s, K. -^^. Hence 

udx-{-vdy^wd%^V{-^^dx + ?- — -dy + — -dz\ . 

\ T T T } 

Now since r* = (a? — a)* + (y— /3)* + («— 7)% if we make r vary with 
0?, y, and X, while a, /3, 7, remain constant according to what has just 
been said, we shall have rrfr=(a?— a)rfa? + (y-/3)rfy + («— 7)rf». Hence 
udx'\-vdy + wdz=^f^dr; and as /^ is a function of r and /, the right 
side of the equation is a complete differential of a function of 
«, y, «, and ^, with respect to the three first variables, t being con- 
stant. Therefore also the left side is the same. Let the function be 0. 

Vol. V. Paet II. A a 
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Then 

dr ^ dx * djf ' dz 

We proceed to shew next that the equation 

rf*0 d*<p d*<l} _ du dv dw _ 

is satisfied by the kind of motion we have been describing. 

10. Let P (Fig. 1.) be the point whose motion we are considering ; 
Or, Nq^ the focal lines to which the motion of the element at P is 
directed. Let PNO be the straight line which passes through P and 
the focal lines, cutting them in N and O. Suppose O to be the 
origin of a system of axes, of which ONP is the axis of a?, Oy coinciding 
with the focal line Or the axis of y, and 0% perpendicular to the plane 
yOxj the axis of %. The co-ordinates of P referred to another system 
of rectangular axes AX. AY^ AZ^ Bxe X^ Y^ Z\ p is a point 
indefinitely near to P, Pp is parallel to ^Z, and the co-ordinates of 
p are X^ Y^ Z-^SZ: pqr is the straight line which passes through p 
^nd the focal lines cutting them in q and r. Now let the equations 
of Pp referred to the system Ox, Oy, 0», be x^an-k-a, y = ft« + /3, 
and the equations of pqr, x^a» + a\ y=ft'«+j3'. Then 

Let ON^l, NP^r. Hence because Pp passes through P whose 
co-ordinates referred to the axes Ox, Oy, 0%, are / + r, 0, 0, it follows 
that l+r^a, and j3 = 0. Thus the equations of Pp become x^az + l^r, 
y^h%. Again, because the line ji^r passes through r, whose co-ordinates 
are x^O, » = 0, we have a =0; and because it passes through q, whose 
co-ordinates are y=0, x^l, we have l^d%, and = y«+j3'. Hence 

X = 3 = - X? , and consequently /3' = r - Thus the equations of 

Ti 1 

pqr become x^ciz, y^Vz j. Also because Pp and pqr pass 
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/+r 

through the same point p, x^a'z=a%+l+r, and therefore « = -; • 

And y = ftx = 4'» — -7: therefore » = -77^7 — rr. Hence -7 "^'-rm — t:» 

which gives V = — ~ — j-^. From p draw /i* perpendicular on Oar, 
and let Pj?=5. Then ^=a?-(r+/). But a? = li'aj = V ^^ ' Therefore 
^^aj^^^ Hence it will be found that «' = ?L<^i^:±i) , and 



a —a 



6' = — 5 — '-. This latter quantity, if we neglect powers of i above 

the first, is equal to — — ^ f 1 + -77 — rj. Therefore by substitution 

cos ZP»0= / ^ 1 l»— — ,^, ,,^ y^ 

= (neglecting ^, &c.) . \ ^ ^ 



a vT + rf+P (r + / + S) 



v\ 



T7W V"" i^WTr) -^ ¥?y}' °««l«^g ^ before. 



Here /. , =?= is the cosine of the angle pP*. Hence if F" = the 
Vl+a* + i^ o^ 

velocity at P in Oa?, and w the part resolved in the direction parallel 

Va 

to AZ^ w — -y — , -^ . Let it' = the resolved portion of the velocity 

at p in the same direction. Now the velocity at p is ultimately the 
same as that at s, and is therefore equal to V . / , k/ . # , ^v > 
according to the law of variation from P to « determined by the 

AA2 
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considerations with which we commenced this investigation. Neglecting 

powers of S above the first, this quantity becomes V(l jj . 

Consequently 

,e/=r(l-^-^C08/P/,y 






But 5 = iZcosj^P* = 5Z X -y====f=T^. Hence 









If now a, /3, 7, be the angles which the axis AZ makes with 
Oxy Oy^ 0«, respectively, we have 



cos*- — 



" = iT^' ^'*^ = 1+^+4- ~*''y "= r+^- 



Hence passing from differences to differentials, 

^ = (cOS«7-COS«a)j:j:;. + (cOS«/3-COS«a)- (1). 

So if a', /y, 7', be the corresponding angles for the axis of Y, and 
a", /3", 7", for that of -y, v the velocity in P^, and u that in X, we shall 
have by a like process, 

^= (cosV-cosV)^-^^ -f. (cos^iS'-cosV)- (2), 

|j= (cOS^y'-COS^a'')^ -*■ (C0S*/y'-C0S«a")i (S). 



OF THE MOTION OF FLUIDS. 185 

But as a, a , d\ are the angles which Ox makes with three rectangular 
axes, 

COS" a + cos* a + COS* a = 1, 

so cos*j3 + cos*/3'-i-cos*/y' = l, 
and cos*7 + cos*7' + cos*7'' = l. 

Therefore by adding the equations (1), (2), (3), 

du dv dw 
dX^ dV^ dZ"^' 

11. The general conclusion from all that precedes is, that the law 
of the variation of the velocity from any point to another indefinitely 
near in the direction of the motion, at a given instant, may be expressed 

C 

by —. jr, the quantities C, r, and /, being such as we have stated 

C 

in Art 9. If /=0, we have as a particular case, f^=-j. In my 

former paper on the motion of fluids, I assumed, as it now appears, 

C 

incorrectly, that — , represents the general law of the variation of the 

velocity. None, however, of the results in that paper are affected by 
the assumption. For instance, the expression for 

d(l> ( . r^^ ; 



% (vU. /^rf.^/'W). 



as it only requires that <p should be a function of r and /, will remain 
the same. This expression may also be briefly obtained thus. We 

have seen that ^ = F". Now as r is ultimately in the direction in 

which the velocity V takes place, if a line commencing at a given 
point be drawn constantly in the direction of the motion at a given 
instant of the points through which it passes, dr may be considered the 
increment of this line. Hence if we call its length s reckoned from 

the fixed point, -^ vs^-^^V. Then integrating, 0=/Frf*+y(/); 
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and differentiating under the sign /, ^ = /"TT^* +•/'(')• Hence 
substituting for -^ in the known expression for the pressure (jo), 

p = f{Xdx+Ydy^Zd%) - /^rf,- -L_ _/-(/). 

If f^ be always the same in quantity and direction at the same point, 

dV V* 

-^=0: so that, p ^ JiXdx+Ydy^- Zd%) - — --f {t). 

This equation may thus be considered to be strictly deduced from the 
general equations of fluid motion. 

Considerations analogous to those applied (Arts. 6 and 7) to motion 
in a plane, might here be introduced to shew that the motion at any 
point, when due to several causes, is the resultant of the motions which 
would be produced by the causes acting separately ; and also to determine 
the same law of reflection at a plane surface. 

12. The following simple instance of fluid motion may serve to 
illustrate some points of the preceding theory. BCD (Fig. 2.) is a 
conical vessel with its axis vertical. A mass of fluid DBhd is made 
to descend so that its lower surface hd i& bounded by a horizontal 
plane to which any arbitrary velocity is given. The upper surface is 
also supposed to be plane and to be kept horizontal by the force of 
gravity. It is required to find the consequent velocity and pressure 
at every point of the fluid. 

It is evident that the motion will be in vertical planes passing through 
the axis, and will be the same in all such planes. Take therefore two 
planes making an indefinitely small angle with each other, and let 
AB^ ABf be their intersections with the upper surface, ab, ae, with 
the lower. Let PQSR be an element of the upper surface, P and M 
being equidistant from A^ as also Q and S. If now at any instant 
lines commencing at the four points P, Q, R, S, be continually drawn 
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in the direction of the motion at the points through which they pass, 
these lines must be rectilinear, because there is no curvilinear motion 
at the boundaries of the fluid, and therefore no cause to impress a 
curvilinear motion on the parts interior. The straight lines commencing 
at P and R will intersect ah and ae at p and r, points equidistant 
from a, and those commencing at Q and S will intersect the same 
lines at q and s also equidistant from a. Now from the law of 
the variation of the velocity above found, at every point of the cunei- 
form element P*, the velocity will be inversely proportional to its 
transverse section. Let therefore V ^^ the vertical velocity with which 
dh is made to descend, and v the vertical velocity with which the 
surface DB descends. Let AB—a^ AQ^x^ PQ=s\ ab^h^ aq — x\ 
pq^\\ and the angle BAE^e. Then the element PQSR—xeX, 
and pqsr^x'eW These elements are proportional to the transverse 
sections at P and />; and the vertical velocities V^ v, are to each 

other as the velocities at p and P in Pp. Hence — = -r-n = "-tt/ • 

^ ^ V xeX x\' 

But — also = T^ • Hence -7-> = t% . If we take a?=a, x' must = b, 

V V XK V 

because the motion is along the slant surface. Therefore in this case 
p = ^ . Suppose X to be given, and let Xi be the consequent value 

of X'. Then -- = -r , and -r — r- == r • If now x be taken = « — X, from 

Xi o o~\\ o 

what has been just shewn, a! will = A — Xi . Hence yr — r-f— = ^5 > and 

•^ \o — Xi) Kg b 

'\. ft 

consequently -- = ^ . Therefore Xj = Xi ; and so on. From this it 

follows that if AB and ab be divided into the same number of 
indefinitely small equal parts, the straight lines joining the corresponding 
points of division will give the directions of the motion, which is 
consequently every where directed to the vertex of the cone. Hence the 

velocity at any point fF whose distance Cp W from C is p, varies as -5 . 

P 
Let CA^hy Ca^k, /.ACW^9\ then the velocity at p^VsecO^ and 

the velocity at W^ F sec . 5 — ; this resolved in the vertical 
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direction gives 5 , which =s —^ — j^ = velocity at Z. Hence the 

vertical velocity is the same at all points of any horizontal plane, and 
the fluid will consequently descend in parallel slices.* Let us now 
determine the pressure at any point on the particular supposition that 
V is uniform. Then if 

w = 5 the velocity at ^» "^ = — i — ^^ "di^ « ' 

And 

Jw^'^'I'di^f'^I — 7 — ' } — + ^- 

Hence 

p = C-gz + . __. 

And as when z ss k, jti s 0, and pcosO == h^ it follows that 

The above solution I do not consider to be of any value* except as 
illustrating the process to be followed in determining mathematically 
the way in which the interior of a mass of fluid is affected as to 
velocity and pressure, in consequence of given conditions at the 
boundaries. This part of the theory of fluid motion is very 
defective. 



* I obtained this result in the number of the Phil, Mag. and Annals of Philosophy 
for Jan. 1831, but omitted to shew that it is entirely dependent on the arbitrary condition 
that the inferior surface of the fluid is bounded by a horizontal plane. On any other 
supposition the problem would be one of much greater difficulty. This omission has not 
without reason caused a misapprehension as to the application of the solution^ on the part of 
Berzelius in a notice taken of it in his Annual Review. (JahreS'Bericht, IHSS.) 
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SFXTION III. 

AppUcatwn of the Principles of the foregoing Section to an instance of 
the Resistance of an Incompressible Fluid to a Body bounded by a 
Spherical Surface moving in it. 

IS. Let a solid sphere, partially immersed in water, being of less 
specific gravity than the fluid, be drawn along in a horizontal direction 
with a given uniform velocity; it is required to find the height of 
its centre above the horizontal surface of the water. 

We shall suppose for the sake of simplicity, that the fluid is 

unlimited in extent both in the vertical and horizontal directions, and 

that the surface of the sphere is so smooth that it impresses no velocity 

on the water in contact with it in the direction of a tangent plane. 

Let CDBE (Fig. 8.) be the sphere, O its centre, ADE the intersection 

of the horizontal surface of the fluid by a vertical plane through the 

centre of the ball; OQ a line through the centre parallel to ADE. 

This will be the direction of the motion of O, since the velocity is 

supposed to have become uniform, and ON to be constant. Let A^ 

a fixed point in ADE, be the origin of co-ordinates, AN=a^ NO^y, 

da 
at any instant. Then the velocity (V) of O = -^. Draw OB vertical; 

let P be any point of the surface immersed; through P draw the 
spherical arcs PQ^ PB, and let the angle QOP^O, and the angle 
PQB^w. The velocity impressed by the sphere on the fluid at P 
is ^cosd, as none is impressed in the direction of a tangent plane. 
This velocity is directed to the point O, because in the case of a 
spherical surface / s 0. Hence if a = the radius of the sphere, 

C 

FcoaO = -^. (Art. 11.) The velocity at every point of the line OP 

Cv 

produced, will at a given instant be in the direction of this line, 
Vol. V. Pah II. Bb 
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because when the fluid is of unlimited extent, there is no cause* to 
produce motion at any point of the line, but the impression made at P, 
which is transmitted instantaneously, varying at different distances 
from O according to the law of the inverse square. Hence if £ be a 

point in OP produced, and OR^r^ the velocity at JB = -^ = ^ — . 

Let ADE be the axis of x, a vertical through A the axis of % reckoned 
positive downwards, and a line through A perpendicular to the plane 
of these two the axis of y. Then if the co-ordinates of 22 be ar, y, s:, 

we shall have r' = (« — a)* +y* + («+7)*; and oosd= . Therefore 



the velocity (») at R, 






And 



dv dv doi //• •vv* "■ 

-77 = T- . -yr , (for V and 7 are constant), 

tit UOL dt 



r«»(3co8*e-i) da 

r* ' dt 



rV(8cos*e-l) 



Hence 



;^rf,.y,o_^(sco.'«-i) 



Therefore, gravity being the only force acting on the fluid, the pressure 
(/>) at R, 



* This cannot be said of the parts of the fluid adjacent to the radii produced which pass 
through the circle in which the surface' of the water meets the surface of the sphere, because 
the water outside of the conical surface formed by these radii must be put in motion by that 
within by reason of the difference of pressure occasioned by the motion. ' On account of the 
difficulty of estimating this effect, it is left out of consideration in our solution, which can 
therefore be only considered approximate. 
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dv , V* 



= -^^^^ - fdi'^'' - ¥ 



dt 2 

"^^^ +^2?"^^'^''^""*) " "^'^''''^ "•^^'>- 

When r is indefinitely great this equation becomes p^g^—f{t)\ and 

as for this value of r the velocity = 0, ^ must = g% ; therefore f{t) = 6. 

If now we put r = a, and »=«,, the co-ordinate of P, we obtain the 

^' cos 2 d 
pressure (p,) at P, = ^«i H . The portion of this resolved in 

SB 

the vertical direction is />] x cos z FOB. But from the spherical 
triangle JPQB, cos /: POP = cos oi sin d. Therefore the vertical pressure 
is pi cos tt> sin 9. The element of the surface at P ^s ad9 x a sin Odw. 
Hence the whole vertical pressure s //jtii a* sin* d cos oii/difai 

^ga*ff»i sin^OcoswdOdw + —-— ffsiu^O cos20 coswd$dto. 

2 

The first term is plainly the weight of water displaced, and is there- 
fore equal to -^(20*— 8 0*7 + 7*), the specific gravity of the water 
being 1. The integrations with respect to w must be taken from 
« = — cos " * — 7—T to + COS"* — 7-^ , and the integrations with respect 

to from sin~'— to the supplement of that arc. Between these limits 



of «, /cos«rf«=2\/i — . : ,^ ; and between the limits of 0, 

Therefore it fV= the weight of the sphere, which is the same as the 
whole vertical pressure, and w » the weight of fluid displaced, 

BBS 
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This result shews that the weight of fluid displaced is greater than 
the weight of the sphere, and consequently that the centre O is lower 
than it would be in a state of rest. 

Suppose a portion of the sphere to be cut off by a horizontal 
section at the distance of h from the centre; and let 7 become y\ the 
centre being still above the surface of the water. Then if we suppose 
the motion to be always in the direction of the radii*, and the horizontal 
bottom to have no effect in impressing motion, the equation for this 
case will be, 



W=u}- 



irV*a 

W r 






The difference between W and w is here less than before on account 



.4 ^M 



of both the factors -r and 1—^; for ^ is neater than — . This 

a* 6* ' ft ® a 

seems to shew that curved bottoms tend to depress the vessel when it 

begins to move, and consequently to increase the resistance. 

As the term — -— //sin'0cos20coswrfdrffti is positive from = sin"* — 

to 0=45% and from = 185° to B = the supplement of sin"*^, let us 

integrate for the portion of the surface corresponding to these limits, 
or what amounts to the same, take the double of the integral betweai 
the first limits, those of w remaining the same as before. In order to 
abstract from the consideration of the portion of the surface not taken 
into account in this integration, we may suppose the portions for 
which we integrate to be connected by a cylindrical surface, the radius 
of which = asin45% The length of this cylindrical part may be any 
we please: the vertical pressure against it will be only equal to the 

* This again cannot be true in the direction of the radii which pass through the lower 
circular boundary of the surface. 
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weight of fluid displaced. Also the shape of the floating body above 
the part immersed is of no importance to the problem. The form of 
the whole body may be, such as is described in Fig. 4, ABCDEF 
being a half cylinder of which the axis is GH^ and ALC, JFKD, the 
extreme portions of the body, bounded by spherical surfaces which have 
their centres at M and N. Now in general i ffain^O cos20 cos wdOdw^ 

commencing at fl^sin"' — , and ending at any other value of 0, will 

be found to be 

coseUsin'e + l-'^ V8in^0-2 _ 1 ^ _ ^^ cob-' J^^ 






1 

And if we put cos 9 = —y=. , we shall have 



?^{(-^)^/^-(-^*) 



jr=tr + ^U2-^.) Vl-^- |l--^Jcos-» 




As the second term is necessarily positive, the floating body will be 
higher than it would be in a state of rest, and consequently the 
surface against which the resistance acts becomes less by an increase 
of velocity. 

To obtain a numerical result respecting the rise of the body 
corresponding to a given velocity, we will suppose for the sake of 
simplicity of calculation that when the vessel is at rest, the centres 
of the spherical ends and consequently the axis of the cylindrical part, 
are in the plane of the horizontal surface of the water. This circum- 
stance may be produced by loading the upper part of the body 
without altering its specific gravity. Let / = the length of the axis 
of the cylindrical portion. Then the area of the horizontal section of 

the vessel at the level of the water surface is ID + --7 —- , its 

breadth being Z). Now fF—w must be equal to the difierenoe of the 
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quantities of fluid displaced in the states of rest and motion, and is 
therefore equal to ygUJO + —i 5-) » 7 being small. Therefore 

neglecting powers of X above the first, 

Let ;q = S. It will then be found that F* = 696" x 7. And if 7 = one 

inch, or ^, this equation gives ^^=^5*19 miles per hour; consequently 
if l^=10*4 miles per hour, 7 = 4 inches. 

In general, neglecting ^, &c. 

nr^ w = .^(sinecos0(asin'd + 1)-|) , 

also FT— fi? = 7^|/D+^-^r-;^(d-sin0cos0)> nearly; 

therefore, as DsSasind, it will be found that 

V' sin20(2sin*0-i-l)-0 ,. ^r ^ 

7 = ^~ • 1 ^-^^ — . r^A r,n f *» bcmg put for -« . 

' 4^ 4»ism*0-sm20 + 20 ^ ^ D 

If be assumed equal to 15% and «» = 3, this equation gives F'=7'85 
miles per hour when 7 = 4 inches. 

These results, which probably are but very rough approximations 
to matters of fact, may yet sufiice to shew that when vessels and boats 
of the usual forms sail in the open sea, they may be expected to rise 
in some degree upon an increase of their velocity, and so much the 
more as they are less adapted to cleave the water. Our theory shews 
that the rise is the same for bodies of the same shape and proportions, 
moving with the same velocity, whatever be their absolute magnitudes; 
also that this effect is equally due to the pressures on the ft'ont and 
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stem of the vessel. The theory, in . fact, determines these pressures to 
be in every respect alike, so that if we proceeded to investigate the 
total pressure in the horizontal direction, we should find it to be 
nothing, when the motion is uniform. This may serve to shew that, 
if friction be left out of consideration, a front ill-adapted to cleave the 
water, is not imfavorable to speedy motion, if the stem be of the same 
shape; and that the resistance to the motion of vessels in the open 
sea is principally owing to the friction of the water against their 
surface. This cause operates to produce unequal actions on the front 
and stern, making the directions of the motions of the particles in 
contact with the surface of the former, less inclined to the horizon 
than they would be in the case of no friction, and of those in contact 
with the surface of the latter more inclined. To counteract this inequality 
probably the stem should be less curved than the front. 



SECTION IV. 
General Propositions respecting the Motiofi of Compressible Fluids. 

14. The considerations applied at the beginning of Section II. to 
incompressible fluids, are equally applicable to compressible. I shall 
therefore assume that in a .mass of fluid in which the density varies 
as the pressure, the directions of the motion at all the points of any 
element pass at a given instant through two focal lines. Let p be 
the density at a point distant by r and r + / from the focal lines, and 
K the velocity: />' and V the same for a point indefinitely near the 
former. Also let the transverse section of a cuneiform element aclk 
(Fig. 5.) which is bounded by four planes passing through the focal 
lines kl, mn^ be at the first point ejghf and at the other, abed. The 
pressure and consequently the density will be the same at all points 
of the section eg; as also the velocity; at least our reasoning does not 
apply to cases in which this condition is not fulfilled. The same may 
be said of the section ac and of all sections intermediate to ac and eg. 
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Let now the area of eg^m^ and that of ac-m'. Then if the motion 
which exists at a given instant,* be supposed to be continued uniform 
for the small time r, the quantity of fluid which passes the section eg 
in that time, is mpVr^ and that which passes ac is m'pVr. Hence 
the increment of matter between the two sections is — (m'p'Vr^mpVT)^ 
whether the velocity tend from or to the focal lines, being considered 
negative in the latter case. The increment of density (Ip) of the element 

m the time r, is consequently — ^^ — - — j-j — ^. ' . But — = — ^^ jf . 

^ -^ m(r^r) m ri^r-^l) 

Hence 

pTf^jf^ + D-pFrir + ly _ 3p. 

/ — r ^ ' T ' 

And passing from differences to differentials. 

As before udx + vdy + wdz = F"^^^ dx + V^^^ dy + F?-I-^ d% = Vdry 

T T T 

if a, /3, 7, be the co-ordinates of the middle point of the focal line kl. 
Now as we have supposed that in passing from one point to another 
of the element acge^ the change of velocity at a given instant depends 
only on the change of r, we may consider V a function of r and t, 
and Vdr a differential of a function of r and t. Then udx -^ vdy 
+ wd»^d(p, a complete differential of a function of x, y, and s; and 

-^ = V. But in this case we have the known equation, 

«* Nap. log. p^fiXdx^- Tdy^-Zdz) -^ - ~ (B.) 

Therefore considering ^y, F", Z, to be independent of the time, 

pdt ~ df dt~ df dr ' tlrJt ' 
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But from (A), 

pdt pdr ' dr dr^ dr \r r-\^ll ' 

And differentiating (B) with respect to space only» 

^^ ^Xdx-^Ydy + Zdx^d.^^ VdV. 
P "^ at 

If the variation be from one point to another in the direction of the 
motion, dx = dr^ dy = ?LZ2i dr^ dz = — - dr. Hence, 

pdr ' r ' r ' r drat dr ' dr^ ' 

Substituting this value of —^ in the foregoing equation, and then 
equating the two values of —fj» we shall obtain, 

/, d^\d'<f} d^ d'ff) d'<t> .rf0/l 1 \ 

V ^ df^ll?''^dr ' drat^ de "" ^ dr^ '^ r^l) 

+ ^ [x^.^ + r?^ + Z^ =0 (C.) 

dr \ r r r I ' 

This is an equation of general application. If, as a particular case, 
/, a, /3, 7, each = 0, we shall have the equation I obtained in my 

former paper (Art. 4.) by assuming to be a function of y/a? + y* + «■, 
and t in the equation (n) of the Mecanique Anafytique (Part II. 
Sect. XII. Art. 8.) 

It may be proved as in Art, 11, that -^ = I'TF^^* ^ ^^^ incom- 
pressible fluids, and that the equation applicable to steady motion is, 

a»h.l.^ = !{Xdx^Tdy-^Zd%) - ^ +/'(<)• 
Vol. V. Paet II. Cc 
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15. If r be indefinitely great in equation (C), the motion is in 
parallel lines, and putting r=c4-«, d "^ '^ ' ^^^ d^^* ^^^ 



suppose no force to act; the equation for this case becomes 

<f*0 2fti rf'0 1 rf> 

d^ ff'-^^dsdt df'-o?* dt^ "" 

This equation combined with a* N. 1. /» = — -^ — ^ , gives as a particular 

integral, a) = aN.l.p=y{*-(a + c»)^}. By varying a little the mode of 

integrating, I found also w = a N. 1. p ^f\ «')» {Camh. Phil. 

Trans. Vol. III. Part III. p. 399), and endeavoured to shew the way 
in which each integral ought to be applied. But this enquiry was 
unnecessary; for the integral may present itself under an unlimited 
number of diflferent forms. The equations 

oissaN.l. p ==/{*- (a + «)/ + >/f(w)}, or «s=aN.l./o=y| — . /^' > , 

will equally satisfy the differential equations, being, in fact, only 
different forms of the first-mentioned integral. The principle according 
to which it now appears to me, an integral of this nature should be 
employed, is to apply it immediately only to the parts of the fluid 
immediately acted upon by the arbitrary disturbance, in order to 
determine the law according to which the initial velocity is transmitted 
to the contiguous parts; then to determine the law of transmission 
from these to the next; and so on in suceession. In the present 
instatioe by making s and t vary so that co and p remain the same, 

we shall find a-hw for ^ the velocity of transmission, under whatever 

form the integral may appear. The second term w of this quantity 
is due to the transmission of velocity through space by the motion of 
the particles themselves; the other a is the velocity of propagation 
along the particles. In this example, as the velocity and density are 
propagated uniformly and undiminished, it is easy to determine at any 
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instant the velocity and density at any given point, which result from 
a given disturbance. In other cases in which the velocity of propaga- 
tion is variable, the determination would be more difficult, but must 
probably be arrived at by the same principle of reasoning. Variable 
propagation is analogous to variable motion, as uniform propagation to 
uniform motion, and would seem to require int^pttion to determine 
the time At which the eflfect of a given disturbance is felt at a given 
place. 

16. If in the equation (C), a be an indefinitely great quantity, 
the terms which do not contain a^ as a factor may be neglected in com- 
parison of those which do, and the equation will become 



rr- ^ dr\r ^ r+l) ^' 



d 
df» 



d^ C 



which by integration gives -— = -^ jr, the same as for incompressible 

fluids. This result was to be expected, because a, as is well known, 
is the velocity of propagation in the compressible fluid, and when this 
becomes infinite, the propagation is instaBtEUidoiis, and the fluid there- 
fore incompressible. 

If / be indefinitely great, it will be found in the same way that 

-^ = —, and the motion is such as was considered Art. S. 

dr r 

Let now ^ be very small compared to a, and X, K, Z, and / 
each s 0. The equation (C) reduces itself to 

''d^^^'^drdt'^^' ''^''- df^ -^F^' 

a particular integral of which is r<^^F{r^at). This gives 

rf0 _ F\r-af) Fjr^af) 

df r r- ^^'^ 

cc« 
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At the same time, because a* N. 1. /© = — ^ nearly, we shall have 

a . N. 1. p = — ^ ^ (a.) 

The equations (1) and (2), involving but one arbitrary function, can 
apply only to a single disturbance, which takes place in a diriection 
tending from a centre, as I have elsewhere shewn*. It is important 
to observe that when r is very small, the term of equation (1) which 
involves r^ in the denominator may be much greater than that in- 
volving >. In fact, if we expand the functions, supposing r to be 
very smaU, 

F{-at) F'i^at) F^^ai) . 

5 ' ~ ' — &C. 

= . £<^ („e„ty, . =!^ . 

When therefore the disturbance is made by a sphere of very small 
radius r, the motion is transmitted from its surface to other parts of 
the fluid, nearly as if the fluid were incompressible. 



SECTION V. 

• * . 

AppUcaiion qf the Principles of the foregoing Section to determine the 

Resistance of the Air to the Motion qf a SaU^Pendulum. 

17. Foe the sake of simplicity, I will suppose gravity not to act. 
The ball being spherical and perfectly smooth, the direction of the 
motion of the aerial particles in contact with its surface tends at every 

• Camb. PML Trant. Vol. HI. p. 402. 
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instant from its centre. Therefore / = 0. Also if the radius of the 

ball be supposed very small, the equation -^ = ^3^, obtained at the 

end of the preceding Article, will be approximately applicable to the 
motion of the fluid in contact with the ball. Hence the velocity which 
is impressed at any point of the spherical surface may be considered 
to be transmitted instantaneously in the direction of the radius through 
that point, and to decrease according to the law of the inverse square 
of the distance. The problem, with the limitations above made is 
solved in the same manner for air as for water. 

Let now the origin of co-ordinates be Aj (Fig. 6.), the position 
of the centre of the ball when it hangs at rest. Let its centre perform 
oscillations of very small extent in nAN^ which we will consider to 
be rectilinear. Suppose JV to be the position of the centre at the 
time t reckoned from a given epoch, and call AN, a. Take P any 
point oi the surface, join NP and produce it to JB, and let NPB make 
an angle with ANQ, and the plane RNQ an angle fi with the 

plane SAQ. The velocity of the centre = ^; and the velocity of 

da 
the air at P = ^cos0. Hence if NP=b, and NB^r, the velocity 

^t R ^ = — . -rr . Now if AN be the axis of a?, AS of x, and a 

r* at 

line through A perpendicular to the plane SAN, the axis of y, and 

the co-ordinates of B be x, y, z, then r*=(a?— a)* + y* + «*. Consequently 

the velocity (V^) at B ^ \ ^ ^ — 3 — 5"rf7* Hence differentiating f^ 
with respect to the time only. 



dr d'a 



dt dt* 



ycosg 26*cosg(a?— g) rfo* ft^ da d.cosO 
'~7^~ "^ 7 dP/^Pdi' dt ' 



-. ^ ^ a? — o cf.COSd 1 da COS*0 da S\VfO da 

But as COS© =^ , — -ji — = . :j7 + • :77 = • :rr • 

* r dt r dt r dt r dt 

Therefore 

dV d'a A»cos0 2ft*cos*0 da* 6»sin«« da' 



dt dt*' f* ^ f^ • dt* V • dt 



s 
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Henoe 



rdV , d'a i^cose 2J*oos*e-J»sin*e da* ..^ 

J-3t'^'"'-dp-^^ 2? -^ +/<*)• 



Substituting in equation (B)^ 

When r = infinity, p = 1 : therefore J^{t) = 0. Hence when r = A, 

^XT 1 ^*« r n cos 20 da 

a«N.l.p = ^*oose + -^.^. 

Where p = l, let |i=n=fl". Hence when /»=! + <r, p=atf*(i + (r) = n + aV. 
But because <r is very small, a* N. 1. p = tt^o- very nearly. Therefore, 

„ . (Pa , ^ cos 2© rfa* 
^ = "+rf?*'^'^"^-2-rf?- 

The total pressure resolved in the direction NA is ff p V cosdsinO dOdp^ 
from /3sO to fiss^w, and from = to 0s^. It will consequently 

be found to be equal to . -j-y : and if A = the ratio of the specific 

gravity of the ball to that of air, the accelerative force produced by 

this pressure is — . ^p- . But the accelerative force of gravity in the 

same directicMi, if SAa^h, is ^ (^ "" a) ' ^^^S account of the weight 
of air displaced. Hence 






1-1 

d^a ga A ga (^ 2\ . 
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Therefore H L he the length of the seconds pendulum in vacuum, 
/ in air, / = Z# ( 1 — — j . 

The correction of the length of the pendulum is thus determined 
to be double of what it would be if the motion of the air were not 
considered. It is to be observed that these calculations apply strictly 
only to the case of a very small ball. The experiments of M. Bessel 

give 1*956 for the coefficient of — . Those of Mr Baily, which were 

made most nearly under the circumstances which the theory supposes, 
give 1*864. The effects of friction and of the suspending wire, would 
tend to make the coefficient rather greater than less than 2. I am 
therefore unable to account for the difference between the experimental 
and theoretical determinations, which it appears by Mr BaUy's experi- 
ments, is greater as the radius of the ball is greater, excepting perhaps 
the confined space of the apparatus may have had some effect on the 
experimental results. 

It would not be difficult to shew from the nature of the analytical 
expressions, that if the confined space in which the balls vibrate were 
taken into account in the theory, the same results would be obtained 
for two balls of different diameters, vibrating in different spaces, if the 
linear dimensions of the spaces were in the proportion of the diameters, 
their forms being alike. If this could be verified experimentally, it 
would shew that the difference of the values of the numerical coefficient 
which Mr Baily calls n, for balls of different diameters, as well as its 
deviation from the theoretical value 2, is very probably owing to the 
confined space of the vacuum apparatus. It would at any rate be de- 
sirable to ascertain by experiment whether the same ball gives the same 
value of n, when it oscillates in apparatus of different dimensions. 

Papworth St Everard, 
March S, 1834. 

* This result I obtained in the London and Edinburgh Philosophical Magazine (September, 
IBSS), by assuming the principle of the conservation of vis viva, without employing equa- 
tion (B). 
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IX. Theory of Residuo-Capillary Attraction; being an Explanation of 
the Phenomena of Endosmose and Exosmo^e on Mechanical 
Principles. By the Rev. J. Power, M.A. Fellow and Tutor 
of Trinity HaU^ and late Fellow qf Clare HaU^ Cambridge. 



[Read March 11, 1854.] 



1. The curious and elegant law, according to which an interchange 
takes place between two fluids separated from each other by a thin 
membrane, one of the fluids generally (but not universally) the lighter 
of the two, being transmitted in greater abundance, was discovered a 
few years ago by Dutrochet.* 

His experiments tended to show that the unknown force which 
operated this efiect, whether measured by the fluid transmitted in a 
given time, or by the pressure required to stop the process, was, for 
the same substances, proportional to the difierence of densities of the 
mixtures on each side of the membrane. 

The vast importance of this law in animal and vegetable physiology, 
renders it highly desirable that its theory should be investigated on 
mechanical principles, and such is the object of the present enquiry. 

a. The opinion which would attribute this phenomenon to the 
existence of electrical currents,^ is now pretty nearly abandoned, even by 
Dutrochet himself, with whom it originated, and who maintained it with 
great zeal, until the publication of his later researches, in which he 

* V Agent immediai du Mouvement Vital, (Paris^ 1826)^ and NouveUes Recherckes sur 
t Endosmose ei VExosmose (Paris, 1828). 

Vol. V. Paet 11. Dd 
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confesses himself compelled to resign it, though he does so with 
manifest reluctance. That electricity, artificially excited, is capable of 
accelerating the process, is indeed sufficiently established by the experi- 
ments of Dutrochet; but it is equally certain that this agent is by no 
means essential to the operation, since, in the natural process, the most 
delicate galvanometer gives no indication of its existence. 

3. To me it appears unquestionable, that the phenomenon results 
from the corpuscular attractions, which .the particles constituting the 
membrane and the fluids, exert upon each other: that electricity, 
by heightening or modifying these attractions, should produce a sensible 
effect upon the operation, is nothing more than its ordinary chemical 
agency would lead us to expect. 

4. By corpuscular attractions are meant the forces which the 
ultimate atoms of different materials, whether simple or compound, 
exert upon each other. These forces are enormously great (though not 
infinite) when the particles are in immediate contact, but diminish with 
extreme rapidity, as the particles separate, becoming insensible at a 
sensible distance. The efiects of corpuscular attraction are dijSerent, 
according as it is exerted between particle and particle, or between 
mass and mass. In the former case it gives rise to the phenomena of 
chemical affinity ; and in the latter, to those of cohesion, adhesion, and 
capillary attraction, which may be regarded in general, as the mutual 
attraction of contiguous masses, being the combined effect of the 
corpuscular attractions of their integrant particles. It is under this 
point of view that La Place has considered the subject of capillary 
attraction, and his theory will be of the greatest use in the present 
investigation. 

5. Although no pores can be detected in the membranous partition 
by the help of the most powerful microscope, yet the fact that the 
fluids are transmitted, is a certain proof that such pores exist. They 
must indeed be extremely minute, and it will be seen that it is on 
this very minuteness that the energy of the sustaining force depends. 
These pores must be regarded as communicating with the opposite fluids 
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at their two extremities, while the fluids meet and mix in the 
interior. 

6. Dutrochet argues that capillary attraction cannot be the cause 
of endosmose, because it can only raise a fluid to a small height in a 
capillary tube, and is utterly incapable of drawing it beyond the limits 
of the tube. 

In stating these objections, he perhaps does not consider that the 
height at which a fluid may be sustained in a capillary tube is inversely 
as its diameter, and consequently in a tube of so extremely small a 
diameter as those of which it is necessary to suppose the membrane to 
consist, that height might be almost indefinitely great. It is true that 
in the case of a single fluid, this efiect would require for its production 
that the tubes themselves should be coextensive with the fluid raised; 
but this is no longer necessary when the two ends of the tube are 
immersed in different fluids. The reason why a homogeneous fluid 
cannot be drawn beyond the limits of the tube, is, that, were it to 
be so, the tube, acting equally at its two ends, would produce no 
effect whatever upon the fluid. But the circumstances are very different 
when the extremities communicate with different fluids. In that case the 
full residual effect, consisting of the difference of effects, which the same 
tube indefinitely extended, is capable of impressing separately upon the 
two fluids, might be produced by an extremely small length of tube, 
not exceeding a small multiple of the sphere of attraction of the par- 
ticles of the tube, and there is no doubt that the thickness of the 
finest membrane is a considerable multiple of this magnitude. In fact, 
if we cut off^ from the ends of the tube a distance greater than the 
tube's sphere of sensible attraction, it is plain that the fluids which 
occupy, the intermediate part, in whatever way they may communicate 
there, will suffer no effective attraction from the tube, since every 
elementary portion will be drawn by it equally in both directions. The 
only effective attractions will therefore be those exerted by an insensible 
portion at each extremity; we may therefore imagine these two por- 
tions to be brought together as near as we please without any diminution 
of efiect. 

DD 2 
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7. In order to form some sort of estimate of the forces which may 
be expected to result -from residual attractions of this kind, let us 
suppose the fluids to be water and alcohol, and the tube to be of glass. 
Now Gay Lussac found by experiments of great accuracy, that in a 
tube of glass whose diameter was 1.29441 millimetres, water would 
stand at the height of 23"'*.3791, and alcohol of specific gravity 0.8196 
(that of water being 1) at the height of 9"*.S9808. This column of 
alcohol would be equivalent to 7"*.7176 of water; the diflference of 
eflEects would therefore be measured by a column of water of 15"*.66l5. 
Suppose now the diameter of the tube to be diminished a thousand 
times, or to become 0™*.001294, the column of water which measures 
the difference of effects would be 1566l°*.5: or, since the French 
millimetre = .0393708 of an English inch, a glass tube of diameter 
0*".0000507, or about the twenty-thousandth of an inch, would produce 
a residual effect, with water and alcohol, measured by 616.6 inches or 
51" 4^** of water, which is equivalent to the pressure of nearly two 
atmospheres. When it is considered that a platina wire of one three- 
thousandth of an inch in diameter may be seen by the naked eye, it is 
probable that the magnitude we have assigned to the capillary tube 
is considerably greater than the diameter of the membranous pores, 
which evade the powers of the strongest microscope. From this ex- 
ample I think the conclusion may be fairly drawn, that, so far at least 
as the magnitude of the force is concerned, we need be under no 
apprehension but that the residual capillary forces are sufficient to 
account for the sustaining force of endosmose. How far they will 
account for the law of its variation will be seen hereafter. 

8. An attempt to explain the phenomenon by the principles of 
capillary attraction has been already made by a distinguished mathema- 
tician, Mons. Poisson. He first abstracts from the pressure of the 
adjacent fluids, by supposing their altitudes above the membrane to be 
inversely as their densities. The fluid in the tube being now equally 
pressed on both sides, he supposes that that liquid, for which the tube 
has the stronger attraction is drawn by this attraction to the opposite 
end, thus filling the whole tube. The fluid within the tube, he now 
argues, will be urged by two forces: 1st, the attraction of the liquid 
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to which it belongs ; 2dly, the attraction of the opposite liquid. If then 
the latter attraction be superior to the former, the fluid which fills the 
tube, he says, will be drawn in an uninterrupted stream into the 
opposite vessel. 

Dutrochet justly objects to this theory, that it will only account for 
a motion in one direction, whereas the phenomenon of exosmose requires 
a corresponding motion in the opposite direction. 

Professor Henslow, in a number of the Foreign Quarterly^ suggests 
as a modification of Poisson's theory, that whilst the fluid within the 
tube is carried in the direction of the stronger attraction, the natural 
tendency of the fluids to mix, may carry the other fluid (or, perhaps, 
a slight infusion of it) in the opposite direction, and thus produce the 
exosmose. 

I perfectly agree with Professor Henslow that the natural process 
of mixture is the cause of the exosmose, it being only necessary to 
suppose that the rapidity with which this process extends itself within 
the tube is somewhat greater than the velocity with which the whole 
mass of fluid which fills the tube is drawn in the opposite direction. 

But the theory of Poisson is further objectionable on this account, 
that it makes the continuation of the process solely dependent on the 
action of the fluids, whereas the experiments of Dutrochet incontestably 
demonstrate that it depends mainly on the action of the membrane. 
No doubt, the effect both of the fluids upon themselves, and of the 
membrane upon the fluids, ought to be taken into consideration, and 
this will be done in the following theoiy. 

9. If a capillary tube be divided into two parts by a plane perpen- 
dicular to its axis; the attraction of one of these parts upon a fluid 
which exactly fills the otiier part is ^cH, c being the contour of the 
inner surface of the tube, and H a certain definite integral or constant, 
depending solely on the materials of which the tube and the fluid 
consist. The contour of the tube may be of any shape whatever, curved 
or polygonal. (See Mec. Cel. Sup. au X* Li v. pp. 14 — 21.) 
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It is convenient to give a name to the quantity H; we will call 
it the capillofy affinity between the two materials of which the tube 
and fluid are composed. 

It is easy to see that the quantity H will remain unchanged if we 
conceive the tube and the fluid to exchange their materials; for, by 
the equality of action and reaction, the elementary attractions, of which 

cH 

-— is the sum, will be equal in the two hypotheses. The tube may 

be regarded either as solid or fluid, and this fluid may be either the 
same as that which fills its interior or a difierent one. 

If we conceive the density of the inner fluid to be diminished in 
any ratio, all the elementary attractions, and therefore £r, will be 
diminished in the same ratio; and if, further, the density of the tube 
be diminished in any ratio, H will be diminished in the compound 
ratio. 

10. Next, let u and v be the original quantities by volume of two 
unmixed fluids. Then, if no penetration of dimensions takes place, 
w-hi; will be their volume after mixture. If we regard the fluids after 
mixture as coexisting, each with a diminished density, within the same 
volume u-v Vi calling Tx and px these diminished or partial densities, 
(r) and (p) the densities of the* unmixed fluids, we shall have 

^ = -^ and SL - -JL. . 

(r) tt + 1; (/>) U-\-v 

whence 

^ -h^ «1 

Again, 

Vx + px^r, 

r being the total or ordinary density of the mixture. The two last 
equations serve to express rx and pi in terms of r, (r) and (p). 



RESIDUO-CAPILLARY ATTRACTION. 211 

If then we have a second mixture of the same two original fluids, 
we shall have 

and ^2 + /»8 = /»> 

where rt and pa are the two partial densities, and p the total density of 
this second mixture. These equations serve in like manner to express 
rs and fn in terms of p, (r) and (p). 

11. Let us now endeavour to express the mutual capillary affinities 
which exist between the two mixtures just mentioned, and a third 
material (as that of a membrane or tube), in terms of the densities 
of these mixtures and the mutual capillary affinities between this same 
material and the unmixed fluids. 

Let the former affinities be denoted by H, JST, i, M, N, namely, 
H between the tube and the first mixture, 
K between the tube and the second mixture, 
L between the first mixture and the second, 
M between the first mixture and its like, 
N between the second mixture and its like; 

and let the latter affinities be denoted by {H)l (iT), (L), (ilf), {N), 

namely, 

{H) between the tube and the fluid of density (r), 
(JST) between the tube and the fluid of density (p), 
{L) between the fluids of densities (r) and (p), 
{M) between the fluid of density (r) and its like, 
(AT) between the fluid of density (p) and its like. 

The attraction ^cH of No. (9) will be the sum of two partial 
attractions, namely, that of the tube upon two coexistent cylinders of 
the opposite fluids, whose densities are those of the original unmixed 
fluids diminished in the ratios ri : (r) and pi : (p). Hence by the latter 
part of that No., 
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whence 



ff.W,^ + wA 



By similar reasoning, superposing all the different attractions, each 
diminished in the ratio of the densities of the attracting and attracted 
materials, we shall have 

(»■) ip) (r) (/>) (»•) (»•) ip) ip) 



^=*<'^>^-fe^<^'-w*'^'w' 



^"''<'^>F)-S^(^'-^^<^>-&- 



By combining each of the last five equations with the four equations 
of No. 10, and eliminating r^ rj, p^ pu we shall obtain /T, IT, i, itf, 
A^, in terms of the actual densities r, p, the original affinities (/T), 
(JT), (i), {M)t (iV), and the original densities (r) and (/>). 

12. Let us now proceed to apply the principles of the three last 
numbers to explain the experiments of Dutrochet. And first let us 
consider those which relate to the statical force of endosmose. In 
these experiments the process was allowed to continue until the fluid 
raised, or rather the mercurial column which was hydrostatically sub- 
stituted for it, attained its maximum altitude; at this moment the 
densities of the two liquids were experimentally determined; and 
instituting different experiments with different mixtures of the same 
substances, Dutrochet found that the maximum altitudes were propor- 
tional to the corresponding differences of densities. 

The substances employed in his experiments were saccharine or 
gummy solutions on the one hand, and water on the other, and the 
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water was found to be transmitted in greater abundance. Common 
treacle is a very convenient substance for experiments. 

Let us suppose then that the lower part of the endosmometer is 
filled with treacle, and having a thin membrane tied over its mouth, 
is immersed in water; and let us suppose that the fluid is allowed 
to ascend until the operation ceases. 

At this moment we may regard the capillary pore which traverses 
the membrane, as communicating at its two extremities with fluid in 
the same state of mixture as the fluid in the contiguous vessels, 
there being a gradual transition from one end to the other. 



Let CiCiCiCs, be a portion of 
the membrane, A1A1A9A9 one of 
its capillary pores, with its axis at 
right angles to the plane of the 
membrane, communicating originally 
with the water at AiAi, and with 
the treacle at A9A2, but when the 
fluid has reached its maximum al- 
titude, communicating with the 
first mixture of No. (10) at AiAi, 
and with the second mixture of 
that No. at AiAi. 
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Imagine the geometrical figure of the tube, (not its material) to 
be produced both ways to Z>i and 2>sf and cut ofi* from each end 
of the tube a distance AiBi, A^Bi, equal to the tube's sphere of 
sensible attraction. 

Since AiBu and ^2^29 are insensible, we may regard the fluids io 
AiAiBiBi, and A^A^B^Bi^ as in the same state of mixture as the 
fluids in the contiguous vessels. 

Vol. V. Part II. E e 
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Let US now estimate all the forces which tend to move the central 
column OiDiDiDft in direction of its axis. 

It is plain that^ in whatever manner the fluids may communicate 
in the interior of the tube, the tube can produce no effect upon 
B^BiB^Biy since every elementary portion of this part of the fluid 
will be drawn in both directions as by an infinitely extended tube. 

We may also neglect, as producing equal and opposite forces in 
both directions, the attraction between the tube AiBi, and the fluid 
AiAiBiBi ; between the tube AtBu and the fluid AtAtBzBft ; be- 
tween the fluid tube CiAiJOi, and AiAiOiDi ; between QA^Di, and 
A^A%DftDfij between the membrane and C^A^Di; between the mem- 
brane and CiAiDft. 

Lastly, we may neglect all the mutual actions of the particles 

• 

composing the central column D^D^D^D^^ their tendency being only 
to mix the opposite fluids, and not to move the column as a 
mass. 

Of the remaining attractions we shall have at one end the 
attraction of the tube B^Bt^ upon B^B^A^A^, ( = ^ cH) -♦• the 
attraction of the tube A^B^, upon D^D^A^A^^ {^ ^ cH) — the 
attraction of the fluid tube C^A^D^^ upon A^A^B^B^, («=J^cilf); 

constituting the capillary force - (2-H — -3f). This will be opposed 

C 

by a similar force — (aJT— AT) exerted at the other end of the tube. 

SB 

The residual sustaining force is therefore 

It now only remains to express this force in terms of the actual 
densities r and p, and the initid constants 

(r), (p), (JJ), {K), {L), (Jbf), (AT). 
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IS. For this purpose let 



^^«^i, and ^=<»«; 



therefore by No. (10). 

£L— 1— if anil -£i— 1— jf« 

^^-l-*„ and ^^-1 »., 

making these substitutions in the equations of No. 11., we have 
fl'-*^ (JET) + (!-*,)(-«■). 

i = *, . (1 - *,) (Xr) + *,.(!- *,) (L) + 9,s» (M ) + (1 - *,) (1 - *,) {N). 
M= 2*, (1 -*,) (i) +*,• (itf ) + (!-*,)« (iV). 

iv = a*. (1 - *,) (Z/) + *«• ( Jtf ) + (1 - *,)• {N). 

Hence 2fl'-2Je'-JI!f+iV=^(fl) + .B(jr) + C(i) + Z>(il!f) + .K(A^), 

where ^ = 2. (*,—*•)• 

^=2.(1-*,)- 8(1-*) 

= -2 (*,-*). 
C=-2*,.(l-*,)+2«b(l-<b) 

« - 2 (*,-*) + 2 (#,•-».*). 

«2(*,-*,)-(*i*-**). 

EES 
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The residual force is therefore 



I (*.-*.) {2(fl')-2(^)-3(i) + 2(Ar)} 



+ |.W-*/){2(i)-(ilf)-(A0}. 



= (»•)*.+ (/»). (1-*); 

/) ■■ y /I* -~ f^ 

■*• ''•-*'=«<P)-J(^)-(r)}«-{(p)-(r)}«- 
The expression for the residual foroe is, therefore, 

I 'i^E^) {i{Sr)-fi{K)-iiiL)+^{N)+j^^^li{L)^{M)-UV)-]} 
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which may be put under the form 
making 



The agreement of theory with experiment, then, requires that 
should be either nothing, or very small compared with 



14. When I first began to investigate this subject, certain con- 
siderations, which it would be tedious to detail, led me to imagine 
that the fluids might communicate in the interior of the tube, 
forming a series of interlacing cylinders one within another, and I 
found the forces which tended to protrude the cylinders into the 

opposite fluids, all multiplied by {L) — - — '-^ — - . I therefore looked 

upon this expression as a measure of the tendency of the fluids to 
mix, and this tendency being, as experience shows, very small in the 
case of treacle and water, as well as in the case of the gummy 
solutions and water, afibrded an explanation why the force should 
be so nearly propoitional to the difierence of densities, as Dutrochet*s 

* Ilwre elsevhere erroneously stated, that the residual force is cA(p'»r)-\-cB{p-^ry, 
a mistake which I am glad to have this opportunity of correcting. 
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experiments seemed to indicate. But the preceding theory being 
perfectly independent of the mode in which the fluids communicate, 
it is better not to have recourse to a supposition, which 13 in the 
slightest degree precarious, especially as I am now prepared to show, 
that, in whatever way the fluids may arrange themselves within the 
tube, the rapidity of the mixing process will depend upon the mag- 

nitudeof (i)-<^^>±W. 

15. In fact, in whatever manner the mixing process may be 
effected, we may at any moment imagine the fluid to be divided 
into an indefinite number of contiguous strata, of any arbitrary or 
convoluted form, the density being the same for the whole extent of 
any one stratum, but varying from one to another. 

If the surface which separates two contiguous strata be a perfect 
plane, it is evident, by the equality of action and re-action, that this 
would be a position of momentary equilibrium, (abstracting from 
gravity, which I am not here considering.) 

Suppose, now, that this surface becomes 
undulated in an arbitrary way, and take any 
point A upon it, and draw a tangent plane 
BAD^ including with the surface JEAC, a kind 
of lens BDEC, which, with La Place, we 
may call a meniscus. Draw the normal FAG\ 
and let 22i, and R^ be the radii of greatest and 
least curvature at the point A. 

Now La Place has shown that the attraction of such a meniscus 

upon the column of fluid AF is f -^ + w) . -^ , where H is the 

capillary affinity between the material of the meniscus, and that of 
the fluid in the sense already defined. (See Supp. au X* Liv. 
page 14—17.) 
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He has also shown that the attraction of the meniscus is the 
same whichever way it be turned. 

If the meniscus instead of consisting of the left hand fluid, (as 
in the figure), consisted of the right hand fluid, the common boundary 
being the plane BAD^ there would be equilibrium, the column 
AF being attracted by the right hand fluid, just as much as the 
column ^6 is by the left. 

Since then the meniscus consists of the left hand fluid instead of 
the right, the efiect of the disturbance upon the column AF^ tending 
to draw it in the direction FA^ is the attraction of the meniscus 
upon AF^ regarding it as consisting of the left hand fluid, minus 
the attraction of the same meniscus regarding it as consisting of the 
right, that is 

M L 



\R,'^ RJ (2 ""2)' 



supposing the left hand fluid to be the first mixture of No. (10), 
or the lower fluid of No, (12). 

If then we estimate the effect in the direction AF, it is 

L M> 






In the same way, the effect of the disturbance upon AG, in the 
direction GA^ is the attraction of the meniscus, regarded as consisting 
of the left hand fluid, minus the attraction of the same meniscus, 
regarded as consisting of the right, that is 



a,'^ Bj'\2 2 ) • 



Hence the whole attraction in the direction GF, is 



(i^i)(^-^)- 
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If we substitute for L^ M^ N, the expressions at the commence- 
ment of No. (IS), we shall find 

2L-'M-N:=A{L) + B{M) + C{N), where 

^ = 2 *i . ( 1 - *») + 2 *8 . ( 1 - ^1 ) - 2 *i . ( 1 - *i ) - 2 *2 . ( 1 - *«) 
= 2«,-2«i«s + 2^s-2«i«s-2#i + 2^i'-2#8 + 2«,' 
= 2*i"-4*i*a + 2V 
= 2(*i-^,)«, 

jB ^ 2 ^i ^j —• #1 — ^j 

= -(*!- *,)». 

C=2(l-*.) (l-*.)-(l-*0*-(l-*.)' 
= -(«iT*»)*5 

/. 2L-M-N=^ (*,-*,)».{«(Z,)-(J»f)-(i\r)} 
The effect of the disturbance in the direction GF^ is therefore 



or 



(i + ^) B (,-r). 



consequently if (X^) be greata: thian — ^-3-^ — ^, or, if the capillary 

affinity of the opposite fluids exceed an arithmetic mean between 
the capillary affinities of the two fluids for fluids of their own kind, 
the tendency will be to depart 9tiU farther from the position of 
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equilibrium, and the tendency is the greatest where the curvature is 
the greatest. 

• 

16. Hence it is easy to see that the protruding segments of each 
fluid will become more and more pointed at their summits of greatest 
curvature as they advance into the opposite fluids, thus forming 
interlacing spicule, shooting into the opposite fluids, and at the same 
time inosculating with each other by their lateral protrusion, and 
that this process cannot cease until the fluids have divided each 
other into segments of a magnitude comparable with that of the 
sphere of sensible attraction. 

Beyond this limit the theory does not hold. It is very possible then, 
that in some cases a limit may be attained where the mixing fluids 
have arrived at such a state of subdivision, that the conditions for 
continuing the subdivision are no longer satisfied; in other cases it 
is possible that the subdivision may proceed until the ultimate atoms 
of the opposite fluids act upon each other by ones, twos, and threes, 
thus effecting a chemical decomposition : nature presents numerous 
instances of both kinds. 

17. But though the mathematical theory is not strictly applicable 
when the subdivided segments are of less magnitude than the sphere 
of sensible attraction, it may be considered as an approximation to the 
truth considerably beyond this limit. For, the most efiective part of 
the attraction of each segment being that exeH;ed by the particles 
in immediate contact with the normal column, the diminution of 
the segments will only have the efiect of removing the more feeble 
part of the attractions which the theory takes into the account. It is 
therefore probable that, even in cases where no chemical decomposition 
takes place, the subdivision of the fluids may be carried to a limit far 
beyond that to which the theory is strictly applicable. Besides, the 
processes of nature are not interrupted of a sudden; the tendency 
therefore to farther subdivision cannot be suddenly arrested, but in 
cases where it is ultimately reduced to nothing, it must be so by 
passing through all degrees of magnitude. This reasoning is further 

Vol. V. Paet II. F y 
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confirmed by those experiments which demonstrate the almost infinite 
subdivision of matter by repeated dilution, experiments which are 
familiar to every one. This infinite subdivision is, in fact, involved in 
the mathematical conception upon which this theory is founded, namely, 
that in the state of mixture the two fluids may be regarded as 
coexisting within the same volume, each with a diminished density. 
This conception cannot of course be a rigorous representation of nature ; 
but is sufficiently so for the application of La Place's theory, or, which 
comes to the same thing, for the summation of the attractions by the 
principles of the Integral Calculus. 

18. In cases of simple mixture, unattended with a chemical change, 
the ultimate segments of the opposite fluids, though in an extreme 
state of subdivision, have a separate and independent existence, which 
renders it highly probable, that the volume of the mixed fluids should 
equal the sum of the volumes of the unmixed fluids. This supposi- 
tion has been made in the preceding theory, and I find by experiment 
that in mixtures of treacle and water it is accurately true. The same, 
I believe, is true in all cases of simple mixture, where no chemical 
result takes place, such as the precipitation of solids, or the disengage- 
ment of heat or other volatile constituents. To liquids whose union 
is accompanied by such phenomena the present theory is inapplicable, 
not only on account of the penetration of dimensions, with which 
such phenomena are generally attended, but on account of the change 
of affinities, which the escape of some of the constituents must 
necessarily produce, including heat, which, regarded as a chemical 
constituent, is as important as any. 

19. The addition of a third fluid to one of the liquids, by altering 
the chemical affinities, must likewise alter the capillary affinities, which 
are only a different modification of the same corpuscular attractions 
which produce the former. It is not surprising then, that Dutrochet 
should have discovered some substances which accelerated the process 
in his experiments, and others which retarded it or stopped it 
altogether. 
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Water impregnated with sulphuretted hydrogen was found not only 
to stop the process, but to destroy the energy of the membrane for 
subsequent experiments with pure water and pure saccharine solutions. 
No doubt the sulphuretted hydrogen had decomposed the surface of 
the capillary pore, leaving a coating of putrid matter, which was not 
possessed of such capillar}"^ properties as to supply the place of the 
material of the membrane. That this is the true explanation is shown 
by the fact, that when the membrane was for a long time steeped in 
water and well washed, its energy was restored: in fact, the putrid 
matter being washed away, the membrane presented an unvitiated 
surface to the fluids. Heat and electricity may be classed amongst 
these chemical agents, as they operate their effect precisely in the same 
way, namely, by changing the chemical and consequently the capillary 
affinities. 

20. If we wish to compute the height to which the fluid will 
rise in the endosmometer, let ^ be the height of the supported column 
above the surface of the membrane, and z the height of the lower fluid 
above the same, <o the transverse section of the tube; the difierence 
of the pressures of the cylindrical columns co^ and ««, having the 
common section w, is gptol^'-grwz : this must be counterbalanced by the 
sustaining force cA(j>-'r) + cB{p^'-r^)y which denotes a pressure on the 
same scale; 



^ to ff \ P J (o ff \ p J p 



If a column of mercury be hydrostatically substituted for the 
ascending fluid, as in the experiments of Dutrochet, calling Z the 
altitude of the mercury, and M its density, we must have 

^ «• g'[ B )^ wg'\ R y^ i2*' 

this of course being subject to a correction when the dstem of the 
mercury is not on a level with the membrane. 

FF2 
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21. If the pore be circular, let 5 be its diameter, then 

c = 27r.— , and « = w.-7 ; 
c 4 



* • 

w 



the sustaining force is therefore inversely proportional to the diameter 
of the pore, as in ordinary capillary attraction. 

Hence we see how the membrane^s delicacy of texture contributes 
to the intensity of the sustaining force. 

22. It is now easy enough to see in what manner the process is 
effected. The residual force c-4(/i— r) + cB(/>* — r-), which would result 
if the ends of the tube communicated with fluid of the densities 
r and p, being greater than the altitudinal pressure upon the section w, 
would cause the fluid within the tube to move as a mass into the 
endosmometer, thus bringing fluid more and more diluted to the 
issuing orifice; this will continue until the residual force is weakened 
to such a degree as exactly to counterbalance the altitudinal pressure. 
Contemporaneously with the former motion, the mixing process will 
transfer the two fluids in opposite directions, the current from the 
endosmometer towards the water producing the exosmose, and the 
opposite current supplying the deficiency caused by the exosmose, and 
therefore not contributing to the endosmose. The diluted fluid which 
was carried into the endosmometer by the residual force, will graduaUy 
mix with the treacle within, whether that mixture be carried on near 
the orifice of the tube, or whether the diluted fluid be raised by its 
specific levity higher up in the endosmometer. The extremely small 
portion of diluted fluid which has thus been transmitted, and the 
viscosity of the treacle, render it most* probable that it would not be 



* This probability amounts nearly to certainty when we consider that the denser fluid 
has no access to the lower part of the transmitted fluid. It is only when a lighter body 
is instUaied, or partially insulated, in a denser that it rises by its specific levity. 
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carried up by its specific levity, but rather adhere to the membrane 
in the way J^hat bubbles of air adhere to the sides of vessels containing 
water or mercury. But, be this as it may, the end of the tube which 
communicates with the endosmometer, will soon be surrounded by a 
stronger infusion of the treacle, which will again bring the residual 
force into action; thus a fresh portion of the fluid will be introduced 
into the endosmometer, and the same process will be repeated as before. 
For the sake of explanation, I have supposed the residual force to 
produce its effect discontinuously, but it is easy to see that the process will 
really be continuous, the united actions of the endosmose and exosmose 
always keeping the orifices of the tube surrounded by fluid in such a 
state of dilution that the magnitude of the residual force will be exactly 
sufficient to create a supply proportioned to the demand arising from 
the mixing process which is continually proceeding within the endosmo- 
meter. The residual force cannot be less than this, for if it were, the 
encroachment of the treacle upon the issuing orifice would immediately 
increase it ; nor can it be greater, for then the accumulation of the more 
diluted fiuid at that same orifice would immediately diminish it. 

23. The quantity transmitted in a given time must depend more 
upon the rapidity with which the mixing process is carried on within 
the endosmometer than on the magnitude of the residual force. This 
force is certainly essential to the transmission, but its eflect is no other 
than that of a pump which supplies the fluid from below as fast as it is 
wanted, and no faster, and that of a catch or valve to sustain it when it 
is once elevated. The moving force at the summit of any protruding 

spicula is by No. (14) represented by ( p- + -^ ) fl(/3 — r)*, and is, 

therefore, for spicule of given shape, as the square of the difierence 
of densities. It might appear then, at first sight, more probable that 
the quantity of the lower fluid absorbed by the fluid in the endosmo- 
meter in a given time, would be more nearly as the square of the 
difierence of densities, than as the simple power of this difierence, which 
is the law the experiments of Dutrochet tend to establish. But such 
a conclusion would be very precarious, as will appear by the following 
considerations. 
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24. Let us imagine two different experiments, all circumstances, 
as regards the materials, form and disposition of the apparatus, being 
exactly similar, but the proportions in which the substances are mixed 
on each side the membrane, being different in the two experiments. 
Let us suppose also that the mixing process takes place in both experi- 
ments after exactly the same type^ only with different velocities, that 
is to say, that at certain times, t and t\ / + t and ^ + t, / + 2t and 
t' + 2T\ &c., the protruding spiculaB from the lighter fluid exist in 
exactly the same state in both experiments, as regards their number, 
shape, size and situation. 

This supposition being made, the volume of the lighter fluid absorbed 
by the fluid in the endosmometer in the two experiments, will be equal 
in the intervals t and t : also the summits of the spiculae will have 
described the same paths in the two experiments during these same 
corresponding intervals. Let t and t be indefinitely small, and let us 
equate the spaces described by the summits of any two corresponding 
spiculse between the epochs t and / + t, /' and ^' + t, and also between 
the epochs t and < + 2r, f and /' + 2t. 

Let a be the sphere of sensible attraction, and imagine a small 
normal column 2 a at the vertex of each spicula, being half in one 
fluid and half in the other. 

The two spicules having by the hypothesis the same shape, the 
moving forces upon these columns are as (/> — r)* and (p^f^y, and the 
masses moved are as ap-far and ap+ar\ that is, as p + r and p' + r'; 

the acceleratinff forces will therefore be as -^ ^ and ^, / ; let 

^ /5 + r p +r 

them be k ^^^' and k .^, — f-. Then if v and v' be the velocities 

p + r p -^r 

of the two summits at times t and t\ equating the corresponding spaces, 
we shall have 

and 

* P+r * p +r 
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These equations are equivalent to the following: 

VT^VTy and — =^^—7 — —, — ; 

p + r p+f^ 

whence 

!^ - l! - P^^ A./Z!±Z 
V T p' — r p + r 

Let q be the volume of fluid absorbed in the times r and x , which 
we have seen to be the same in each experiment; and let Q and Q 
be the quantities absorbed during a given time T, T not being so 
great but that r, p, r' and p' may be considered the same during this 
interval. 

If then there be a law connecting the quantities absorbed in a given 
time with the densities, we must regard this absorption in each experi- 
ment as uniform during the time T; 

.'. Q : q :: T : t, 

and Q : q :: T : t\ 

.. Qr^qT^Q^T^ 



. Q- - P-r /p' 



■f-r' 



Q T |o' — r' /) + r 

The supposition we have made, as to the exactitude of type in the 
two mixing processes, is particular ; but if there be a general law which 
is applicable to all cases, that must include the case supposed, and 
therefore the result of the particular case must coincide with that of 
the general law. If then there be such a law, it is expressed by the 
proportion 



Q: Q :: 4=^ : 



— r 



Vp + r ' y/p' -f r' * 

This being true in different experiments, must be true in different 
stages of the same experiment. 
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Now in the same experiment p diminishes and r increases as the 
experiment proceeds, and therefore the variation of p+r is small com- 
pared with that of p — r\ the quantities absorbed will therefore be 
pretty nearly in the ratio of the difference of densities, as Dutrochet 
found them to be. Whether the proportion 



Vp + r * \/j7TP 

may be a more accurate representation of nature than the law of 
Dutrochet, is left to the test of experiment. 

25. It may perhaps be objected to the theory of No. (12), that 
the ordinary theory of capillary attraction supposes the dimensions of 
the tube to be incomparably greater than the sphere of sensible attrac- 
tion, whereas the fact, that these pores are so small as to elude 
microscopic observation, might lead us to apprehend that their dimensions 
were of a size comparable with that sphere. The example which has 
been calculated in No. (7)» does not seem to leave any cause for such 
an apprehension. But supposing this were the case, the only difference 
it would make in the theory is this: that, whereas, on the former 
supposition, the quantities ^cH^ \cKy &c., denoted the results of 
integrations extending from nothing to infinity, and not otherwise 
depending on the form of the tubes than by involving the contour c 
as a multiplier; on the second supposition, the limits of the integra- 
tion will depend on the form of the tubes and the texture of the 
membrane: but these limits being the same in the eases compared^ it is 
easy to see that the theory will be still true on the latter hypothesis^ 
provided we look upon ^c(JEr), ^c(Jr), &c., as denoting certain 
unknown limited integrals depending not only upon the nature of the 
materials, but also upon the form and size of the capillary pores. The 
residual force will, therefore, on this hypothesis also, be of the form 

26. By the application of similar reasoning to the theory of No. (15), 
it is not difficult to conclude that the moving forces upon the normal 
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ccdumns at the summits of spicules of given shape and sute will be a& 
(p— r)% even when the dimensions of the spicul.se are indefinitely less 
than the sphere of sensible attraction. For, the attraction of a meniscus 
bounded on one side by a plane surface, upon the conterminous normal 
column, will in all cases be a definite integral depending on the shape 
and size of the meniscus, and the demonstration of La Place, by which 
he shows that the attraction of such a meniscus is the same whichever 
way it be turned, is perfectly independent of its size and the shape of 
its curved surface. 

Let then I be the attraction of any meniscus upon the conterminous 
normal, the meniscus consisting of one mixture, and the normal of the 
other; m, the attraction of the same meniscus when the meniscus and 
column consist both of the first mixture; and », the same thing when 
they consist of the second mixture. Then reasoning exactly ' as in 
No. (15), the moving force upon the column GF will be 3,1— m—n; 
and if (/), (m), (»), be the initial values of /, m, », it may be shown 

exactly as before, that 2/— «» — » = i(\^(\l* ' ^^^^^ " ^^^ "" ^^^^' *^^ 

theory of No. (11) being equally applicable in this case. Hence, how- 
ever minute the spiculse may be, the moving force upon the central 
column will, for spiculse of given shape, be as the square of the difference 
of densities. 

This consideration applied to the theory of No. (25), gives it a 
generality which renders it as satisfactory as can well be desired. 

J. POWER. 

Trinity Hall^ 

March 29, 1884. 
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X. On Aerial Vibrations in Cylindrical Tubes. By William 
Hopkins, M.A. Mathematical Lecturer of St Peter*s CMege, 
and Fellow of the Cambridge Philosophical Society. 



[Read May 20, 1833.] 



The problem which has for its object the determination of the 
motion of a small vibration propagated in an elastic medium along a 
prismatic tube of indefinite length (the motion of every particle in 
each section of the tube perpendicular to its axis being the same) was 
long since solved by Euler and Lagrange. The problem, so nearly 
allied to this — ^to determine the motion of an aerial pulsation in a tube 
of definite length — ^has not been so satisfactorily solved/ the tube being 
either open at the extremity or stopped with a substance possessing 
some degree of elasticity. In addition to the difficulties of the former 
problem, we have in this latter one those still more formidable difficulties 
which exist in the determination of the circumstances of the motion 
at the confines of two elastic media in the closed tube, or at the 
extremity of the open pne, where the air in the tube communicates 
with the circumambient air. These motions must no doubt be deter- 
minable from the nature of the media, and the causes producing and 
maintaining the vibrations, having nothing arbitrary in them, except 
what may be so in the original disturbance; but I am not aware 
of any progress having been made in the direct solution of these 
questions, which now forms one of the greatest desiderata in the appli- 
cation of mathematics to physical science; and in our inability to 
&etermine these motions at the extremity of the tube, either by theory 
or direct observation, we are driven to the necessity of assumptions^ 
It is from a difference in these assumed conditions that we have the 

GG2 
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different solutions which mathematicians have given of the problem in 
question. The principle on which we ought to proceed in making such 
assumptions is obvious; they .should be subjected to no restrictions, 
(not imposed on them by our theory), which are not necessary to draw 
those deductions and inferences from our mathematical results^ which 
admit of verification by experiment, to the test of which an assumption, 
in any degree arbitrary, must necessarily be subjected before it can claim 
our confidence. The physical conditions however on which the solutions 
of this problem depend, (as far as it is distinct from that of the motion 
of a wave along a uniform tube of indefinite length), have neither 
been assumed on this principle, nor subjected, as far as I am aware, 
to this experimental test. It has been principally with the view of 
remedying these defects that I have prosecuted the researches, an account 
of which I have now the honour of laying before the Society. 

1. The physical conditions assumed by Euler, and by most of those 
who have since written on the subject, are, that the particles of air at 
the extremity of a closed tube are always at .rest; and that no con- 
densation of the air takes place at the extremity of an open one. The 
first condition involves the supposition of the perfect rigidity of the 
material with which the tube is stopped. This cannot be accurately 
true, but probably leads to no error very appreciable to observation. 
The second condition assumes an equality in the densities of the external 
air, and of that within the tube immediately at its open extremity, 
during the whole time of the vibrating motion, in the same manner as 
if the air were at rest. This supposition carries with it but little 
appearance of being even very approximately true; for it is difficult 
to conceive how a sonorous wave could thus be produced and maintained 
in the surrounding air from the open extremity of the tube, and it 
appears perfectly irreconcileable with the fact of the sudden cessation 
of sound after the cause producing it has ceased. M. Poisson, struck 
with these objections, has assumed another physical condition as appli- 
cable to any tube, whether open or stopped, viz. that there exists at the 
extremity of the tube, during the whole motion, a- constant relatiori 
between the velocity of the particles of the fluid at any instant, and 
its condensation, this relation depending on the nature of the substance 
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with whkh the fluid at the extremity of the tube is in 
contact. This condition is manifestly less restrictive than those of 
Euler, since it involves no supposition of the perfect rigidity of bodies, 
and leaves room for a certain degree of condensation and rare£EUrtion 
of the fluid at the extremity of the open tube, thus removing the 
difficulty above-mentioned respectmg the maintaining of aerial pulsations 
from the open end, in the circumambient air; while it enables us also 
to account in some measure for the rapid cessation of sound with the 
cessation of the cause producing the vibratory motion of the air in 
the tube. 

2. The two authors above-mentioned have written elaborately on 
this subject of the vibrations of elastic fluids in tubes. Mr Challis 
also in his paper published in the Transactions of this Society, (Vol. III.), 
has been led to the consideration of the conditions which hold at the 
closed or open extremity of the tube in which the air is in a state 
of sonorous vibration, though the determination of this point forms 
with him a collateral rather than a principal object. He assumes that 
a pulse proceeding along a cylindrical tube will be reflected from the 
further extremity if the tube be stopped, the intensity of the reflected 
pulse being equal to that of the incident one; and that if the extremity 
of the tube be open, it will pass into the circumambient air, sending 
back no reflected wave within the tube. If this were the case, it 
would immediately account for the apparently instantaneous cessation 
of sound above-mentioned; but there are other equaUy obvious 
phenomena, for which this hypothesis appears to offer no adequate 
solution. 

3. It will be observed, that Euler has supposed either the velocity 
of the particles or their condensation to have, at the extremity of the 
tube, a constant value, independently of the time; while M. Foisson 
has supposed this constancy of value to belong to the quantity ex- 
pressing the relation between the velocity and condensation. It does not 
however appear to me probable that any such conditions, independently 
of the time, should hold. All the above assumptions are equally 
arbitrary, and equally require to be put to the test of experiment. In 
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applying this test, I find that the deductions from the results, derived 
from any of the three hypotheses above-mentioned, do not sufficiently 
accord with the observed phenomena to be perfectly satisfactory. This 
discrepancy is more particularly observable in the position of the nodes 
or points of minimum vibration in the open tube. According to Euler's 
hypothesis, these nodes would be places of perfect rest ; and they would 

be distant from the open end by an exact odd multiple of j, where 

X s length of a whole undulation. From the hypothesis of M. Poisson, 
their positions would be the same as in the above case, but they would 
become points of minimum vibration, and not of perfect rest. Mr 
Challis's supposition would lead to the conclusion that no nodes existed 
in this case, except they should be produced by some vibration of the 
tube itself, a cause the total inadequacy of which to produce any appre- 
ciable effect, must be immediately recognized by every one who has 
made experiments on this subject. The facts, as determined by experi- 
ment, are very obvious; and it appears that there are nodes, which 
are points of minimum vibraition and not of perfect rest ; that they are 

equidistant, but that denoting this distance by ~, the distance between 

the open extremity and the nearest node is considerably less than -. 

I shall not in this place proceed further with the detail of experimental 
facts; but shall first shew how the theory of this subject may be 
generalized by the assumption of conditions less restrictive than those 
which have been made by the writers I have mentioned. In the second 
section, I shall describe the experiments which have suggested these 
assumptions ; and shall conclude with some observations on the resonance 
of tubes, so far, more particularly, as it is allied to the investigations 
contained in this paper. 

The form under which I shall consider the problem, is that under 
which it presents itself, as nearly as possible, in the experiments I have 
to describe. 
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SECTION I. 

4. Suppose the tube AB^ (fig. I.), open at A^ and stopped at B^ 
with some substance possessing any degree of elasticity; and suppose 
the vibrations first produced and kept up by a rigid diaphragm, vibrating 
according to a given law at A, and perfectly excluding the air within 
the tube from any communication with the external air. We have 
the usual equations 

V ^f{at-x) + F{at + x)\ 

(A), 

as -f(at- x) - F{at + x)] 

V denoting the velocity of a particle at distance x from the origin, 
and s the condensation at the same point at the time t, and a being 
the velocity of propagation of an aerial pulse along the tube. 

One of our conditions must necessarily be, that the velocity of the 
air within the tube and immediately in contact with the diaphragm, 
must constantly have the same velocity as the diaphragm itself, con- 
strained to move according to a given law. Let this velocity = <p{at). 
Then shaU we have 

<l>{ae)=/{a() + F{af) (1). 

5. To ascertain the nature of the second condition, which must 
hold at B9 where the motion of the wave propagated along the tube 
is interrupted, we must consider the effect which will be produced on 
the stop by the action of the air within the tube. The vibratory motion 
will produce alternations of condensation and rarefaction at the ex- 
tremity B, which will tend to put the substance forming the stop in 
vibration; and if it will admit of vibrations having the same period 
as those of the air in the tube, this effect will be produced by the 
constant reiteration of the cause above-mentioned. If the substance is 
not susceptible of vibrations of this kind, no appreciable effect will be 
produced upon it. 
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The determination of the nature of these vibrations, or of the 
function expressing the velocity at any instant of the extreme section 
of the stop, will necessarily depend on the material of which it is made ; 
and any solution of the problem in question, independently of this 
consideration, cannot be regarded as complete. Still, whatever may be 
the nature of the stop, we know that the period of its vibrations must 
be the same as for those in the tube; and it is also manifest, that each 
vibration of the stop must begin at a time later by an interval at least 

nearly = - , (/ = the length of the tube), than the corresponding vihmtion 

in the diaphragm at A^ whence the original disturbance is supposed to 

proceed. I say that this interval is nearly equal -, because certain 

phenomena, of which I shall speak hereafter, seem inconsistent with 

its being in particular cases exactly = -. I shall therefore, to give the 

assumption all the generality possible, consider it as generally = - + arbi- 

trary quantity, to be determined in each particular case by experiment. 
Hence then, if >/r denote the form of the function of the time exjuressing 
the velocity of the extreme section of the stop, we shall have the 
velocity = >/^{ a ^ — (/+c)} , c being arbitrary. This must also be the 
velocity of the extreme section of the air at S, consequently we have 
as a second condition 

Vr{a^-(/+c)}=/(a#-/) + F(fl< + /) (2). 

We have from (1) 

0(a/ -h /) =f{at + /)-»- F(at + /) ; 

and eliminating F{at'\'l\ 

or, writing at+l for at, 

f(at+2l)^f{at)-ylf(at'-c)'b<l>{at+»l)......(B). 
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The substance forming the stop being known, so that we might 
regard the vibrations produced in it under given circumstances de- 
terminable, the relation between the functions y}f and y would be 
known, and the function y would be the only unknown one in the 
above functional equation, from which, any particular form being 
assigned to 0, that of y* must be determined. The arbitrary quantity 
which will be involved in the solution of this equation, must be 
determined by the original value of the function /I 

6. We have here supposed the tube to be stopped, but the 
equation (B) will still be true for the open tube, yjr {at — {I + c)} , de- 
noting always the velocity of the extreme section at the time /. 

Equation (2) gives us 

/^(a< + /)=-/(a<- /) + >/. {at-il+c)}, 
and writing at + x, for at + l, 

F{at + x)'=-f{at-i2l-x)}+ylf{at-{2l+c-x)}. 

Hence, 

v=/{at-x)-f{at-{2l-x)}+yff{at-{2l+c-x)] 

The form of y being determined by equation J5, these last equations 
will give the complete solution of the problem. 

7. Before we proceed to consider particular cases, we will exhibit 
these equations (C) under another form, which will be useful in 
deducing some general inferences as to the nature of the motion in 
the tube. 

Let T denote a period of time, from the commencement of the 
motion at A^ less than that which is necessary for the pulse to 
travel twice the length of the tube; consequently at will be less 
than S/. 

Equation (B) gives us 

/(«T -h 21) =/(aT) -ylfiar-c) -{-<!> {ar + 21), 
Vol. V. Part II. H h 



(C). 
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and for nr, writing ar — x^ 
/{(aT + 2/)-a?}=/(flT-a?)->|^{aT— (j? + c)}-f-0(ar + 2/-a?) (3). 

Also putting aT + A/— 0?, for «t, 

=/(aT-a:)->/^{aT-(a? + c)} 



+ 0(aT + 4/-a?). 



And similarly, we have 



/{'.(-+^^ 



a / 



-*} 



^i/r{aT-(« + c)}. 



V'{a(T + —)-(« + «)}, 



=f{flr-x) 



-X^-i 



4/ 



V' {«('■+—)-(« + <;)}» 



&c 






&& 



2n/\ 



.^{«('^ + -|-)-«} 
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In the same manner, 



=/{or-(2/-a;)}- 



'ylf{aT-{2l+e-x)}, 



&iC. 



^|a(r+«i^)-<2/ + c-.;r)} 



V{fl(r + |')-(2/-;r)}, 



"r ( 



&c. 



2nl 



^{a{r + ^)^i2l-x)} 



2tt^ 



Hence we have at the time (t + ) , 

« 

V ^f{aT-x)-/{ar-(il-x)} 

- {>/r [aT-(a? + c)] - >/^[aT— (2/+c-aj)]} 

— &c. 



-{+i«[xt?i=ia:-^-(.«)!-*{<.[-^^'] -(««-«)(} 



inl\ 



+ i'{a(T+ -j-j -.(9,1+c-x)} 



2A 



2A 



+ {« (t + |-) -^} - {« (r + I') - (2^- X)} 



+ &c. 



27i/ 



2n/ 



+ {« (r + ^') -;r} -0 {« (r + ?^) - (2/ - ;.)}, 



HH2 
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or. 



V =/(aT-x)-/{aT-(2/-x)} 

2{r-l)l 



2(r-l)^ 






2»/ 



+ y{' {air +-^\ -(2l+c-x)} 



y..(D)(I). 



+ 2,=,{0C«(T+^)-(*+c)]-0[a(r+^)-(2/+c-x)]}. ^ 

Similarly, we find 

a*=/(aT-x)+f{aT-(il-x)}, 



2(r-l)/ 



2nl 



->/.{a(T+ -^)-(2/ + c-a;)} 



)... (D)(2). 



2rA 



2r/\ 



+ 2.=i^{0[«(^ + ^)-(-^ + «^)] + 0[«('- + ^)-(2^ + c-*)]}. ^ 



8. The function y(aT — or), in the expression for v, represents the 
velocity of any particle produced by the first wave, propagated 
along the tube from the original disturbance at A, so long as t 

is less than -; and if this wave were reflected entirely from J?, 

the first line of the above expression for i?, would give us the velocity 
of any particle within the sphere of the reflected wave, the time x 

not exceeding — . 

With our supposition as to the original disturbance, the form of J' 
[t less than —J will be immediately known from that of 0. The 
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other terms in the general value of «?, shew how the general waves 
in which we have 

Vi^fi{at — x\ and f?« = yi{«^-(2/— a:)}, 

are formed by the superposition of successive waves, as the time 
increases. If the velocity becomes by this superposition so large, that 
it can no longer be considered extremely small as compared with 
the velocity of propagation (a\ our analysis will be no longer ap- 
plicable; but if V never exceed a certain value, the motion will 
become regular, and follow the law which our investigations indicate. 
Let us consider in what cases we may expect these effects to be 
produced. 

9. We have at present imposed no restrictions on the forms of 
the functions denoted by 0, f and >/^, except that their greatest 
values shall be small compared with a. In order however that the 
undulations may be sonorous, ^, and consequently y and >//, must 
denote periodical functions, so that the values of <p (x), y (x), and >/^ (ss), 
will recur as often as x is increased by a certain quantity. We will 
also impose an additional limitation upon them, to which, in all 
practical cases they will probably be subject very nearly, as will 
certainly be the case in the experiments to which I shall hereafter 
more immediately refer. Supposing then their values to recur, when 
% becomes «±mX, {m any whole number), we will also suppose them 

to recur with different signs when ss becomes z±m'-; {m* being 

any odd number). 

10. First suppose the greatest value of >/^, small as compared with 
that of y or 0, as must be the case in a closed tube. In the above 
expression for u, it will be observed that the quantity represented by 
% increases as we proceed from one term to the next, in a vertical 
line by 2/. 

Suppose then 

il^m' . -, or / = «i'--. 

X 4 
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In this case it is manifei&t that the consecutive terms taken in the 
order just mentioned will destroy each other ; and there will con- 
sequently be no accumulation of motion in the tube, and the 
vibrations will go on uniformly. Again, let 

2/ = »iX, or l=^2m.-T. 

In this case the values of the successive terms taken as before in 
the expression for v will be equal, and with the same sign. Hence, 
if we take x of any value, except such as would render 

{at'-x)^<t> {at - (2/- a?)}, 

[which value of a: is l — m-]^ it is manifest (since the value of <f> 

is greater than that of >//), that the motion will constantly increase 

for such points, and will soon become greater than is consistent 

with our original suppositions. Such a vibration then cannot be 
maintained. 

11. Again suppose the functions 0, ^ and >/^, to be continuous, 
and suppose 

2/=«»'^+2X', or /=wi'7+X', 

X 4 

X' being any quantity less than -; the consecutive terms of 2.0(»), 

will not then destroy each other, but as the number of pairs of terms 
increases, the sum will increase till 0(« + 2r^ becomes negative, it will 
then decrease, after having thus attained a maximum value. Maxima 
and minima values will thus occur alternately, and the same will hold 
for 2.>/^(»). If these maxima values do not render v greater than our 
original suppositions allow, the vibrations may be maintained. 

Since these maxima values are 0, when /=m'.-, and greatest 

when /a=w'.-, we conclude that they will be intermediate for inter- 
mediate values of /, following some continuous law. Hence we infer 
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I 



the possibility of maintaining sonorous vibrations of which the period 
is -9 in stopped tubes of which the length differs considerably from 

w' . 7 , particularly if the greatest value of y\^ should not be very 

small. If the supposition we have made respecting the continuity of 
the function more particularly, should not be quite true, it is not 
likely in those practical cases to which we can best refer, to be so 
far wrong as to render the above reasoning otherwise than at least 
approximately true. 

12. Our supposition has been that the intensity of the disturbance 
denoted by >/^, is considerably less than that indicated by 0, the tube 
being stopped with some substance having a certain degree of elas- 
ticity; if the tube be open, it seems probable from certain pheno- 
mena, that the reverse of this supposition is true. 

Assuming this to be the case, the expansion of the expression 
for V may be put under a more convenient form. 

Let 

>/r{a*-(2/-fc-d?)}=2/{a/-(2/-a?)}-V',{a<-(2/ + c'-^)}, 

Then 

t;=/(a/-a.)-f/{a*-(2/-d?)}->/.i {a/-(2/+c'-a?)} (a), 

and equation (3) becomes 

/(aT + 2/-^)=-/(aT-ar)-f>/ri{aT-(a? + c')}+0(aT + 2/-a?) (4). 

By proceeding exactly as in the former case, we obtain 



2nl 



->^i{a('r + -^)-(2/+c'-a?)} 



irl\ n . r / 9rl' 



(E)(1). 



+ 2,^,(-l)*-{0 [a (t + ^) ^x] + [a (t + *!.] .(a/.o:)]} 
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Similarly, we find 

2,=.(-l)-'{>^.[a(T+^^)-(a:+c')]-V'.[a(x+?^)-(2/+c'-x)]} 



r = »» 



2nl 



+ >/,,{« (r + ^)-(2/+cW)} 



; .(E)(2). 



+ 2,=.(-l)-'{0[a (r + ?^) -^] - 0[a (t+ ^) - (2/ -*)]}. 



Reasoning on the expression for v, exactly similar to that used 
above, will in this case show that sonorous vibrations cannot be 

maintained if / be too nearly equal to an oM multiple of -; but 

that they can be continued, if / do not differ too much from an 

even multiple of 7.* 

13. If we examine the expressions for as in the last article, and 
in Art. 7, it will appear that the condensations and rarefactions at 
the surface of the vibrating plate within the tube, are such as to 
produce forces opposing more strongly the motion of the plate as 
the lengths of the tubes approximate respectively to those particular 
lengths for which it will be impossible to maintain the vibrations in 

the tube ; and when the lengths differ from the above by -r , these 

condensations and rarefactions are such as to promote the motion of 
the plate, instead of opposing it. 

14. The expanded expression for v may be put also under another 
form, which it may be useful to point out for the case in which 
the intensity of the disturbance denoted by >//, is considerably greater 
than that denoted by 0. 

* The quantity c' in these general inferences is not taken into account Its value 
however is considerable^ as will be seen hereafter. 
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This is deduced, by assuming 
or, 

Then the equation (a) (Art. 12) becomes 

i,=/(a/-ar) + (l--/3)/{ii/-(2/-a?)}~>^'{a/-(2/ + c''-a?)} (/3). 

We may observe, that since the vibration denoted by yj/, is pro- 
duced by that denoted by /I it seems a necessary consequence that 
their periods must be the same. Their phases also are nearly so ; 
and if in addition we assume that the Jbrm of the function ex- 
pressing the one motion, does not differ very widely from that ex- 
pressing the other, (however the intensity of the vibrations may differ) 
it is manifest that j3 may be so taken that the intensity of the 
vibrations denoted by the unknown function yf/ shall be small com- 
pared with that indicated by 0. 

Equation (4) becomes 

/(aT+2/-a?)=-(l-i3)/(«T-a?) + >/.'{ar^(a?+0}+^(«T+2/-a?) (5), 

= —hfiar - a?) + >/^' {ax - (a: + c")} + («r + 2/- x\ 
if 1-^ = 6. 

This gives us 

2»/\ 



/{a (r + ^) -or} =( -ft)-/(aT- a:) 






%rl\ 



+ 2,. .j - ft)-' {« (r + -^) - X}. 

/ 9 9k t\ 

And the equation (/3) becomes, (when ^=t + — ], 
p = (-6)- {/(ar-a?) +6/[aT-(2/-j?)]} 

+ 2„.(-ftr ' {^' {a[T+ ?^^:=l>^^]-(x+0} +*>^'{«[t+ ^^^ 

+2,.j^(-A)-' {0[« (r + ^) -*] +60[a(T + ^^) -(«/-ar)]}. 
Vol. V. Pabt II. 1 1 



\ 
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Since b is less than unity, and n soon becomes a very high 
number, after an extremely short time the first line in this expression 
may be neglected, as may also all the terms in the other lines in- 
volving high powers of 6. 

Whence it follows that the original disturbance (on which the 
form of the function f will depend), will cease in an extremely short 
space of time to have any eflfect on the form of the existing vi- 
bration, supposing the vibrations maintained by some cause distinct 
from that producing the original disturbance. 

Also, if the cause maintaining the vibrations cease, the vibrations 
themselves may cease in an extremely small space of time. 

The( inferences we have drawn from the former developement (E) 
of the expression for r, may be drawn from this and perhaps with 
still greater facility. 

15. If we suppose y\/ («) always = 0, the expression for t? will 
reduce itself to the same as that given by M. Poisson. But in this 
case it will be observed that all the functions involving the quantity c" 
disappear, which renders it impossible to account on this theory for the 
position of the modes or points of minimum vibration as determined 
by experiment*. For the purpose of determining the positions of 
these points theoretically we will recur to the equations (C), the first 
of which is 

r = /(a«-a?) -/{at - (aZ - x)} +y\^ {at - (2/+c - x)} (6). 

If we neglect >/r {a#- (2/+c— ^)}, (or suppose the substance with 
which the tube is stopped perfectly rigid) we shall have t^=0, when- 
ever 

(a<— ^) - {a<-(2/- ^)}=0, or m\ 

« 

(m being any whole number), or when 

{l^x)^m.-. 

♦ See Art, 36, Sec 11. 
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This condition is independent of t, and consequently at all points 

distant from the stopped end, any multiple of -, the motion will be 

the same as at that extremity, i.e. it will always equal 0, and there 
will be perfect nodes at those points. 

16. We may take the general case, and let 

and .•.t?==/(tf/-^)-x{«'-(2/ + Ci — «)}, 

yff being still small. The forms of y and >|^ being known, that of x 
will be determined; its period will also be the same as that of y 
and >!/. It expresses the velocity of each particle produced by the 
whole wave actually reflected from B. The nodes will in this case 
be points of minimum vibration, and not of perfect rest. 

For the sake of clearness we will assume that ^(s), and >/'(»), are 
such that 

and therefore 

x(-«)=-x(«)» 

that y(«), and >/^(«), {and therefore x(*)} admit of only one maximum 

value between « = 0, and » — ^ ; and that the ratio which y*(x) bears 

to >{^(x) is always considerable, as by hypothesis it is when those 
functions have their maximum values. There can be little doubt but 
that these assumptions are at least approximately true in all practical 
cases; and appear as simple as any we can make (and some must 
be made), in order to give distinctness to our inferences as to the 
positions of these points of minimum vibration. 

17. For the determination of c^ in terms of c, let the origin of 
t and a; be so taken that /(0) = 0, then making a<- (2/-ar) = 0, 
we have 

or =>/f( — c). 

112 
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By our hypotheses, x (^) i^^^st be always greater than ^ (%) ; and 
if we suppose c and c^ less than the least value of Zy which gives 
to yff(%), or x(^) ^^ maximum value, it is manifest that from this 
last equation, c, must be considerably smaller than c, and must be 

affected with a different sign. Suppose Cj = 2, » where k is consider- 
ably greater than unity. It follows then that if the phase of the 
vibration of the extreme section of a stopped tube be retarded by a 
certain quantity c, the phase of the actually reflected wave will be 

accelerated by a quantity 7- 

18. Giving then the proper sign to Cj, we have 

v^f{at—x)- x{^'"~(2^— T^^)} (7)> 

and to determine the points of minimum vibration, we may observe 
that this expression is exactly the same, as if the wave for which 

were reflected immediately from a section J^ whose distance from A^l——^. 

Suppose a rigid diaphragm at this section constrained to move 
exactly as the fluid does there ; we may then suppose the actual 
stop B removed, and the points of minimum vibration will remain 
the same. 

Now to determine them in this case, we observe that whenever 

the value of v will be the same as when 
In the latter case 



(/ - ^) - ^ = 0. 
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and in the former 



X c 
or l'-x = m- + -7; 

r 

consequently, at any point in the tube whose distance from B'^m.^, 

the velocity will be the same as at J5'. These then will be points of 
minimum vibration in this hypothetical case, and therefore also, from 
what precedes, in the actual case. 

Making c=0, we have /— ^ = »i.-, which will give the positions 
of the nodes when there is no retardation. 

Hence we have this general conclusion with respect to the stopped 
tube — ^that if there be a retardation in the phase of the vibration of 
the extreme section, the positions of the points of minimum vibration 

will all be further from the stopped end by r^, than if there were 

no such retardation, the distances between these points respectively 
remaining unaltered. 

19. We will now consider the case of the open tube, in which 
we suppose >/^ (as) to be always considerably larger than y(»). Assume, 
as in Art. (12), 

>|.{a/-(2/+c-a?)}=a/{a«-(2/-a?)}->/., {a#-(2/ + c'-^)} (8), 

r=/(a/-.^)+/{ii/-(2/-a?)}->/.,|a/-(2/ + </-a?)}- 

First neglecting the function yffi , v will » whenever 

i. e. whenever 

at'-a!^at'-(2l'^x) + m' .- {m' an odd number), 

2 

or ^ — j? = wi.— , 

2 
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a condition independent of t Consequently, at every point whose 

distance from the open end is an odd multiple of -, there would be 
a perfect node. 

20. Put 

Then 

t,=/(ii/-.a?) + x {«/-(2/+C2-a?)} (10). 

To find the relation between Cs and c, we have from equation (S), 
(proceeding as in Art. 7* and with the same assumptions) » 

V.(-c)=->/.,(-c'). 

or >/^i(c')= ->//(c); 

and since y\f{%) is much larger than >/^i(s), we shall have c considerably 
larger than c, and affected with a different sign. We may therefore put 

— c' = *iC, 
Ati being greater than unity. 

Again from equation (9)9 

-^i(-^')=x(-^«)* 

If we suppose x'(«) nearly equal to >^i(«), (which probably is not 
far from the truth), we shall have 

c,= —c' nearly. 

Hence in this case if the phase of the vibration of the extreme section 

be retarded by a quantity c, that of the actually reflected wave will 

be retarded by Aic; and it will appear by the same reasmiing as in the 

case of the doised tube, that the distance of the points of minimum 

X he 
vibration from the open end will be «•' - — 5- , {m' being any odd 

number). 
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21. If e and e be the distances through which the nodes are moved 
by a supposed given retardation of phase, the same for each, at the 
extremities of the op«i and closed tubes respectively, 

€ will consequently be much larger than e'. 

The quantities m'^ — ^ in the open tube, and «» - ■+• A i^^ ^^^ 
closed one, must be determined by experiment. 

22. I will recapitulate the principal inferences from this theory. 

I. In the tube AJ3, open at the extremity S opposite to that at 
which the vibrations are produced, there will be a series of nodes 

equidistant from each other by -3, or half a whole undulation, the 

distance of the nearest node from the open extremity being considerably 

less than 7, the whole system of nodes being thus brought nearer to 

the open end than the position assigned to it by the investigations of 
Euler or of M. Poisson. The distance of each node from the open 
end will be independent of the length of the tube. (Art. 90,) 

» 

II. If the tube be closed at B^ the nodes wiU still be equidistant as 

before, by - . The distance from B of the node nearest that extremity 

will be ^ , or a quantity rather greater than that, if we suppose a cause 

of displacement of the whole system of nodes to exist in: this case of 
the closed tube, similar to that which exists in the open one; the dis- 
placement however being necessarily much smaller in the former than 
in the latter case, and in the opposite direction. (Art. 18.) 

III. These nodes^ are not plaoea in. which the air is perfectly at 
rest, but points of minimum vibratimi. (See Art. 16.) 
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IV. Sonorous vibrations, whatever be their period, may be main- 
tained in a tube of any length, except that of which the length does 
not approximate too nearly to something less than an even multiple 

of J in the closed tube, or to an odd multiple of -j in the open one. 

(Arts. 11, 12.) 

V. The intensity of the general vibrations in the tube varies with 
the length of the tube, being greatest for the lengths just mentioned, 
and least in the closed tube when its length is rather greater than an 

odd multiple of - ; and in the open one, when it is something less than an 
even multiple of -. (Art. 10.) 



VI. In these latter cases also of both tubes, the opposition afforded 
by the vibratory motion of the air within the tube, to the vibrating 
of the plate, is least; and greatest for the lengths which approximate 
to those mentioned in (IV.), as those with which the vibrations cannot 
be maintained. (Art 13.) 

VII. When the cause producing the vibrations in a tube ceases, 
the vibrations . themselves may cease, not instantaneously, but in a period 
of time not exceeding the small fraction of a second, supposing the 
tube not to exceed a few feet in length. (Art. 14.) 

VIII. If we suppose the original disturbance to produce an un- 
dulation different in any respect to those produced by the cause which 
afterwards maintains the vibratory motion of the aerial column, this 
original disturbance will cease to affect the form of subsequent undula- 
tions in a period of time not exceeding the small fraction of a second, 
depending on the length of the tube*. (Art. 14.) 

* Similar inferences to the above may be drawn equally from M. Poisson's investigations^ 
except that the phenomena according to his solution would take place for lengths of the open 
tube materially different from those above-mentioned. 
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SECTION IL 

S3. I WILL now proceed to describe the experiments which have 
been made with a view of putting the difierent theories on this subject 
to an experimental test. Sonorous vibrations are usually excited in a 
tube, either by directing a stream of air across the open end, as in 
blowing across the embouchure of the flute; by means of a vibrating 
tongue, as in all reed instruments; or by placing an open end of the 
tube dose to the surface of a vibrating body. In the two first cases it 
seems impossible to conceive that the same disturbance can be com- 
municated to each part of the extreme section of the air in the tube 
where the original motion is produced, a condition which is always 
assumed to hold at least approximately in all our mathematical investi- 
gaticms of the subject. This irregularity of the motion will no doubt 
extend to some distance within the tube, and it is impossible to say 
how it wiU affect the phenomena even in those parts of the tube in 
which the motion may become more uniform. In the second case too 
in particular, a stream of air must constantly be passing through the 
tube, a circumstance not contemplated in our analysis of the problem. 
This may or may not influence materially the observed phenomena, 
but at all events the danger of derangement from any such cause 
must be avoided, if we would render our experiments decisive tests 
of the truth of any theory professing to account for phencHnena of so 
delicate a nature as those which are now the objects of our investigation. 
The third method, however^ above-mentioned, is entirely free from the 
latter objection, and may be made almost entirely so from the former, 
and is, therefore, that which I have adopted. 

24. The apparatus is very simple. Figure I. represents it. A 
plate of common window glass is held firmly in a horizontal position 
by a pair of pincers at its middle point. AB is a glois tube, having 
a short brass tube closely sliding within it at the upper end S^ so 
that the whole tube AB can be lengthened or shortened at pleasure. 
Within the tube a small* brass frame Jf, having a delicate memlHrane 

* F^. (2) represents this frame with the membrane ab, which may be tuf^, or rendered 
sensitive in different degrees, to the vibrations produced by any proposed note, either by 

Vol. V. Paet II. K k 
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stretched across it, is suspended by a fine wire or thread from the upper 
extremity of the tube, in such a manner that it can be heightened or 
lowered at pleasure. The other parts of the apparatus are merely such 
as are adapted for facility and accuracy of arrangement of the tube 
and plate. 

25. The air in the tube is put in a state of sonorous vibration 
by means of the plate, which is made to vibrate by drawing the bow 
of a violin equably across its edge in a direction perpendicular to its 
plane ; the vibratory motion of the air is communicated to the membrane 
suspended in the tube, and the degree of motion is indicated by the 
agitation of a small quantity of light dry sand sprinkled upon it*. 
Suppose the tube to be open at the upper end J7, and let the membrane 
be drawn up near that extremity. If the sand indicate a considerable 
motion when the plate is vibrating, let the membrane be gradually 
lowered; a position will thus be found in which the sand has little 
or no apparent motion, thus indicating the existence of a node. On 
lowering the membrane still further, the sand will again become strongly 
agitated, and will then come to another place of rest, (or at least of 
minimum vibration), and so on till it reach the lower end of the tube. 
These alternations of points of rest and motion can of course only take 
place when the tube is sufficiently long in comparison with the length 
of an undulation produced by the vibrating plate, to admit of them. 
These nodal points are thus found to be at equal distances from each 
other, the distance of the upper one from the top of the tube being les^ 
than half that between the nodes. This is independent of the length of 
the tube. These results are accordant with our theory, (Art. 22, 1.), from 
which it appears that this constant distance between two consecutive 

nodes must be -• 

2 

If we call the distance of the upper node from B, --^ C, C denotes 
what I have termed the displacement of the nodes. 

altering the tension by means of the small cylinder round which the end b of the membrane 
passes, or by moving the small bridge cd, and thus altering the length of the vibrating part. 

* This was the method adapted by Savart in such a variety of cases^ in which he wished to 
ascertain the intens^ of sonorous vibrations in air. 
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26. If the membrane be rendered very sensitive by being exactly 
tuned to the note produced by the vibrating plate, it will not indicate 
perfect rest at the nodal points, shewing them in fact to be points of 
minimum vibration, which agrees with our theory, (Art. 22, III.). 
With such a membrane it will be difficult to determine the position of 
these points with accuracy, and its sensibility should be diminished, 
tiU the sand appears perfectly at rest when it is placed exactly at the 
node» If the membrane be rendered still less sensitive, it will appear 
at rest for a space on each side of the node, the position of which will 
in such case, be determined by observing those points immediately 
above, and below the node at which the motion of the sand is just 
sensible. The middle point between them will of course be the 
node. 

27. Now suppose the length of the tube to be any o€ld multiple 

of -, and the membrane to have such a degree of sensibility, as just 

to remain at rest only when placed in a node or within a very small 
distance of it. After it has been placed in 'this position, let the brass 
tube sliding within the upper part of the glass one be raised through a 

space less than -• While the whole tube is thus lengthened, let the 

distance of the membrane from the upper end S remain the same; 
the membrane will consequently be still in a node. The plate being 
now put in vibration, the membrane will remain perfectly at rest, not 
only in this position, but also when moved to one considerably above 
or below the node, the new length of the tube remaining the same. 
This indicates a less degree of motion in the tube than in the former 
case, and we find that the intensity of the vibration in the open tube 
is least when its length is equal to something less than an even 

multiple of ^ , or ftm.j^C; and becomes greater as the length 

approximates to rather less than an odd multiple of -, or (2m' + l)-— C, 

m and mf being any whole numbers. (Art. 22^ V.); This diminution of 
motion is also very obvious when the membrane is placed in those 

XX 2 
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parts of the tube where the motion is most saisible. In all cases, 
however, the distances of the nodes from B is independent of the 
length of the tube. 

28. If we take a tube closed at B instead of the open one, we 
observe the same alternations of points of greatest and least vibration, 
and (the plate being made to vibrate in the same manner as before) 
at exactly the same distances from each other as in the closed tube; 
but the distance of the upper node from the closed extremity of the 

tube is now observed to be -, the same as the distance between the 

nodes. Proceeding as in the former case, it is found also that the 
strongest vibrations are excited when the length of the tube is about equal 

to a multiple of ~ ; and the least vibrations when the length s an odd 

multiple of - . I find also that in the open tube stronger vibrations exist 
in the nodal points than for corresponding cases of the closed tube. 

29. In performing the above experiments with reference to the 
intensity of the vibrations in the tube, care must of course be taken 
to prevent the influence of any other cause than that of which I have 
spoken, viz. the length of the tube with respect to X. It has been as- 
sumed that the vibration of the part of the plate immediately in contact 
with the mouth of the tube is in all cases the same, which requires 
that the tube should always be placed over exactly the same portion 
of the plate. This portion also should be included in one and the 9ame 
ventral segment; for if a nodal line on the plate pass across the mouth 
of the tube, the vibrations transmitted from opposite sides of this line 
will be in exactly opposite phases, and will consequently neutralize each 
other in a degree depending on the ratio which the intensity of one 
of these undulations bears to the other. If the nodal line divides the 
part of the plate in contact with the mouth of the tube into two 
equal portions, parts of similar ventral s^ments, the interfefcnee 
will be so complete as to destroy all sensible motion in the 
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tube*. It is only however as regards the intensity of the vibrations 
that this precaution respecting the relative position of the nodal 
lines and mouth of the tube is important.; it does not affect the 
positions of the nodes. The reason is obvious — ^it does not affect the 
value of X. 

30. Again, taking the tube open at B^ let the extreme section 
at ^ be made to coincide nearly with the surface of the vibrating 
plate. If the plate (the bow being applied to it) vibrate freely, let 
the length of the tube be gradually increased or diminished. It will 
thus be found, that as the tube approximates to certain lengths, the 
plate vibrates with less facility, requiring a greater pressure of the 
bow, and continuing to vibrate audibly for a shorter time after its 
removal; and in many cases, between certain limits in the length of 
the tube, it becomes almost impossible to make the plate assume that 
state of vibration which it assumes freely for other lengths; and the 
vibration, if it be produced, appears to cease almost instantaneously 
on the removal of the bow, instead of being audible for several 
seconds, as it would be if the tube were removed, or were of a 

different length. These phenomena recur for every increase of — in 

the length of the tube ; and if / be any length with which it becomes 
almost impossible to make the plate vibrate in the manner proposed, 

then will / + - be that length with which it vibrates with the same 

facility as if the tube were removed. 

* It is easy by a very simple experiment to give ocular demonstration of the fact that the 
umon of two intense sounds may produce perfect silence. Take a branch tube ABA' (Fig. S,), and 
stretch over the open end B a fine memibrane or a piece of oomnum writing paper. Place the 
open extremities A,Jl oi the equal and similar branches CA, CA' orpt portions of two ventral 
segments of a vibratory plate in the same phase of vibration. A small quantity of sand strewed 
over the membrane at B, will immediately shew it to be in a state of strong vibration. Let A, A' 
be then carefully placed over similar portions of similar ventral segments of the plate, in opposUe 
phases of vibration ; the sand on the membrane will remain perfectly at rest> shewing that the 
waves propagated along AC and A'C in opposite phases so completely interfere at C as to produce 
no undulation along CB. In other words, no sound would in this case be transmitted along the 
tube to its mouth jB. 
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So far these phenomena are in accordance with the results of 
theory, (Art. 22, VI.) ; but when we examine the length t just men- 
tioned, we find it entirely at variance with them. In fkct on 
investigating the circumstances more narrowly, we find that the value 
of / depends in a considerable degree on the small distance between 
the vibrating plate, and the extreme section A of the tube, a cir- 
cumstance which nothing in our theoretical deductions has led us 
to anticipate. This wiU be seen in the results of the following ex* 
periment made with an open tube. 

Diameter of the tube == I , S5 inches.. 

Value of - *. =4.82 for temperature 68^ 



Poritioii of the mouth (il) of the 
tube (Fig. L) 



Ad close to the plate m\ 
possible without interfering? 
with its vibrations. «... j 



About ^ inch from thel 
vibrating plate. ...•.....» j 



Value of the length I 
above mentioned. 



.«».J2.25 inches. 



Theoretical value of L 



12. 6 



* 11.46 inches. 



31. This discrepancy however between the theoretical and ex- 
perimental results is only apparent. It arises from the circumstance 
of one of the conditions assumed in our mathematical investigation, 
not being accurately satisfied; namely, the perfect prevention of all 
communication between the external air and that within the tube at 
the extremity next the plate. And this is easily proved experi- 
mentally^ by placing the extremity of the tube as near as possible 



* In this value of /. I have taken account of the duphcemmU of the nodes, which is .59 
inches, as detennined by experiment.. (See Table, Art S6.) 
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to the surface of the plate^ without interfering with its vibrating 
motion, and then putting round the edge of the tube, a small 
quantity of fluid which by its adherence to the tube and the plate 
fills up the interstice between them, and prevents communication with 
the external air. When this precaution is taken, the lengths of the 
tul)e which correspond to the above mentioned phenomena exactly agree 
with theory; that is— 

The vibration of the plate is unaffected by the presence of the open 
tube, when its length is equal to something less than an even multiple 

of J, or 9,m.2 — C, and of the closed one when its length is equal to 
an odd multiple of -; but as the lengths of the tubes approximate 

respectively to quantities differing by -, from the above lengths it 

becomes almost impossible to make the plate assume the same vi- 
bratory motion. (Art. 22, VI.) 

32. It might at first appear probable that the neglect of this 
precaution might have some effect on the position of the nodes, as 
well as on the phenomena above mentioned. This however is not 
the case; and the reason will be obvious if we recollect that the 
position of the nodes depends on the periodkUy of the vibrations, or 
the value of X, which is unaffected by the communication with the 
external air at ^ ; whereas the force opposing the vibration of the 
plate depends on the condensations and rarefactions of the air, at the 
surface of the plate within the tube, which will necessarily be mucE 
affected by the communication just mentioned.* 

SS. If we take a closed tube, a similar discrepancy or accordance 
in the results of theory and experiment will be found under the 
same circumstances as above described. 

* It does not appear so easy to aoooant for the phenomena as above described, when the 
influence of external air is not prevented. This, however, does not immediatdy belong to the 
object I have proposed to myself in this paper^ which is, to establish as accurately as possible the 
identity of the results of theory and of experiment in those cases in which the conditions assumed 
in our mathematical investigations are experimentally satisfied. 
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The phenomena above mentioned, agree with those observed by 
Mr Willis, and described in his paper on the Vowel sounds, pub- 
lished in the Transactions of this Society, VoL III. The manner 
however in which his experiments (having a different object firom 
mine) were conducted, render them unfit for the verification of any 
of our mathematical results in this subject. 

S4. From what I have above stated, respecting the difficulty of 
making the plate vibrate with certain lengths of the tube, it is manifest 
how we may avail ourselves of this phenomenon, in the determination 
of the value of X, corresponding to any particular mode of vibration 
of the plate, supposing those particular lengths of the tube can be 
ascertained with sufficient accuracy. Now this can be done almost 
as acciuately as the position of a node can be determined by the 
vibrating membrane, and consequently the value of \ may thus be 
found. For if li and 4 denote two observed values of /, we shall have 

-- » -i—^, n being a whole number easily ascertained. (See Arts. SO, 31.) 

35. Though I have had frequent occasion to speak of this tUsplace' 
ment of the nodes in the open tube, from the positions assigned to them 
by the common theory, I have hitherto said nothing as to the ex- 
perimental determination of its magnitude. The most direct way of 
accomplishing this, is to determine the actual positions of the nodal 
points by means of the vibrating membrane ; but this method becomes 
inconvenient when the diameter of the tube is small, as, for instance, 
less than an inch. Those which I have used most commonly are 
from 1.3 in. to 1.5 in. diameter. If the tube be larger than this, it 
will generally be too large to admit of the extreme section of it 
being placed entirely upon the same ventral segment of the plate, 
as is always desirable, (see Art. 29.); f^d if much smaller it becomea 
necessary to make the surface of the membrane so small as to be 
inconvenient, in order that it may not bear too great a ratio to the 
area of the section of the tube, in which case the presence of the 
membrane might be supposed to render the vibrations in the tube 
materiaUy difierent from what they would otherwise be. 
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The best method therefore of determining the positions of the 
nodes in tubes considerably smaller than those I have mentioned, is 
that by which the value of X is determined, as described in the 
last Article. 

Thus, suppose / to be the length of tube, with which it is found 
most difficult to make the plate vibrate ; then (the tube being open) 
we shall have 

/=(2i» + l)^-.C, 

where m is a whole number, which will be known when X is de- 
termined by either of the methods pointed out above. The quantity 
C evidently shews how much the distance between the open ex- 
tremity, and the nearest node differs from ^^ or it expresses the 
displaeemenf. 

From the above ^nation, 

C=(2»i + 1)^-/, 

and the displacement is thus determined. 

36. The following table exhibits the magnitude of this displace- 
ment in a tube of given diameter, as determined experimentally for 

different values of -. The positions of the nodes were in these cases 

carefully ascertained by means of the membrane suspended in the 
tube. 
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Diameter of the tubes 1.35* 


Value of r- . 
at temp. 639, 


Computed dist. of a Node 
from B, (fig. 1.) 


Observed dist. of the 
same Node. 


Displacement of 
the Node. 


2.044 

3.994 
4. 82 


ril.24 
\ 7.15 

9.98 

7.23 


10.88 
6.78 

9.51 
6.64 


> meaa a .s65 
.37] 

.47 

.59 



The above values of - were determined by means of a membrane 

and a tube closed at the upper end, nearly 100 inches in length. The 
distance of a node from the closed end being found == b^ we must 

have « . ;r = J, or - = - . Or, if A + be the observed distance, sub- 
2 2 n ' ' 

ject to an error j3, and therefore b ± fi the true distance, we have 
- = - + -. The value of j3 will probably be lefss than ^ inch, and 

H fi fi 

in the determination, for example, of the first of the above values 

of -, II was about 45, so that that value of - may probably not be 
2 2 

subject to an error exceeding .001 inch. We may also remark, as an 
indication of accuracy in the numbers 10.88 and 6.78, given in the third 



* The measures are all given In inches. 

t .In the determination of the quantity b, the temperature at the time of observation must 
be carefully noted^ since the variation in the velocity of aerial undulations produced by a varia- 
tion of temperature of even less than 1^, is sufficient to make a very sensible difference in the 
value of b, this value being as much as nearly 100 inches. 

Since the distance of any proposed node from the upper end of the tube will be proportional 
to the velocity of the undulation^ it is manifest that by observing the values of b, corresponding 
to different temperatures^ we may estimate directly the effect of temperature on the velocity of 
sound. This method is capable of great accuracy. 
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column, that 10.88-6.78 = 4.10 must = 2.~, which gives us - = 2.05, 

2 2 

differing but .006 from the more accurate value. The error in the 

two numbers above mentioned, 10.88 and 6.78, does not probably exceed 

.01 or .02, and cannot, I conceive, exceed .04, and consequently, I think, 

the utmost limit to the error in the corresponding numbers in the 

fourth column cannot exceed .05, and is probably considerably less. The 

same may be concluded respecting the numbers .47> .59, in the same 

column. 

The above results may, then, be considered sufficiently accurate to 
determine the fact of the magnitude of the displacement increasing 
with increased values of X, though not sufficiently so to determine with 
certainty the law of this corresponding increase. 

The displacement does not depend only on the value of \ ; it depends 
also on the area of the mouth of the tube, as appears from the following 
table. 



Values of ^ • 


Displacement. 


Diameter of tube = 1.35. 


Diameter of tube = .8. 


2.044 

3.994 


.23 
.4 


.08 
.1 



These values of the displacement of the nodes have been obtained 
by the method mentioned in Art. 35, as that best applicable to small 
tubes. The results in the second column of this table ought to be 
the same as the two first in the last column of the former table; but 
this method is liable, I conceive, to greater error and uncertainty than 
the former, and to this, I doubt not, the discrepancy is due. All 
these latter results, however, are probably subject to an error of the same 

L L2 
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kind, and are too small both in the large and small tube. They can 
leave no doubt of the fact of the magnitude of the displacement being 
dependent on the diameter of the tube. 

It is important to observe, that the values of \ determined in the 
large tube and the small one, from the consideration that the distance 

between any two nodes must equal some multiple of -, was exactly 

SI 

the same, being for the first case in the table 2.05, very nearly agreeing 
with the accurate value 2.044. This proves thai the distance between 
the nodes is independent of the diameter of the tuhe^ provided the dis- 
turbance take place uniformly throughout its extreme section. 

37. I have before remarked, that there can be nothing arbitrary 
or indeterminate in the vibratory motion of the air at the extremity 
of the open tube when the vibrations in it are excited according to 
some known law; and consequently, if our theoretical knowledge of 
the subject were complete, we should undoubtedly find in our investiga- 
tions the cause of the retardation of phase, of which I have spoken, 
in the reflected wave of the open tube, supposing it to be the actual 
cause of that displacement of the whole system of nodes which I have 
established as an experimental fact. Our knowledge at present, how- 
ever, is totally inadequate to this purpose, and therefore we can only 
conjecture what may be the probable cause of this retardation in the 
reflected wave; but at all events, our formulae,* with the modifications 
1 have introduced into them, do become perfect representations of all 
those phenomena which we can distinctly determine by experiment, 
in the cases to which our mathematical investigations apply. The fact 
too, of a retardation of phase in the reflected wave may not be very 
difficult to conceive, or appear improbable, if we suppose the undulation 
proceeding from the open end of the tube to advance through a certain 
space before it assumes that form in diverging into free space, which 
it must ultimately assume when it sends back no reflected wave from 
any point of its path. Before it reaches this state, ^a partial wave may 
be reflected in its course from each point towards the tube; and an 
indefinite number of these reflected waves will form a general reflected 
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wave, of which the period will be the same as that of each of its 
component waves, but the phase of which will be retarded as compared 
with that of a wave reflected immedisltely from the extremity of the 
tube. This is equivalent to our supposing a certain space beyond the 
extremity of the tube as subject to a disturbance (acting at consecutive 
instants along this space) such as to produce a wave diverging in all 
directions, and consequently sending a portion of this general wave 
back along the tube. 

To give generality to the investigations of the preceding section, 
I have considered the effect on the position of the nodes which would 
be produced by any retardation of the phase of the wave reflected from 
the stopped end of a tube. It appears, however, that there is not in 
this case any displacement of the nodes appreciable by the mode of 
experimenting I have described. The only reason, in fact, for supposing 
any ' retardation of phase in this case, is founded in the imperfect 
analogy between the cases of the open tube and the tube closed with 
an elastic substance. The cases are far too different, however, to admit 
of any thing but vague inferences from such analogy; and it is 
manifest that no reasoning similar to that above applied to the open 
tube, can be applied to the closed one. If any retardation do exist in 
this case, I can only conceive it to arise from a cause similar to that 
suggested by Mr Willis*, viz. that Hme must be necessary for the 
action between the elastic stop and the air to produce its effect. This, 
however, appears much less probable in this case than in that which 
suggested the idea to Mr Willis, in which the action between the air 
and the vibrating body (a membrane) was lateral instead of being direct^ 
as in the present instance. I have not been able to detect any indica- 
tion of such law of force in a displacement of the nodes in the closed 
tube, though I have examined the case with great care, conceiving 
that any facts bearing directly upon the nature of the mutual action 
of two elastic media at their common surface must necessarily be of 
importance. 
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The experimental deductions in the preceding part of this section 
are based on the evidence afforded by the exploring membrane, because 
it is more direct than any other evidence which the phenomena appear 
to admit of, and therefore better calculated to supply those decisive 
and positive tests for ascertaining the accuracy or fallacy of our theoretical 
results, which it is my object to supply. We have seen the perfect 
accordance of these results with the general indications of the membrane, 
and also with the striking and well-defined phenomenon of the im- 
possibility of making the plate vibrate in a certain manner with tubes 
of certain lengths. It remains for us to consider also how far our 
theory agrees with the phenomena of resonance^ in those cases in 
which the conditions assumed in our mathematical investigations are 
satisfied, viz. where the communication between the external air and 
that in the tube at the surface of the plate is prevented, and the 
disturbance extends uniformly over the whole orifice. In such cases 
it will appear from the following enunciation, that the intensity of 
the sound is proportional to that of the aerial vibrations, as indicated 
by the membrane, and by the difficulty or facility with which the 
vibrations of the plate may be maintained. (See Arts. 279 31-) 

TTie resonance qf the open tube is scarcely perceptible when the length 
of it does not differ much from something less than an even multiple 

of J, or 2m • t ^ C ; but as it approximates to something less than an odd 

multiple qf that quantity, or (2m'+ l)^ *- C, the resonance increases, and 

at length becomes qf painful intensity, increasing till it is no longer possible 
to maintain the same mode qf vibration qf the plate. Whether the length 
of the tube be gradually increased or diminished in approximating to 
the above-mentioned lengths, the phenomena are precisely the same. 

I was the better pleased to obtain this result, inasmuch as those 
which I first obtained (when the precaution of preventing communication 
with the external air was not attended to*), as well as those of previous 

* In such cases the resonance was always greatest (as in the case considered in the text) 
when the difficulty of making the plate vibrate was greatest. The corresponding lengths of the 
tube may be seen in Art. SO. 
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experimenters, appeared either to contradict theory, or at least to- be 
altogether anomalous. According to our common notion on the subject, 
an open tube gives the strongest resonance when its length is nearly 

equal to an eoen multiple of - , instead of an odd multiple, as above 

stated; and Savart* has given this as the result of his own experiments 
for tubes of about the same diameter as those I have usually employed f ; 
but asserting also that the length is less as the diameter is increased, 
and this too whether the disturbanci^ extend over the whole orifice of 
the tube or not. My results, howev^er, are entirely at varianc^ with 
this latter assertion, for I confidently conclude from them that gf the 
disturbance extend uniformly and equably over the orifice of the tube, 
the phenomena will be independent of its diameter :|:, with the exception 
of the effect it may have on the displacement of the nodes J. If, however, 
the disturbance extend but partially over the orifice, I see no reason 
to doubt the accuracy of the last-mentioned results of M. Savart; and 
this supposition will also account for the apparent discrepancy between 
his results and mine as respects the length of the open tube (of which 
the diameter does not much exceed an inch) producing the greatest 
resonance; for it is manifest that with this partial disturbance none 
of that condensation and rarefaction on the surface of the plate can 
take place, which in my experiments necessarily attends, and may be 
considered as causing, that powerful resonance of which I have spoken. 
It is easily seen, in fact, that when the length of the tube is nearly 

equal to an odd multiple of -^ the phase of the waves reflected from 

any considerable part of the orifice not occupied by the vibrating plate, 
will be directly opposite to that of the waves propagated by the plate 
itself; aiki that thus a great part of the vibration within the tube will 
be destroyed by interference. 

There is no difficulty, therefore, in explaining the non-existence of 
res9nance in this case. If the tube, however, be lengthened or shortened 

by about 2» (s^^ supposing the disturbance at its mouth partial), a 

* Annates de Chimie, Tom. XXIV. p. 56. t See Art 36. 

t See Art 36, p. 264. § Art. 36. 
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resonance will be heard, though extremely feeble as compared with 
that I have found in my experiments. This is, in fact, the kind of 
resonance which has been observed by all experimenters. It does not 
appear to me to admit of the same obvious explanation which the 
other admits of; that which is usually received being, as I conceive, 
in itself insufficient, when subjected to those restrictions which must 
be imposed upon it by the general laws which govern the communication 
of motion from one particle of matter to another. At present, however, 
it is not my object to enter on the discussion of this and of some 
other points relative to this part of the subject. It is sufficient for 
me now to have shewn that that powerful resonance which I have 
observed in my experiments is exactly accordant with the results of 
our mathematical investigations, when the conditions assumed in those 
investigations are fully satisfied. I hope to return to the careful examina- 
tion of other cases at a future period. 

I have already alluded* to a paper by Mr Willis, published in the 
Transactions of this Society, in which he has described some experiments 
bearing on this subject, and affording a general corroboration of some 
of the results above stated. He fixed a reed to a sliding tube, and 
observed the intensity of the sound, when the reed was made to speak, 
produced by different lengths of the tube, and by means of a microscope 
carefully adjusted, he was able to observe the excursions of the reed 
in its vibration, and to obtain micrometer admeasurements of them. 
He thus found that when the length of the tube equalled about an 

even multiple of ^ » it gave the exact note of the reed with no perceptible 

resonance. As the tube was gradually lengthened, the tone was flattened, 

and as the length approximated to about an odd multiple of -, the 

extent of the reed's excursions was diminished, its vibrations became 
irregular and convulsive, till at length it ceased to produce any musical 
tone. When the tube, however, was a little lengthened beyond this 
point, the reed suddenly assumed its original form of vibration, 
producing a note of painful intensity, similar to that which I have 

* See page 26o. 
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described in my own experiments, although the extent of excursion of 
the reed was in this case less than in that in which no resonance was 
produced. 

One discrepancy is observable between this experiment and mine, 
inasmuch as the intensity of the sound, instead of increasing as the 

length of the tube approximated to the odd multiple of ^^ ^ ^^^ ^7 

experiments, gradually decreased*. The explanation, however, of this 
fact, is easily found in the diminished excursion of the reed, and still 
more, I suspect, in the irregularity of its vibration^ by which the 
undulations produced by it are probably rendered imperfectly sonorous -f. 
With this explanation of this apparent discrepancy, the general results 
of Mr Willis's experiments afford as strong a corroboration of those 
which I have obtained, as the diflPerence between our modes of experi- 
menting will allow. The flexibility of the reed, however, and its 
consequent ready obedience to the vibrations of the air, as compared 
with the inflexible obstinacy of a glass plate, together with the partial 
disturbance produced by the reed, render it a totally unfit agent in 
obtaining experimental tests for our mathematical results, though it 
presents to us in its own motions many interesting points of enquiry. 



Our theory will also perfectly account for one of the most striking 
phenomena observable in wind instruments, viz. the rapidity with which 
different states of vibration are assumed within the tube, corresponding 
to different effective lengths of it, as determined by the opening or 
closing of the finger holes. We have seen (Art. 22, VII. VIII.) that 

* For a very dear and distinct account of these experiments, I must refer the reader to the 
excellent paper from which the above is taken. It wDl be observed, however, that the results 
mentioned in the text were not the direct objects of Mr Willis's investigations, but were such as 
naturally offered themselves in the course of his experiments on the production of the vowel 
sounds. 

t I think it very possible that the^/bmt of the aerial vibrations may have more to do with our 
sense of the intensity of sound than has been generally supposed ; and perhaps aome cases of 
resonance may admit the most satisfactory explanation on this hypothesis^ 

Vol. V. Pabt IL M m 
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according to theory, if the cause maintaining the vibratory motion in 
a tube be suddenly changed, (as in passing from one note to another), 
the effect of the former mode of disturbance on the form of the 
succeeding vibration will become inappreciable in an exceedingly short 
period of time. Now in the most rapid musical passages, the number 
of notes played in a second never probably exceeds ten or twelve, 
and these usually embrace only the higher notes of the scale, for 
which there must be many hundred vibrations in a second. Suppose 
this number, however, not greater than about two hundred ; any undula- 
tion transmitted from the reed or embouchure would still be reflected 
about twenty times at the open end in the interval between two 
consecutive notes in the most rapid musical passage. Now assuming 
unity to represent the intensity of a wave incident at the open extremity 
of the instrument*, let 1— i3 represent that of the reflected wave, 
(1 — i3)" will represent (at least sufficiently approximately) its intensity 
after n reflections ; and consequently, as we have no reason to suppose /3 
very small as compared with unity, it is probable that after five or six 
reflections, the intensity of this wave will be quite inappreciable. Hence 
the apparently instantaneous cessation of sound after the exciting cause 
has ceased, and the most rapid transition from one note to another, 
are perfectly accordant with theory. 

M. Poisson, in the Memoir referred to in the early part of this 
paper, has also investigated the vibratory motion of air in two tubes 
of different diameters united together at one extremity. I hope to 
examine this case also experimentally. His results must necessarily be 
erroneous, as far as they depend on the physical condition he has assumed 
to exist at the extremity of the open tube, and which I have shewn to 
be inconsistent with observed phenomena in the uniform tube. 

• See Art. 14. 

W. HOPKINS. 

St Pbtbr's Collbob^ 
Afaif 20, 1883. 
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XI. On the Latitude of Cambridge Observatory. By George Bidi>ell 
AiEY, M.A. late FeUow of Trinity College, Plumian Professor 
of Astronomy and Experimental Philosophy, and one of the 
Vice-Presidents of the Society, 



[Read April 14, 1834.] 

The accurate determination of the latitude, with an instrument 
like the Mural Circle now in use at the Observatory, seems at first 
sight to be an easy business. In practice, however, it is not without 
difficulties. I do not here allude to the correction for refraction ; 
since, though there may be a trifling uncertainty in regard to its magni- 
tude, it is easy to leave a result subject to that uncertainty, and 
admitting of correction without any trouble whenever a correction of 
the refraction shall be established. Nor do I allude to the uncertainty 
in the corrections by which, from a star's apparent place on any day 
of observation, its mean place at a fixed epoch can be inferred; since 
the uncertainty about any of these is far less than the smallest quantity 
for which we could pretend to answer in fixing the latitude of any 
place; and its effects being periodical, would in a comparatively short 
series of observations, produce no sensible effect. The difficulties to 
which I allude are instrumental: they are not periodic in time, like 
the latter; nor do they admit of correction from posterior researches, 
like the former of the causes of uncertainty which I have mentioned; 
they are moreover such as would scarcely be suspected to exist, until 
their . effects are discovered from the discordance of the results of 
observations. 

The Mural Circle is an instrument which gives simply the reading 
of that point of the graduated limb which is opposite to an imaginary 
fixed index when the telescope is pointed to the object of observation. 

MH2 
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A single observation therefore gives us no tangible result. It is 
necessary to have one other observation, or a series of observations, 
by which the reading of that point of the limb can be found which 
is opposite to the same index when the telescope is directed to some 
point of reference; then the difference between this reading and the 
former is the angular distance of the object observed from the point 
of reference. It was intended originally by the maker that this point 
of reference should be the celestial pole. In practice, however, it is 
found necessary to descend one step nearer to terrestrial things, and to 
adopt for the point of reference the zenith ; a point which, though not 
marked any more than the pole by any obvious phenomena, can yet 
be discovered by a process which involves less of astronomical assump- 
tions, and requires a shorter time for the complete determination. 

The method of determining the zenith point from observations 
by reflexion at the surface of mercury, has been introduced into 
observatories almost entirely by the practice of the present Astronomer 
Royal at the Greenwich Observatory. The use of two similar circles 
(as at Greenwich) makes the process one of little labour, though requiring 
the co-operation of two observers. The same celestial objects being 
repeatedly observed by direct vision with both circles, the differences 
of the corresponding readings of the two circles are found; and any 
observations made with one can be referred to the other. Then when 
any bright star passes the meridian, one circle is employed in observing 
it by direct vision, and the other at the same time is employed in 
observing it by reflexion at the surface of mercury; the reading of the 
latter circle is referred to the former circle; and then the reading 
which is a mean between the reading for the direct observation and 
the referred reading for the reflected observation, is the reading that 
corresponds to a horizontal position of the telescope; and by adding 
or subtracting a quadrant, the reading which corresponds to a zenithal 
position of the telescope is obtained. 

With a single circle this process cannot be adopted. In some 
instances it has been imitated by observing a star directly on one 
night, and observing the same star by reflexion on another night. The 
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calculation for the zenith point then relies on our perfect acquaintance 
with the variations of refraction and other corrections from one night 
to another ; and thus a cause of inaccuracy is introduced, which does 
not exist in the other method. In the Cambridge Observatory a different 
method is regularly employed (for the idea of which I am indebted 
to a suggestion of Mr Sheepshanks). When a star is to be observed 
by reflexion, the circle is set approximately for the reflected observation, 
and the six microscopes are read; when the star has entered the field, 
and before it has reached the center, it is bisected by the micrometer 
wire, (which in fact measures its distance from the fixed wire, and thus 
gives a correction to be applied to the mean of the six microscopes,) 
and then there is ample time to allow the circle to be turned to the 
position in which the star can be observed directly, shortly after it 
has passed the center of the field. Thus a direct and reflected observa- 
tion are obtained at the same transit. This method is, in my opinion, 
much preferable to the second that I have mentioned, and in some 
respects superior to the first. 

Either of the methods which applies to one circle enables us, as 
will shortly be seen, to examine severely into the consistency of the 
results obtained in difierent positions of the circle; and this must be 
considered as a most valuable property of this method of determining 
the zenith point, and one which places it far above the use of a collimator 
or any similar instrument. 

I had hoped, on commencing observations with the Mural Circle 
at the beginning of the year 1888, to be able in a very short time to 
obtain a very approximate latitude. I proposed to observe some stars 
every night in the manner above described, as well as circumpolar stars 
(which might or might not be observed in the mercury) : by the former 
I should obtain a very good zenith point; and then each observation 
of the latter, above and below the pole, would give me a value of the 
co-latitude. 

But after a few nights' observations, I found that the reading for 
the zenith point, as determined by difierent stars, was not the same. 
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Had the discordance been wholly without regularity, this would have 
given me no anxiety. But the first week's observations enabled me to 
see with certainty that one general rule could be laid down : the reading 
for the zenith point as determined by northern stars was invariably 
greater than that found from southern stars. As the readings increase 
while the telescope is turned towards the south, this discordance is of 
the same kind as that which would be produced if the object end of 
the telescope dropped by its own weight. 

After much anxious thought and many fruitless attempts to explain 
this discordance, I was obliged to give it up entirely. The method 
which was adopted for approximate reduction of the observations, easily 
admitting of future correction, was the following. When in one night, 
or in several nights which it appeared practicable to group together, 
stars had been observed by reflexion in different parts of the meridian, 
1 took the three means of zenith points determined by stars far north, 
by stars far south, and by stars near the zenith, as three separate results ; 
and then I took the mean of these three for the zenith point. For an 
approximate coJatitude I used 87**- 47'. 6",83. 

At the beginning of March the telescope was moved about thirty 
degrees on the circle; at the beginning of August it was again moved 
thirty degrees, and on this occasion (as it appeared that the circle was 
not exactly balanced) a pound of lead was attached to the eye end of 
the telescope; at the beginning of December it was again moved 
about thirty degrees. It does not appear however that the fact of the 
discordance has been affected, but its law seems to have been in some 
degree altered. 

A discordance of the same kind exists, I believe, in every circle 
that has been properly examined. I am informed by Mr Henderson 
(late Cape Astronomer) that he has found it in the Cape Circle. It 
was recognized as existing in the Greenwich Circles: and, though the 
system of observing there, which I have described, does not allow us 
to trace the unmixed faults of either circle, yet from the discordance 
in the places of stars as determined by the two circles, and its variation 
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in di£ferent points of the meridian, I am inclined to think that the 
defect in one circle is different from that in the other. 

In vain have I endeavoured to discover the cause of this discordance. 
I once thought that it might be owing to the circumstance, that for 
the reflection-observation the circle is at rest for some minutes after 
the microscopes are read, and possibly it might (though clamped) have 
changed its position. A series of observations expressly made, showed, 
however, that there was no sensible change either in a few minutes 
or in many hours. I thought that the surface of the mercury might 
be sensibly curved, and that from a habit of observing in one part of 
the trough, an error might be produced. A set of experiments proved, 
however, that there was not the least sensible difference in the results 
found from observing at one or the other end of the trough. A flexure 
of the wire in the field of view would not explain it, as the discordance 
which that would produce is of the opposite kind There appeared 
to be no reason for supposing an error in the determination of the 
coincidence of the micrometer wire with the fixed wire, in the value 
of the micrometer screw, or in the observation with the micrometer 
wire. The object glass, repeatedly examined by myself and once by 
-Mr Simms, did not appear to be loose in its cell. I am driven at last 
to the supposition that the circle sensibly changes its figure; but I 
have no proof of this, nor do I see distinctly how it should produce 
the discordance in question. Three sets of readings of every 10** under 
all the microscopes, have not assisted me to discover such change. 
My a priori opinion is, that a change in figure is hardly possible. The 
telescope, it must be remembered, is attached at its ends to the limb 
of the circle: the limb is in one piece (cast in several pieces and burnt 
together) ; and the whole arrangement of parts seems admirably adapted 
to prevent any change. If I had to fix on an astronomical instrument 
which appeared less likely to change than any other, t should certainly 
choose the Mural Circle. 

To discover experimentally the law of discordance, I proceeded 
as follows. The observations being reduced, and those of each star 
being digested under the heads of D, R, SP.D., and SP.R., I 
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selected for the three first positions of the telescope all the un- 
exceptionable corresponding observations D and R. (The stormy 
weather of December made it impracticable to observe low stars by 
reflexion). In each case of a double observation, the difference of 
the results D and R would be double the difference between the 
zenith point as found from that star, and the zenith point adopted 
in the reductions. The mean of the differences of all the correspond- 
ing results D and R, would therefore be double the mean of all 
the differences between the zenith points found from the particular 
star, and the zenith points found from all by a tolerably uniform 
system : and thus it might be considered as double the difference 
between the zenith point found without error of observation from 
that star, and a certain imaginary well defined point. These values 
for all the stars, and for each position of the telescope, were arranged 
in tables (for which, as well as for some other numerical values, I 
must refer to the Cambridge Observations, Vol. VI.) 

The next step was, to connect these, approximately at least, by a 
law. I soon found that to attempt this by calculation was almost hope- 
less. Combinations of constants, sinZ.D., sinZ.D.cos^Z.D., cosSZ.D., 
were tried in vain. I therefore adopted a graphical method similar 
to that used by Sir John Herschel, in the reduction of his sweeps, 
and described by him in the PkU. Trans. 1833. Taking the line of 
abscissae for zenith distances, and the ordinates to represent the mean 
of the differences above mentioned, I made a curve to pass among 
the points so determined, as well as I could, giving to each point 
an importance depending on the number of observations. From this 
curve I measured off the ordinates for every l(f of zenith distances; 
half of this quantity I considered to be the correction to the ob^ 
served zenith distance, to be applied with different signs to the 
direct and the reflected observation. The only respect in which 
theoretical consideration may be said to have assisted me is the 
following. Since the error in the relation between the position of the 
telescope and the reading of the circle, to which the discordance 
must be due, is periodical and never infinite, it may be expressed by 
sines and cosines of the Z. D. and its multiples. Now it is useless 
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to take sines of even multiples, or cosines of odd multiples, because 
when ISO"* — Z. D. is substituted for Z.D., the result is equal in 
magnitude but opposite in sign ; and therefore when the two are 
added together, (as they are in finding the zenith point from each 
star), no trace of these terms would remain. Thus there may be 
sensible flexure in the circle which cannot be discovered from ob- 
servation by reflexion. The sines of odd multiples, and the cosines 
of even ones, (all which may be expressed in finite series of powers 
of sinZ.D.), will produce the same values with the same signs for 
180** — Z.D. as for Z. D., and these will afiect the zenith point. 
Thus it appears that the terms which afiect the zenith point are 
the same for a direct observation and for the corresponding observation 
by reflexion, and it is this which justifies us in applying half the 
discordance to each. It appears also that when Z. D. = 90^ the 
function is maximum or minimum, and hence the curve in the 
graphical process above described must there be parallel to the line of 
abscissae. 

The tables of corrections being thus formed, I now considered 
myself entitled to apply them to the reduced results of all the 
observations, whether there were corresponding observations t>f the 
opposite kind or not. 

The principal steps of the succeeding process may be gathered 
from the subjoined table. The first column contains the name of 
the star, its position with regard to the pole, (the lower transit being 
marked by S.P.), and the method of observing it (the letters D and 
R being always used for direct and reflected vision). Here it is to 
be observed that a star above the pole and the same star below the 
pole are reduced as separate stars, which is necessary, because the 
observations have been reduced with an assumed co-latitude, or an 
assumed place of the pole, the error in which assumption can be 
found only by comparing the separate results for the same star above 
and below. The second column contains the number of observations. 
The third contains its mean N.P.D. for Jan. 1, 1888, as found from 
the mean of all the results in each position and mode of observation, 

Vol. V. Paet II. N n 
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and reduced with the assumed co-latitude ST" . 47' . 6/'8S : those de- 
termined from the lower transits of the star have the negative sign. 
For refraction, Bessel's tables are used. The fourth column contains 
the seconds only, as corrected for the errors above described ; this 
has been done by taking the number of. observations in each position 
of the telescope on the circle, and finding the mean correction, 
supposing that to each observation the correction proper to that 
position was applied. The negative sign has still been retained for 
the lower observations. The fifth column contains the whole number 
of observations in each position of the star : and the sixth contains 
the mean N.P. D. for each position, as inferred from the combina- 
tion of direct and reflected observations. The seventh contains the 
whole number of observations for both positions. The eighth contains 
the algebraic sum of the two determinations of N.P.D., as the star 
is above or below the pole. If the assumed co-latitude were correct, 
this sum would == ; if the assumed co-latitude be increased by a*, 
this sum would be increased by 3x, and therefore to make it now 
= 0, ^ must be taken = — ^ x sum in 8th column. The results, as 
might be expected, are however different for different stars, though 
the difference is much smaller than I could almost have hoped; the 
extreme difference in the correction of latitude being 1,"3, and this 
being the difference between two results from stars nearly in the 
same parallel (shewing that it does not arise from error in the cor- 
rections above described), and which had been not much observed. 
It now becomes necessary to determine how the relative importance 
of these results shall be estimated. It would not be right to give 
a value proportionate to the number of observations, because part of 
the discordance may be produced by errors of division and other 
causes which, in the observations of a single star, produce constant 
errors. The ninth column contains the numbers by which (from my 
estimation of the comparative influence of constant and variable errors) 
I suppose the value of each result to be estimated. The tenth con- 
tains the product of the corresponding numbers in columns 8 and 9. 
The sum of the numbers in column 10 being divided by the sum of 
those in column 9, gives +2",82 for the double correction, or +1",41 
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for the single correction, of the co-latitude ; and the co-latitude thus 
corrected is 87^ 47' . 8",24, or the latitude 52M2'. 51",76, This result 
I conceive to be correct within a small fraction of a second. The 
number of circumpolar stars used for this determination is 10, and 
the whole number of observations 917. 

• 
In describing the process by which I have arrived at the above 
result, it has been my wish to present to the Society not only a 
determination possessing considerable local interest, but also an account 
of instrumental anomalies which are of general scientific importance. 
In further illustration of the latter point I will allude to the dis- 
cordances in the determinations of the obliquity of the ecliptic. It 
is well known that most astronomers have found the obliquity smaller 
from observations at the winter solstice than from those at the 
summer solstice. Now if I had used only the latitude found from 
direct observations of circumpolar stars, and had applied no correction 
to the observations of the Sun, I should also have found two values 
for the obliquity discordant by about 5", the winter obliquity being 
the smaller. With the corrections above described, (and which were 
formed entirely from observations of stars, and before I had even 
examined my sun observations) the two values of the obliquity 
agree within 1". I might have altered the corrections so as to re- 
move part of this discordance, but I prefer leaving them in 
the shape in which they were given by independent considerations. 
Indeed if I had confined myself to the January observations for the 
winter solstice, and omitted those of December when the correction is 
less certain, the discordance would wholly have disappeared. A very 
small alteration of the constant of refraction (such as would not alter 
the latitude much more than 0'',1), or a very small alteration in the 
law of refraction (which would not be sensible in the latitude) would 
remove this difference. But I hardly venture to assume that obser- 
vations of the Sun, near the winter solstice, can be relied on to this 
degree of accuracy. 

I will only add, in conclusion, that I believe the method which 
I have used to be the only one of those in practice from which a 
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good result can be obtained. Had I determined my zenith points 
by a floating collimator, the result of observations on Polaris and 
S U. Minoris wouLl liave given the latitude more than a second 
wrong, and the polar distance of every southern body more than 
two seconds wrong : the result of observations on the Sun would have 
given nearly the same error in the latitude but with the opposite 
sign. If a circle reversible round a vertical axis had been used 
(as at Dublin, Palermo, &c.) its errors would (supposing the mere 
circle exactly as good,) have been just as great as if a collimator 
were employed. The method adopted above appears most valuable, 
not only because it gives numerical conclusions more accurate than 
any other, but also because it enables us to observe discordances and 
to suspect faults which, though they confused our results, might 
otherwise have wholly eluded our discovery. 



G. B. AIRY. 



Observatory^ 

March 23, 1834. 
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Table exhibiting the Calculations,/^ correcting the Latitude ^Cambridge 
Observatory ; the Observations having been reduced with the assumed 
LaHtude 52» . IST . 58",17. 



SUr's Name. 



No. 

of 

Obt. 



Uncotreeted 
N.P.D. 



Polaris D 118 

Polaris R 42 

Polaris S.P D ill 

Polaris S.P R 58 

i UrsBB Minoris D \3 

2 Ursse Minoris R 37 

S Ursffi Minoris S.P. ..D 39 

2 Ursse Minoris S.P. ..R 23 

/3 Ursse Minoris D 20 

/3 Ursse Minoris R 17 

/3 Ursae Minoris S.P. ..D 22 

^ Ursse Minoris S.P. . .R 2 

/JCephei D 4 

/3 Cephei R none 

^CepheiS.P D 12 

/9 Cephei S.P R 7 

2 Draconis D 3 

I Draconis R 3 

S Draconis S.P D 10 

a Draconis S.P R 6 

a Draconis D 14 

a Draconis R 11 

a Draconis S.P D 7 

a Draconis S.P R 3 



a Ursse Majoris D 32 

a Ursse Majoris R 32 

a Ursse Majoris S.P. ..D 5 
a Ursse Majoris S.P. ..R none 

a Cephei D 43 

a Cephei R 35 

a Cephei S.P D 13 

a Cephei S.P R 8 

3 Ursse Majoris D 26 

3 Ursse Majoris R 26 

3 Ursae Majoris S.P. ..D 3 

3 Ursse Majoris S.P. ..R 3 

a Cassiopeise D 34 

a Cassiopeise R 15 

a Cassiopeise S.P D 26 

a Cassiopeise S.P R 9 



ft 



Corrected 

for 

Diicordanoe. 



// 



_ 



1 . 34 . 52,22 
51,00 

1 . 34 . 53,77 
55,70 

3 . 24 . 45,21 
43,48 

3 . 24 . 46,34 
48,42 

15. 9-41,65 
42,02 

15. 9-44,58 
47,54 

20.10.15,91 

20 . 10 . 16,97 
17,24 

22 . 37 . 54,40 
53,95 

22 . 37 . 54,99 
56,31 

24 . 49 - 24,80 
24,51 

.24.49.26,90 
28,90 

27 . 20 . 55,75 

55,73 

- 27 . 20 . 59,30 



28. 7.11,43 
11,64 

28 . 7 . 12,67 
13,47 

32. 2.18,12 
18,40 

32. 2.20,38 
23,23 

34 . 22 . 45,38 
46,36 

■ 84 . 22 . 47,37 
47,00 



Na 

of 

Ote. 



51,38 
51,78 
54,62 
54,88 

44,44 
44,24 
47,40 
47,28 

41,25 
42,40 
45,52 
46,18 

15,74 

■ 17,74 

■ 16,52 

54,34 
54,01 

- 56,14 

- 55,31 

24,76 

24,47 
-28,10 

-27,90 

55,84 
55,64 

- 59,86 



11,58 
11,50 
13,27 
12,93 

18,41 
18,09 
21,16 
22,45 

45,73 
46,03 

47,93 
46,54 



Condudfld 
N.P.D. 



// 



155 
169 

80 
62 

37 
24 

4 
19 

6 
16 

25 
10 

64 

5 

78 
21 

52 
6 

49 
35 



No. 
of 

OlM. 



51,49 
54,70 

44,35 
47,35 

41,78 
45,57 

15,74 
17,29 

54,17 

- 55,83 

24,63 

- 28,04 

55,74 

- 59,86 

11,54 
- 13,13 

18,25 

- 21,80 

45,82 

- 47,57 



Algebraic 

^mof 

Decennio. 



// 



324 -3,21 



142 



61 



Weight 

of 
Remit 



-3,00 



-3,79 



23 



22 



35 



-1,55 



-1,66 



-3,41 



69 



99 



-4,12 



-1,59 



58 



-3,55 



84 



-1,75 



Produce 



- 16,05 



-9,00 



-7,58 



-1,55 



-1,66 



-3,41 



-4,12 



-3,18 



-3,55 



-3,50 



Vol. V. Tart JI 



Oo 



TranBacUonfl of theCkmib. rhil. Soc. Vol V 11. 7. 



1 1 





Ji^. e. 





J^ s. 




I'i0. Ay 





W: Meacal/b, tU^^T Cambridge^ 



^ ^ 







• • . 



XII. On the Diffraction of an Olyect-glass with Circular Aperture. By 
George Biddell Airy, A.M. late FeUow of Trinity College ^ 
and Plumian Professor of Astronomy and Experimented Philosophy 
in the University qf Cambridge. 



[Read Nov. 24, 1834.] 

The investigation of the form §nd brightness of the rings or rays 
surrounding the image of a star as seen in a good telescope, when a 
diaphragm bounded by a rectilinear contour is placed upon the object- 
glass, though sometimes tedious is never difficult. The expressions 
which it is necessary to integrate are always sines and cosines of mul- 
tiples of the independent variable, and the only trouble consists in 
taking properly the limits of integration. Several cases of this problem 
have been completely worked out, and the result, in every instance; 
has been entirely in accordance with observation. These experiments, 
I need scarcely remark, have seldom been made except by those whose 
immediate object was to illustrate the undulatory theory of light. 
There is however a case of a somewhat different kind; which in 
practice recurs perpetually, and which in theory requires for its com- 
plete investigation the value of a more difficult integral; I mean the 
usual case of an object-glass with a circular aperture. The desire of 
submitting to mathematical investigation every optical phasnomenon of 
frequent occurrence has induced me to procure the computation of the 
numerical values of the integral that presents itself in this inquiry : 
and I now beg leave to lay before the Society the calculated table, 
with a few remarks upon its application. 

Let a be the radius of the aperture of the object-glass, f the focal 
length, h the lateral distance of a point (in the plane which is normal 
Vol. V. Part III. Pp 
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to the axis of the telescope) from the focus. Then, the lens being 
supposed aplanatic, and a plane wave of light being supposed incident, 
the immediate effect of the lens is to give to this wave a spherical 
shape, its centre being the focus of the lens. Every small portion of 
the wave, as limited by the form of the object-glass, must now be 
supposed to be the origin of a little wave, whose intensity is propor- 
tional to the surface of that small portion; and the phases of all these 
little waves, at the time of leaving the spherical surface above alluded 
to, must be the same. If then SxxSy be the area of a very small part 
of the object-glass, q the distance of that part from the point defined 
by the distance b, the displacement of the ether at that point, caused 
by this small wave, will be represented by 

Sir 

ix xSy X sin-T-(t?/— y — ^); 

and the whole displacement caused by the small waves coming from 
every part of the spherical wave will be the integral of 

sin — (vt-^q-^ A) 

A 

through the whole surface of the object-glass, q being expressed in 
terms of the co-ordinates of any point of the spherical surface. 

Now let X be measured from the center of the lens in a direction 
parallel to b; y perpendicular to x and also perpendicular to the axis 
of the telescope ; and % from the focus parallel to the axis of the 
telescope. Then 

omitting squares and superior powers of b. But ^* + y* + «*^ =^% 
since the wave is part of a sphere whose centre is the focus ; therefore, 

5' = a/(/*-26^)=/-^^ nearly; 
and the quantity to be integrated is 

sin^ (*''-/- -^ + >^)- 
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The first integration with regard to y is simple, as y does not 
enter into the expression, which is therefore to be considered as con- 
stant. Putting yx and y^ for the smallest and greatest values of y 
corresponding to Xy the first integral is 

{y% - yi) X sin -^(t?* -/- A + yx). 

To this point of the investigation the expressions are general, including 
every form of contour of the object-glass. 

We must now substitute the values of y^ and y^ in terms of x^ 
before integrating with regard to x. For a circular aperture 



ys - yi = Si/a* - of 

where the sign of the radical is essentially positive. Hence the dis- 
placement of the ether at the point defined by the distance h is re- 
presented by 

2/,V'rf^^.8inY^(i?/-/-^+^a?) 
= 2sin —(pt-f'-A)f^\/ff^a?, cos— .^o: 

+ 2cos-^(r/-y— ^)^\/a*-j?'.sin — .;%a:, 

and the limits of integration are from a? = — a to j:=+a. Between 
these limits it is evident that 

(as every positive value is destroyed by an equal negative value); and 
the displacement is therefore represented by 

2 sin -^{vt —f— A) fs y/cf — <ar* . cos .-^x, 
A ^ J 

« 

the integral being taken between the limits a? = - «, a? = + a. 

. PP2 
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If we make - = w, "T" • "7" = ^'» *^he expression becomes 
2a'. sin -— {vt—/—A)f„y/l - tif. cos nw, fromi£;=— 1 tofr=-fl, 

A 

Q ^ 

or 4a'. sin -^{vt—f- A) Jl,\/l — w^. cos nWy from ii? = toii? = l. 

It does not appear, so far as I am aware, that the value of this 
integral can be exhibited in a finite form either for general or for 
particular values ofw. The definite integral 

fny/l — uf . cos nw (from ii7 = toii?=l,) 

(which will be a function of n only) being expressed by JVi it may be 
shewn that N satisfies the linear differential equation 

j\r £ ^+ — = 
n' dn dv? ~ ' 

which may be depressed to an equation of the first order that does 
not appear to yield to any known methods of solution. 

If we solve the equation by assuming a series proceeding by powers 
of n, or if we expand cos nw and integrate each term separately, we 
arrive (by either method) at this expression for the integral 

4 "" ^^ 2.4^ 2.4^6 2.4^6^8 "^^"^-^ 

The table appended to this paper contains the values of the series 
in the bracket, for every 0,2 from «=0 to 9i = 12. Each value has 
been calculated separately, the logarithms used in the calculation have 
been systematically checked, and the whole process has been carefully 
examined. The calculations were carried to one place further than the 
numbers here exhibited. I believe that they will seldom be found in 
error more than a unit of the last place; except perhaps in some of 
the last values, where the rapid divergence of the series for the first 
five or six terms made it difficult to calculate them accurately by 
logarithms. 
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In the use of this table n must be taken = -7- • "7? . If instead of 

using the linear distance b to define the point of the field at which 
we wish to ascertain the illumination, we use the number of seconds s^ 

then A=^.*.sin 1", and n must be taken = •— n^ sin 1". If X be taken 

A 

for mean rays = 0»000022 inch, n must be taken = 1,3846 x as, a being 
expressed in inches. From this expression, and from the numbers of 
the table, we draw the following inferences. 

1. The image of a star will not be a point but a bright circle 
surrounded by a series of bright rings. The angular diameters of these 
(or the value of s corresponding to a given value of n) will depend 
on nothing but the aperture of the telescope, and will be inversely as 
the aperture. 

2. The intensity of the light being expressed (on the principles 
of the undulatory theory) by the square of the coefficient of 

2ir 

sin— (<^'-/--^)» 

and the intensity at the center of the circle being taken as the standard, 

it appears that the central spot has lost half its light when n = 1,616, 

1 17 

or * = — — ; that there is total privation of light, or a black ring, when 

2 76 
n = 3,8S2, or * = -^ — ; that the brightest part of the first bright ring 

corresponds to » = 5,12, or *= -^ — , and that its intensity is about — of 

5 16 
that at the center; that there is a black rinff when w = 7,14, or * = -^ ; 

^ a 

that the brightest part of the second bright ring corresponds to 7^ — 8,48, 

or * = -^ , and that its intensity is about ^— r of that of the center ; 

7 82 
that there is a black ring when » = 10,17, or ^ = — — ; that the brightest 
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8,40 



t\ 41 1 

part of the third bright ring corresponds to »= 11,63, or *= -^ — , and 
that its intensity is abQut ^— of that of the center. 

The rapid decrease of light in the successive rings will sufficiently 
explain the visibility of two or three rings with a very bright star 
and the non-visibility of rings with a faint star. The difference of 
the diameters of the central spots (or spurious disks) of different stars 
(which has presented a difficulty to writers on Optics) is also fully 
explained. Thus the radius of the spurious disk of a faint star, where 
light of less than half the intensity of the central light makes no 

1 17 

impression on the eye, is determined by making « = 1,616, or *=-^ — : 

whereas the radius of the spurious disk of a bright star, where light 

of — the intensity of the central light is sensible, is determined by 

1 97 
making » = 2,78, or *= ' 



a 



The general agreement of these results with observation is very 
satisfactory. It is not easy to obtain measures of the rings; since 
when a is made small enough to render them very distinct as to form 
and separation, the intensity of their light (which varies as a*) is so 
feeble that they will not bear sufficient illumination for the use of 
a micrometer. Fraunhofer however obtained measures agreeing pretty 
well (as to proportion of diameters, &c.) with the results above. 

For verification of the numbers it would probably be best to use 
an elliptic aperture. By an investigation of exactly the same kind as 
that above it will be found that the rings will then be ellipses exactly 
similar to the ellipse of the aperture, but in a transverse position; that 
the major axes of the rings for the elliptic aperture will be the same 
as the diameters of the rings for a circular aperture whose diameter 
= minor axis of ellipse of aperture, but that the intensity will be 
greater in the proportion of the squares of the axes. I have not yet 
had an opportunity of examining this in practice. 



AN OBJECT-GLASS WITH CIRCULAR APERTURE. 289 

I shall now apply the numhers of the table to the solution of 
the following problem. To find the diameters, &c. of the rings when 
a circular patch, whose diameter is half the diameter of the object- 
glass, is applied to its center, so as to leave an annular aperture. 

The radius of the patch being -, it is easily seen that the dis- 
placement (using the same notation) is 

2sin— (f?<— y— ^)j!i\/a*-j:*.cos— . 2.^ (from x=^a to 4?s=+a) 
-2sin ~(i?/-y'— -4)y^ V -J— o^^.cos-^.^.^ ffrom «=— 5 to^«+~). 

Putting - = «;, — = tt, this becomes 

4a* . sin — (vt —f - A) f^y/l — ttf . cos — . -j? i«? 

m 

the limits of integration both for w and for u being and 1. Omitting 
the factor aV, the intensity will be expressed by 



{«(«)-*« (I)}". 



where (n) is the ^number given in the table. 

Upon forming the numerical values we find that the black rings 

correspond to values of »=8,15, 7,18, 10,97: and that the intensities 

1 1 
of the bright rings (in terms of the intensity of the center) are — , — . 

10 oO 

Thus the magnitude of the central spot is diminished, and the bright- 
ness of the rings increased, by covering the central part of the object- 
glass. 

In like manner, if the diameter of the circular patch = a ( 1 — />), the 
intensity of light would be proportional to {^(w) — (l — j»)'. (»—/)«) }^ 
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The quantity under the bracket, if p is very small, is equal to 

2JB . («) + /)«0' («) = f . J[^ {«>(»)}. 

In the case of a very narrow annulus therefore the diameters of the 
black rings will be determined by making n*<f>{n) maximum or 
minimum. It appears then that there ought to be only one black 
ring corresponding to each black ring with the full aperture, and that 
its diameter ought to be somewhat smaller. This conclusion does not 
agree with the experiments recorded by Sir J. Herschel, in the Encyc. 
Metrop. Article Light, page 488: but it is acknowledged there that 
the results are discordant with Fraunhofer's : and I am inclined there- 
fore to attribute the pha&nomena observed by Sir J. Herschel to some 
other cause. 

The investigation of cases of diffraction similar to that discussed 
here appears to me a matter of great interest to those who are 
occupied with the examination of theories of light. The assumption 
of transversal vibrations is not necessary here as for the explanation /* 
of the phaenomena of polarization : and they therefore offer no argu- 
ments for the support of that principle. But they require absolutely 
the supposition of almost unlimited divergence of the waves coming 
not merely from a small aperture, but also from every point of a large 
wave: and the results to which they lead us, shew strikingly how 
small foundation there was for the original objection to the undulatory 
theory of light, viz. that if waves spread equally in all directions, 
there could be no such thing as darkness. 



G. B. AIRY. 



Observatory^ Cambridge, 
November 20, 1834. 
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Table of the values of 0(n) = - /, -x/l — ic* . cos nw from «;=0 to t(;al 

TT 



» 


0(n) 


n 


0(») 


0,0 


+ 1,0000 


6,0 


- 0,0922 


0,2 


+ 1 


,9950 


6,2 


- ,0751 


0,4 


+ , 


,9801 


6,4 


- ,0568 


0,6 

• 


+ , 


,9657 


6,6 


- ,0379 


0,8 


+ : 


,9221 


6,8 


- ,0192 


1,0 


+ . 


,8801 


7,0 


- ,0013 


1.2 


+ : 


,8305 


7,2 


+ ,0151 


1,4 


+ 1 


,7742 


7,4 


+ ,0296 


1,6 


+ , 


,7124 


7,6 


+ ,0419 


1,8 


+ 1 


,6461 


7,8 


■f ,0516 


2,0 


+ 1 


,5767 


8,0 


+ ,0587 


2,3 


+ , 


,6054 


8,2 


+ ,0629 


2,4 


+ . 


,4335 


8,4 


+ ,0645 


9,6 


+ i 


,3622 


8,6 


+ ,0634 


2,8 


+ ! 


,2927 


8,8 


•f ,0600 


3,0 


+ , 


,2261 


9,0 


+ ,0645 


3,2 


+ J 


,1633 


9,2 


+ ,0473 


3,4 


+ ) 


,1054 


9,4 


+ ,0387 


3,6 


+ ) 


,0630 


9,6 


-f ,0291 


3,8 


+ ! 


,0067 


9,8 


+ ,0190 . 


4,0 


— J 


,0330 


10,0 


+ ,0087 


4,2 


— , 


,0660 


10,2 


- ,0013 


■ 4,4 


— , 


,0922 


10,4 


- ,0107 


4.6 


— J 


,1116 


10,6 


- ,0191 


4,8 


- , 


,1244 


10,8 


- ,0263 


5,0 


— J 


,1310 


11,0 


- ,0321 


6,2 


— , 


,1320 


114J 


- ,0364 


5,4 


— , 


,1279 


11,4 


- ,0390 


5,6 


— J 


,1194 


11,6 


- ,0400 


5,8 


- J 


,1073 


11,8 


- ,0394 


6,0 


- , 


,0922 


12,0 


- ,0372 
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XIII. On the Equilibrium of the Arch. By the Rev. Heney Moseley, 
B.A. (^ St John's College; Professor qf Natural Philosophy and 
Astronomy in Kings College^ Ij(md(m. 



[Read Dec. 9, 1833.] 

1. Let a mass acted upon by forces applied to any number of 
points in it be imagined to be intersected by an infinite number of planes, 
dividing it into exceedingly small lamince. Suppose the direction of the 
resultant of the forces acting upon one of these, having for its ex- 
ternal face a portion of the surface of the body, to be determined. 
Combining this force with those acting upon the different points of 
the next, contiguous lamina; let their common resultant be ascertained. 
Proceed similarly with the next, and with each succeeding lamina. 

These lines will then be the tangents to a curved line, called in 
the following paper the line of pressure, whose intersection with each 
lamina, marks the point where a single force might be applied so as 
to produce the same effect with aU those impressed upon that lamina, 
this single force being impressed in the direction of a tangent to the 
curve. 

If any of these imaginary intersecting planes be supposed to become 
real sections of the mass, so as to separate it into distinct parts, the 
conditions necessary that no one of these, parts may slip or turn over 
on those contiguous to it, will manifestly be determined by the direc- 
tion of the line of pressure in reference to the plane of the section. 

In general it will be observed that forces applied to a system of 
variable form are, when in equilibrium, subject to the same conditions 
as though its form were invariable^ together voith certain other conditions, 
dependant upon the nature of the variation to which the form of the 
system is liable. In other words the conditions of the equilibrium of 
a system of invariable form are necessary to the equilibrium of a, system 
of variable form ; but they are not sufficient We shall first determine 

QQ2 
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the form and position of the line of pressure on the hypothesis, that 
the form of the system is invariable, and then consider the modifica- 
tion to which these are subjected by the opposite hypothesis. 

2. Let there be conceived a mass, the connexion between the parts 

of which may be any whatever, and the nature of whose surface is 

determined by the equation 

*xy« = 0. 

Let it be intersected by an imaginary plane whose position in reference 
to a given system of rectangular co-ordinates is determined by the arbi- 
trary constants A^ B, C, and whose equation is 

X = ^0? + 5y + C (i). 

Let Ml, Mi, Mt represent the sums of the forces acting upon one 
of the parts into which the mass is divided by the intersecting plane, 
resolved in directions parallel to the axes of x, y, s, respectively. Also 
let Nxf N%, i\^s be the moments of these forces about the same axes. 
Then itf,, M^, Mt\ Nu iVi, N^ are given in terms of the arbitrary 
constants A, B, C — of the given forces — and of the constants involved 
in the given equation to the surface of the mass. 

Let the position of the intefrsecting plane be supposed to be such, 
that the forces acting upon the above mentioned portion of the mass 
may have a single resultant, an hypothesis which involves the known 

condition 

M,N^ + M^Ni + M^Ni = (2). 

The equations to the resultant in any given position of the inter- 
secting plane, are 

M. N. *'>• 

Let the arbitrary constant C be eliminated from this equation, and 
from the equation to the intersecting plane by means of equation (2); 
and let the plane be then supposed to take up a series of positions, 
the law of which is fixed by its equation, and of which, each is im- 
mediately adjacent to the former. 
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Further^ let it be supposed that the resultant of the forces upon 
the portion of the mass, cut off by the plane, in each of its positions, 
intersects with the resultant similarly taken in its immediately previous 
position — an hypothesis which introduces a new condition into the 
question and establishes a second relation between the quantities 
Ml, M,, M^; A, By C. 

That relation is determined as follows. 

Since a;, y, x are to be considered as the co-ordinates of a point of 
intersection of two consecutive resiultants; we may differentiate the 
equations (8) with respect to the arbitrary constants A and JB, consi- 
'dering x and y as constant. From this differentiation, the following 
equations are obtained: 



. s was/ , . ^ \MJ ,jj\ I \Ws) , . . \MJ ,^: 

whence, eliminating % 




(4). 



If J 111).., #„ 




= 0...(5). 



This last equation determines the relation between A and B ne- 
cessary to the continual intersection of the consecutive resultants ; and 
the elimination of these quantities between equations (3) and (4), 
produces two equations in x, y, % which are those to the locus of 
that intersection. That is, they are. the equations to the line of 

PRESSURE. 
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8. By the elimination of A, B and C between the equations (2), (3) 
and (5), a relation is obtained between the co-ordinates of a point in 
the direction of the resultant force, applicable to every position of the 
intersecting plane. Being in fact, the equation to that developable 
surface which is the locus qf the resultants^ and, which has for its 
edge qf regression, the line of pressure. This surface will be properly 
called the surface qf pressure. 

It is evident that at that point where the line of pressure even- 
tually cuts the surface of the mass, there must be applied a force equal 
to the resultant of all the other forces impressed upon the system 
and in the direction of a tangent to the line of pressure at that point, 
or there must be applied to the surface of the last lamina cut off 
by the intersecting plane, forces whose resultant is of that magnitude 
and in that direction. 

4. These conditions may be expressed as follows. 

Let P' be the force — or the resultant of the forces — applied to the 
last lamina, Xi, yi, %i the co-ordinates of the intersection ' of the line of 
pressure with it, a, /3, 7 the inclinations of P' to the axes of a?, y, «. 
Also let 

y = F^% 

be the equations to the line of pressure. 

Since the point ^1, yi, %i is a point in the surface of the mass, 

.'. ^^lyi^i = 0. 
Also, since it is a point in the line of pressure, 



} (6) 



y,^F,zJ' 



Since the direction of F is that of a tangent to the line of 

pressure, 

, dFi%i 

.*. tan a = --S — , 

d%i 
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Also 

where ifcfi, M^y -Mi are supposed to be taken throughout the whole 
mass. 

Thus there are six equations of condition, which together with the 
equation 

cos* a + cos* /3 + cos* 7 = 1, 

determine the seven quantities P\ Xi, y^^, %i\ o, /}» 7 in terms of the 
forces (other than P') which compose the system, and the constants 
which enter its equation. These fix the relations necessary to the equi- 
librium of the mass considered as one continued geometrical solid. 

Before proeeeding to the discussion of the additional conditions 
requisite to the equilibrium when the mass passes from the invariable 
form here supposed, to a variable Jwrm^M will be well to give an 
example of the application of the principles which have been already 
laid down to the actual determination of the line of pressure in a par- 
ticular instance. 

5. Let then ABCD (fig. 1.) represent a heavy mass, bounded at its 
extremities by parallel planes ^.8 and CD, and laterally, by the planes 
AC and BD inclined at any angle to one another. 

Let the mas& be imagined to be intersected by an infinite number 
of planes parallel to AB^ of which one is mn^ and to be supported 
by forces acting at p and p' at angles and <p! with the horizon. 

It is required under these circumstances to determine the form and 
position of the line of pressure. 

Let the line P'G bisect AB and CD. Draw P'E horizontal and 
PM vertical. 

Let P'M = ^, CD = 2b, P'p =K, 
AB = 2a, P'G - A, Gj/ - k'. 
Inclination of PG to the horizon = 7, 
AB = /3. 
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Now, 



BP' -Pm _ BP- DG 
PP "" GP' ' 

2tf — (tnn) _ 2 (g — &) ^ 
/ V .> 2 (a - A) . 

/. area {BAnm) = i {(^^) + (»in)} . {P^P) . sin (PP'^) 

= sin(/3 +7)sec7{2a^ j-- .8607. -4*}; 

.-. -ir — ^_ ^ ssin(i3 + 7)sec7{2a ^-r — '-xcy.A]. 

Now each element of the area has its centre of gravity in P'G\ 
/. moment of area = 25^sin (jS + 7) sec 7^ {a^ j— sec yA^} 

=^sin(j3 + 7)sec7{a-4* ^-jr — ^sec7^*}. 

Now, 
N2 = moment of /> + moment of area {BAmn) 

= /i^<csin(0 -f-/3) +^sin(i3 + 7)sec7{a^* , sec7^^}. 

Also, 
Mx = jo^cos 0, ilfj = 0, 

JIf, ss j9^sin — ^sin (/3 + 7) sec 7 \%aA t r — sec 7 A^}^ 

N, = 0, jv; = 0. 

Calling therefore x and as the co-ordinates of any point in the re- 
sultant of the forces applied to the area {ABmn), we have for the 
equation to that resultant. 
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n "^ h 

or, %pgcos<f> -pgsinif} + xgsm{(i + 7)sec7{2a^ - — r— sec7.^*} 

^pgKsin (0 + /3) +^8in (/3 + 7) sec 7 {aA^ 7 sec 7 . A^}. 

Differentiating which equation with regard to the arbitrar}'^ constant 
A, we obtain 

A=iX, 

whence by elimination and reduction, 



_ (£] [ sec 7, sin (jS + 7) 1 ^ 

\p) \ COS0 J' 



+ tan . X 
sinjiijt) 

COS0 

The above is the equation to the line of pressure. It indicates a 
point of contrary flexure corresponding to 

ak 

X = r cos d>. 

a -- ^ 

The curve is concave to the axis of x, between the origin and this 
point. It is afterwards continually convex. 

A minimum value of z is determined by the equation 

It will be observed that since all the forces applied to the system 
may be supposed to act in the same plane, the two conditions. 

First, ^' That in every position of the intersecting plane, the forces 
shall have a single resultant," and Secondly, ''That the consecutive re- 
sultants shall intersect," are neceMorily satisfied. 

Vol. V. Part III. R a 
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To simplify the question, let the planes AC^ BD which bound the 
mass laterally be supposed to be parallel, the figure ABCD assuming 
the form of a rectangle. Fig. 6. 

This hypothesis will introduce the following conditions: 

a = ft, ^ = ^ - 7. 

Hence, by substitution the equation to the line of pressure becomes 

« 2= .secv .sec0.dr 

-h tan 0.0? 

cos (7 - 0) 
cos<f> 

which may be put under the form 

i P ' ^ 12 P ^ i cos(7-A) ^ p sin»0cos7 , 

{4: — :*- sm <b cos 7}' = ^ cos 7 . cos A . {if '^ + -r ^-—7 — - — »} • 

^ 2a ^ '^ a ' ^ ^ COS0 4a cos0 ^ 

It is manifest therefore, that the line of pressure is in this case 
a parabola — ^having its axis vertical and at a distance = ^ sin cos 7 
from the origin — ^having its concavity downwards — ^its vertex at a height 

_ cos (7 — 0) p sin* cos 7 
"" ^ cos 4 a cos V 

above the axis of x — and having for its parameter the quantity 



( — J . cos cos 7. 



Let us now seek to determine what relation must exist between 
the forces impressed upon the mass which we have hitherto considered 
of invariable form» that the equilibrium, may continue under the same 
circumstances when its form and dimensions are made to admit of 
variation. And let us suppose 
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First. That certain of the sections, which we have imagined^ be- 
come real sections of the mass, dividing it into separate and distinct 
parts, each of which retains the properties of a perfect solid. 

Secondly. Let us suppose every point in the system to admit of 
displacement, subject, within certain limits, to the law of perfect 
elasticity. 

The determination of the conditions of the equilibrium in these 
two cases, will constitute a complete theory of construction. 

The discussion contained in the remainder of this paper will be 
confined to the first case. 

6. Let the mass AB (fig. 2.) have for its line of pressure the 
line PP'. Now it is clear, that if this line cut the plane QQ of any 
section of the mass in a point n' without the surface of the mass; 
the tendency of the opposite resultants of the forces acting upon the 
two parts AQQ and BQQ, into which that section divides the mass, 
will be to cause them to revolve about the nearest point Q' of its 
intersection with the surface of the mass. And, this tendency being 
wholly unopposed, motion will ensue. And so in the mass represented 
(fig. 6.) the force p and with it the line of pressure pp' being given, 
it appears that, being cut transversely as shewn in the figure, the mass 
cannot be supported by any single force p' if it extend beyond CI/: 
any such force must, to produce equilibrium, be applied at q; and 
being applied there, the portion CC"iy"iy will be wholly unsupported. 
The line of pressure being continued cuts the planes of the sections 
Ciy, C'iy\ &c., without the surface of the mass. 

Thus then it is a condition of the equilibrium, tiud the line qf 
pressure should intersect the plane of every section of the body unthin 
its mass. 

This condition will be satisfied if this line nowhere cut the surface 
of the mass except at the points P and P. Fig. 2. Or if the equation 

RB2 
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found by eliminating the values o£ x and ! y between the equation to 
the' surface and the equation to the line of pressure, involve only 
such possible values of % as correspond to the points P and P, where 
the intersecting plane touches the surface, or to points where the line 
of pressure touches it. 

It is a further condition of the equilibrium that the line of pressure 
should not cut any section of the mass, at an angle with the perpen- 
dicular to that section greater than a certain given angle, dependant 
upon the friction of the surfaces in contact, and having for its tangent 
the coefficient of friction. 



The resistance of surfaces is not exerted exclusively in the direction 
of the normal, according to an hypothesis, which was probably in- 
troduced into the theory of Statics in order to simplify the investi- 
gations of those who originated that science, but which there seems 
no reason for retaining any longer. It is exerted in an infinity of 
different directions included within a certain angle to the normal, or 
rather within the surface of a certain right cone, having the normal 
for its axis and the point of resistance for its vertex. Any Jbree, 
however great, applied within this conical surface will be sustained 
by the resistance of the surface of the mass — ^and no force however 
small, without it. 



Let It represent a single force on the resultant of any number of 
forces applied to a fixed surface, and let IS and S' be the resolved 
parts of R in the directions perpendicular and parallel to the surface. 
Also let p be the inclination of 22 to the vertical, and f the coefficient 
of friction. The friction of the surfaces in contact is therefore repre- 
sented by fICi and motion will, or will not, ensue according 2i& B!' is 

greater or is not greater than fR. Or, according as -j^ is greater or 

is not greater than fi Or, it f^ tan 0, according as tan p is, or is 
not, greater than tan ^, or as p is greater or is not greater than 0. 
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In the remainder of this paper the angle 0, or tan'^y^ will be called 
the Umiting angle qf resistance^. 

From the above then it appears, that unless the tangent to the 
line of pressure at the point where it cuts any section of the mass, 
make with the perpendicular to the plane of that section an angle, 
which is not greater than the limiting angle of resistance, the surfaces 
there in contact will slip upon one another. 

This condition may be expressed analytically as follows: 

% = Ax + By + C 
is the equation to the plane of any section of the mass, therefore 

are the equations to the perpendicular to that section. And the angles 
which that perpendicular makes with the co-ordinate axes have for 
their cosines 

-A -jg -1 

\/^"+^+i* 'T^TWTi' a/^«+^+i* 

Also it appears from the given equations (3) to the resultant 
force, or tangent to the line of pressure, that this line makes angles 
with the co-ordinate axes which have for their cosines the quantities 

M, M, M, 



Hence, therefore if / be the inclination of these lines to one 
another, 



* It is here supposed that the coefficient of friction f is constant for the same surfaces^ 
whatever be the force R by which they are pressed together. This is usually assumed 
to be the law of friction. It is only however an approximation to that law. The ex- 
periments of Mr Rennie shew that f must be considered a function of R' increasing con- 
tinually> but very slowly, up to the limits of abrasion. 
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COS /= — 



in which expression Mi, Mt, M,, and B, are known Junction* of w^. 

Now / must not exceed the limiting angle of resistance. Therefore 
cos / must not be less than the cosine of that angle. 

On the whole then we have these two conditions necessary to the 
equilibrium of a mass intersected by a series of planes, under the cir- 
cumstances supposed. 

1. That the equation 

shall involve no possible roots, except such as correspond to the ex« 
tremities of the line of pressure, or to paints where it touches the 
surface of the mass. 

2. That the fraction 



shall for all values of A^ corresponding to real sections of the mass, 
be not less than the cosine of that arc, whose tangent is the coefficient 
of friction. 

The first of these conditions being satisfied, the parts of the mass 
cannot turn upon one another. The second being satisfied, they can- 
not slip upon one another. 

We have supposed the whole of the forces impressed upon the 
system to be known excepting the force P', which has been deter- 
mined in terms of the rest. The force P* may be supplied by the 
resistance of a point in a fixed surface, in which case the amount and 
direction of that resistance will be known. 
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If, however, there enter two. or more resistances of surfaces among 
the forces which compose the equilibrium, since the magnitudes of 
these and also their directions may be any whatever, within the limits 
imposed by the friction of the surfaces; the problem remains, in so 
far as the known conditions of equilibrium are concerned, indeterminate^ 
and recourse must be had for its solution to other principles. 

7. Suppose the mass AB to be acted upon by any number of forces 
among which is the force P being the resultant of certain resistances, 
supplied by different points in a surface Bh^ common to the inter- 
sected mass and to an immoveable obstacle BC. 

Now it is clear that under these circumstances we may vary the 
force P', both as to its amount, direction, and point of application, 
without disturbing the equilibrium, prpvided only the form and 
direction of the line of pressure continue to satisfy the conditions im- 
posed by the equilibrium of the system. 

These are manifestly, that it no where cut the surface of the mass, 
except at P and within the space Bh, and that it no where cut a 
section of the mass or the common surface of the mass and obstacle, 
at any angle with the perpendicular greater than the limiting angle 
of resistance. 

Thus, varying the force P', we may destroy the equilibrium, either, 
first, by causing the line of pressure to take a direction without the 
limits prescribed by the resistance of the section through which it 
passes; or, secondly, by causing the point P to fall without the surface 
Bb^ in which case no resistance can be opposed to the resultant force 
acting in that point ; or, thirdly, the point P lying within the surface 
J? ft, we may destroy the equilibrium by causing the line of pressure 
to cut the surface of the mass somewhere between that point and P'. 

Let us suppose the limits of the variation of P' within which the 
first two conditions are satisfied, to be known; and varying it, within 
those limits, let us consider what may be its least and greatest values 
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SO as to satisfy the third condition; and where, and in what direction 
they must be applied. 

In the first place it will be observed, that by diminishing the force 
P', its direction and point of application remaining the same, the line 
of pressure is made continually to assume more nearly that direction 
which it would have, if P' were entirely removed. 

Provided then, that if R were thus removed, the line of pressure 
would cut the surface, that is, provided the force F be necessary to 
the equilibrium; it follows that by diminishing it, we may vary the 
direction and curvature of the line of pressure until we at length make 
it touch some point or other in the surface of the mass. 

And this is the limit; for if the diminution be carried further, it 
will cut the surface, and the equilibrium will be destroyed. It ap- 
pears then that under the circumstances supposed, when P' acting at 
a- given point and in a given direction, is the least possible, the line 
of pressure touches the surface of the fnass. 

In the same mtoner it may be shewn, that when it is the greatest 
possible, the line of pressure touches the surface of the mass. 

Now by varying the direction and point of application of P', as 
well as its amount, this contact may be made to take place in infinite 
variety of different points, and each such variety supplies a new value 
of P', producing the required contact. Among these, therefore,' it 
remains to seek the absolute maximum and minimum values of that 
force. 

To express these conditions analytically, let x^y yg, %^ represent the 
co-ordinates of a point where the line of pressure touches the surface 
of the body. 

Since the point Xj,, ys, ^ is common to the line of pressure and 
to the surface of the body. 
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Also, since it touches the surface in the point x^ytf&t; 



dFiZi \ dzi / ^ 
\ dx2 



d%i ( d'^Xjifizi^ 



dF.z, \ dz, ) ^ ^ 
dzi / rf»j?,y»«, \ 

V rfy, / 

Eliminating a^t y«, z» among these five equations two relations are 
established between the force P'*, the co-ordinates of its point of ap- 
plication, and the angles which fix its direction (see Art. 4) ; by elimi- 
nation between which a further relation is established between six of 
these seven quantities, and, finally, by the equations of condition 

cos* a + cos^ /3 + cos* 7=1, 
a relation is obtained between four of them. 

Thus then we may obtain the value of P' in terms of three of 
the quantities a?,, yi, «i; a, j3, 7. 

Its maximum and minimum values are then at once determined by 
the known conditions of the maxima and minima of functions of 
three variables. 

8. It is evident that the minimum value of P*, being that which 
just counteracts the tendency of the mass to revolve about the point 
where the line of pressure touches its surface, is also precisely that 
force which would be exerted there by another equal and similar mass, 
acted upon by equal forces, under the same circumstances, but placed 
in a contrary position, so that its line of pressure shall have, at P', 
a common tangent with the line of pressure of the first mass. 

* The line of pressure is here supposed to commence at P', and the force P' to enter 
among the other forces which determine its equation. 
Vol. V. Part III. S s 
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Two masses, therefore, thus placed together would remain in equi- 
librium, without the aid of any external force, and by reason only of 
their mutual pressures and the resistance of their abutments. 

It is also evident that since the line of pressure is similarly situated 
in both, they cannot be thus placed together so that their lines of 
pressure may meet and have a common tangent at the point where 
they meet, unless both lines of pressure be perpendicular to the com- 
mon surface at that point. 

This condition throws two new equations into the system, and de- 
termines the value of P' in terms of a single variable. 

The value of P' is not in this case that which we have called 
the absolute minimum or minimum minimorum, but simply the greatest 
or least force, which applied at a given point, in a given direction will 
support the system. 

If however instead of a single point of contact we suppose the 
masses to be in contact throughout the wtu>le surfaces of two planes, 
it is evident that the point jP* will take up for itself that position, 
which we have supposed to correspond with the absolute minimum; 
a condition to which the form of the line of pressure, and the 
position of its point of contact with the surface of the mass, will also 
be subjected. 

Hence it appears that two masses, thus in contact throughout the 
surfaces of two planes, sustain a less aggregate of pressure, on their 
common surface of contact, than two similar masses in contact only 
by a single point, unless that point, and the position of the masses, 
be such as to correspond to the minimum minimorum. 

In the preceding pages we have supposed the form of the solid 
to be given, together with the positions of the dilSerent sections 
made through it, and we have thence deduced the form of its line 
of pressure and the direction of that line through its mass. 

* The point P is liere the point of application of the resultant of the resistances on 
the different points of either plane. 
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It is manifest that the converse of this operation is possible. 

9. Having given the form and position of the line of pressure, and 
the positions of the different sections to be made through the mass, we 
may, for instance, enquire what form these conditions impose upon the 
surface which bounds it. 

Or we may make the direction of the line of pressure and the 
form of the bounding surface subject to certain conditions not abso- 
lutely determining either. 

For instance, if we suppose the form of the intrados of an arch to 
be given, and the direction of the intersecting plane to be always per- 
pendicular to it, and if we suppose the line of pressure to intersect this 
plane always at the same given angle with the perpendicular to it, 
so that the tendency of the pressure to thrust each from its place may 
be the same, — we may determine what under these circumstances must 
be the extrados of the arch. 

If this angle equal constantly the limiting angle of resistance, the 
arch is in a state bordering upon motion, each voussoir being upon 
the point of slipping downwards. or upwards, according as the constant 
angle is measured above or below the perpendicular to the surface of 
the voussoir. 

The systems of voussoirs which satisfy these two conditions are the 
greatest and least possible. 

If the constant angle be zero, the line of pressure being every- 
where perpendicular to the joints of the voussoirs, the arch would 
stand even if there were no friction of their surfaces. 

It is then technically said to be equilibrated. It is impossible to 
conceive any arrangement of the parts of an arch by which its stabi- 
lity can be more eflfectuaUy secured*. 

10. The theory stated above readily explains the phenomena ob- 
served in the settlement and fall of the arch. 

* The great arches of late years erected by Mr Rennie> m this country^ have for the 
most part been so loaded as very nearly to satisfy this condition. 

SS 2 
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Thus let ABR (fig, 3) represent an arch having the joints of its 
voussoirs perpendicular to the intrados as they are usually made. 

Let BQPQR be the line of pressure, touching the intrados in the 
points Q and Q. It is manifest that this curve is then perpendicular 
to the joints of the voussoirs at Q and ,0", and inclined in respect to 
those above and below these points. The inclination being dofwnwards^ 
or towards the intrados, in reference to the former, and upwards^ or 
from the intrados, in reference to the latter. 



^ 
^ 



Hence, therefore, it appears that the tendency of the pressure is 
to cause all the voussoirs above the points Q and Q to slide dawn- 
wards, and those beneath those points, upwards. 

And that these effects may be expected to follow the striking of 
the centre of the arch; the weight being then suddenly thrown upon 
the voussoirs, and these admitting of a certain degree of motion in 
the directions of the forces impressed upon them. 

Now this is precisely what was observed at the bridge of Nogent, 
of the construction of which Perronet has left a detailed account. 

Three straight lines were drawn upon the face of the arch before 
the striking of the centre, shewn in the figure 4, by the polygon 
nmm'n'y mm' being horizontal, and the other two mn and m'n' stretch- 
ing from the extremities of mm' towards the springing of the arch. 

After the centre had been struck, the lines were observed to have 
assumed the curved forms indicated by the dotted lines MM\ MN, 
M!N\ indicating, in accordance with the theory, a downward motion 
in all the voussoirs above Q and Q', and an upward motion in those 
beneath those points. 

These observations have been confirmed by numerous others, and 
especially by those (made also by Perronet) at the Pont de Neuilly. 

The sinking of the voussoirs at the crown necessarily tends to pro- 
duce a separation of their joints at the intrados in the neighbourhood 
of that point, and thus to cause the actual contact of the key' and 
adjacent voussoirs to take place only at their superior edges. 
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If therefore the settlement be considerable, we may conclude that 
the line of pressure touches the extrados at the crown, and for 
some distance on either side of it. The material of the arch may 
therefore be expected to yield more particularly about that point and 
the points Q and Q than any other; a great proportion of the 
pressure being there thrown upon the edges of the voussoirs. 

11. If by reason of such yielding, or from any other alteration in 
the forces impressed upon the mass, or in the circumstances of their ap^ 
plication^ the form of the line of pressure be altered, it may manifestly 
be expected to intersect the surface of the mass first about those points; 
the least possible alteration of form being there suf&cient to produce 
the intersection. And this being the case, the portion of the arch above 
Q and Q" must separate into two portions, revolving at those points 
about the lower portions of the arch (see fig. 5) and at A^ upon the 
extremities of one another. 

Nevertheless this revolution is manifestly impossible unless the 
points Q and Q yield outwards. And this can only take place by 
the yielding of the material at Q and Q', by the slipping back of 
the voussoirs there, or by the portions of the arch or its abutments 
beneath those points revolving outwards, in consequence of the inter- 
section of the extrados by the extremities QR and Qlt of the line 
of pressure (fig. 3). 

The last is in point of fact the cause which leads, in the great 
majority of cases, to the fall of the arch. 

The extremity R of the line of pressure is made to cut the 
extrados of the arch, or the outer surface of the pier, by the 
diminution or removal of some force which acted there in opposition 
to the tendency of the arch to spread itself, and which kept the 
direction of the line of pressure within its mass, — ^the resistance of 
a mass of earth for instance, or the opposite thrust of some other 
arch springing from the same pier or abutment. 

On the whole, then, it app^0ars that in the commencement of its 
fall the arch will divide itself into six distinct portions, of which four 
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will revolve about the points S, S', Q, Q and A^ as represented in 
the figure 5. Now this is what is uniformly observed to take place 
in the fall of the arch. 

IS. Gauthey, having occasion to destroy a bridge, caused one of its 
arches to be insulated from t}ie rest; and the adhesion of the cement 
being sufficient to counteract the tendency of the pressure to rupture 
the piers, he caused them to be cut across. The whole then at once 
fell, the falling portion separating itself into four parts. Having con- 
structed small arches of soft stone, and without cement he loaded them 
until they fell. Their fall was always observed to be attended with the 
same circumstances. Before the arch finally yielded the stone also was 
observed to chip at the intrados about the points Q and Q, round 
which the upper portions of it finally revolved. 

Some experiments made by Professor Robinson with chali modek 
were attended with slightly different results. Having loaded them at 
the crown until they fell, he observed first, that the points where 
the material began to yield were not precisely those where the rupture 
finally took place. 

This fact presents a remarkable confirmation of the theory expounded 
in this paper. 

It is manifest, that according to that theory, with any variation 
in the least force P', which would support the semi-arch if applied 
at its crown, there will be a corresponding change in the position of 
the point Q. 

Now as the load upon the crown is increased, this least force P* 
is manifestly increased. The result is a corresponding variation in the 
form of the line of pressure, tending to carry its point of contact 
with the intrados lower down upon the arch. 

This is precisely what Professor Robinson observed. The arch 
began to chip at a point about half way between the crown and the 
point where the rupture finally took place. 
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The existence of the points Q and Q, about which the two upper 
portions of the arch have a tendency to turn, and about which the 
material is first observed to yield, has long been known to practical 
men. The French engineers have named these points the points of 
rupture of the arch; and the determination of their position by a 
tentative method forms an important feature in the very unsatisfactory 
theory which they have applied to this important branch of Statics. 

13. The theory of the equilibrium of the groin and that of the 
dome are precisely analogous to the theory of the arch. 

m 

In the former case a mass springs from a small abutment spread- 
ing itself out symmetrically with regard to a vertical plane passing 
through the centre of its abutment. It is in fact nothing more than 
an arch, whose voussoirs vary as well in breadth as in depth. . The 
centres of gravity of the different elementary voussoirs of this mass 
lie all in its plane of symmetry. Its line of pressure is therefore in 
that plane, and its theory is embraced in that which has been already 
laid down. 

Four groins commonly spring from one abutment; each opposite 
pair being addossed, and each at^acent pair uniting their margins. 
They thus lend one another mutual support, partake in the properties 
of a dome, and form a continued covering. 

The groined arch is of all arches the most stable; and could ma- 
terials be found of sufficient strength to form its abutment and the 
parts about its springing, it might be safely built of any required 
degree of flatness, and spaces of enormous dimensions might readily 
be covered by it. 

It is remarkable that modem builders, whilst they have erected the 
common arch on a scale of magnitude nearly approaching perhaps the 
limits to which it can be safely carried, have been remarkably timid 
in the use of the groin. 
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INTRODUCTION. 

In the two preceding Memoirs on the Inverse Method of Definite 
Integrals, the limits of integration had been fixed throughout at and 
I, but in the sixth Section, which is the first of the present Memoir, 
the integrations terminated by arbitrary limits are fully considered; and 
when performed with respect to any function of the independant vari- 
able, the proper methods for discovering reciprocal functions are given, 
and it is remarkable that the forms thus obtained for the trigonome- 
trical functions, for Laplace's and an infinite variety of other reciprocal 
functions, are all similar, differing only by a constant 

In identities obtained between the n^ difierential coefficient of a 
function not containing n, and its expanded value, we may, generally, 
by changing the sign of n, obtain a corresponding identity between 
the 91^^ successive integral and its expansion, abstracting from the ap- 
pendage of integration which ought to contain n arbitrary constants ; 
this property however extends also to certain reciprocal functions which 
contain n; and this consideration leads in the same section to the com- 
plete resolution of Laplace's equation for the reciprocal functions of 
one variable, which are the coefficients in the developement of the reci- 
procal of the distance of two points; the n^ coefficient when multiplied 
by an arbitrary constant, satisfies that equation, as is well known, but 
as the equation is of the second order, another function multiplied by 
Vol. V. Paet III. Tt 



816 Mr MURPHY'8 THIRD MEMOIR ON THE 

an arbitrary constant must be also represented by the same equation^ 
this function, which is here found, is altogether different in its form and 
properties from Laplace's coefficients. 

The great class of reciprocal functions above alluded to possess the 
remarkable property, that their integrals vanish between any of their 
own maxima or minima values. 

In this Section I have noticed some curious trigonometrical func- 
tions of which the properties are very elegant, particularly as affording 
simple means of representing by Definite Integrals the general differ- 
ential coefficients of rational and integral functions; another applica- 
tion of trigonometrical functions is made, in representing the sum of 
the divisors of any given number, by means of a Definite Integral. 

The seventh Section is on Transient Functions. The way of forming 
reciprocal functions by means of arbitrary coefficients, when the form of 
the general term was given, has been shewn in the Second Memoir on 
this subject. To this I have here added the method of finding the 
functions which shall be reciprocal to any proposed one^ and applied 
the method to the cases where the given function is ^, (log. ^", and 
cos''(/); the reciprocal functions which thence resulted are transient^ that 
is, they have but a momentary existence between the limits of inte- 
gration; that existence is however sufficient to make their integrals 
finite, and to endow them with remarkable properties. They are capa- 
ble of representing the electrical state of a body when an electrical 
spark is infinitely near, and about to form a part of the system ; they 
are also capable of representing, under continuous forms, the state of a 
body considered as composed of absolute mathematical centres of forces, 
separated mutually by infinitesimal intervals. 

The eighth and last Section is on the Resolution of Equations which 
contain Definite Integrals; the first method for this purpose is to de- 
compose the integrals into elements, and then determine the unknown 
functions by elimination. This tedious process is useful in verifying 
results otherwise obtained, and in giving numerical approximations in 
the most difficult cases. Afterwards I have considered separately. 
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Equations to Definite Integrals; first, when they contain but one Defi- 
nite Integral and one parameter; second, when they contain two or 
more Definite Integrals and as many parameters; third. Simultaneous 
Equations; fourth. Definite Integral Equations of superior orders and 
degrees; besides which, the nature of the appendage analogous to the 
arbitrary constant of integration is discussed in the same Section. 

Throughout the whole of this Memoir, a considerable number of 
examples, illustrative of the corresponding theories, are dispersed. 



TT2 
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SECTION VI. 

Method of discovering Reciprocal FuficHons when the integrations are per- 
formed with respect to any function of the independent variable. 



(l) When the limits of integration are arbitrary, 

1. The investigations of reciprocal functions contained in the Second 
Memoir on the Inverse Method of D^nite Integrals, are founded on the 
supposition that and 1 are always the limits of the independant 
variable, but it is often of importance to possess reciprocal functions in 
which the limits of integration are different from those quoted. The 
principle by which this is most easily accomplished, is to suppose the 
integrations performed relative to a function of the independant vari- 
able» which must be so chosen, that when the values and 1 are 
assigned to the independant variable, the corresponding values or the 
function may be the proposed limits of integration. 

2. Let Q», Rm he functions of a variable (0), the limits of which 
are arbitrary, as a and b, between which limits fpQnRm always must 
vanish, except when the integers m and n are equal. 

Suppose that a function of 0, as t, is found such that when 0sa 
^=0, and when = 6, /=1, conditions which it is always easy to satisfy. 

We may now conversely regard as a function of /, and then the 
preceding integral becomes jtQnRm-^f the limits being now reduced to 

and 1. Suppose that -^ is separated into any two factors, X and X"; 

then since /tQ«X x 22«X' = 0, except when m = n, it follows that Q,X, 
jB«X' are mutually reciprocal, and may therefore be found in an inde- 
finite variety of modes by the principles explained in Section iv; and 
dividing these functions respectively by X, X', and substituting in the 
quotients the value of / expressed in terms of 0, the required functions 
Q„, Rm will be obtained. 



INVERSE METHOD OF DEFINITE INTEGRALS. 319 

If it be desired that Q., B^ should be functions of the same 
nature, differing only in the order expressed by m and n, that is 

self-reciprocal, put ^=^' = \/ ("^)> ^"^ having found any kind of 

self-reciprocal functions in which the limits are and 1, as for ex- 
ample, the functions denoted by P«, P, in the preceding Memoirs, we 
then obtain 

S. J[f a /unction V can be determined so that the quantity 

d°{(ttyV} dt^ 
dt" • d0 

may he of n dimensions in t, {where t' = 1 — t as in the Jbrmer Memoirs), 
this quantity will be a self-reciprocal function when the integrations are 
performed relative to 0. 

Denote this quantity by Q», and supposing m to be an integer 
less than n, it is necessary to show that ^Q«Q. = 0, or that 

d^{{ttyv} 

^*^"' dt^ ""^' 
the limits of t being and 1. 

Now Qm being of m dimensions in /, let its general term be re- 
presented by aft^9 where it is evident that p cannot exceed » — 1, 
since m<n\ the part of the preceding integral dependant on this term is 

The latter integral may by partial integration be put in the form, 
the last term being 

(.,),.,.(^_,)(p..) i.*:^^m. 

and therefore the index of differentiation never becomes negative. 
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7. For the purpose of convenience both in evaluating and using 
reciprocal functions, the knowledge of the functions which they generate 
is very useful. The generating function, for example, being the quan- 
tity denoted by q^ Art. (6), the process for finding in this case the 
function generated, will sufficiently exhibit the general principle, and 
therefore it is now proposed to sum the series q^-Vqih^-q^h^-Yq^h?^ &c. 

Substituting for q^ its value given in the preceding article, and 
representing the required sum by S we have 

A-{tt) +n ^^ +1.2' dt^ ^1.2. 3- df' ^^' 

But if we form the equation, u = t + hu (l — u), and suppose y(t() to 
be the derived function from/'{u), we have generally 



du 
~di 



.^^(«)=y'(^^,^iZ^ + _^.^MZ^Wl 



^ iTaTs • df ^^' 

which is obtained by differentiating the value of /'{u) given by La- 
grange's Theorem. 

The preceding series coincide by supposing 

fit) ^ (tf)-' ^ t-" {1-f)-', 

and therefore J'^u) = «""• (! — «)"* = —rpi — 
by the assumed equation. 

Hence S = , i — . -j- . 
Now the actual solution of the assumed quadratic equation gives 

1^ = ^"^^"^^ , where i?= {l-2A(l-20 + A1*, 

whence u^t = ^ i, and ^ = -g; 
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therefore S= {R-1 +h {l-2()} ^" 



— M 



R 



Knowing thus the generated function S, we can conversely find qn by 
taking the coefficient of A" in the quantity S, and substituting for t 
its value in terms of <p. 

An exactly similar process applied to the function Q„ of Art. (5), 
would give 

as the function generated, 
and observing that 

this quantity may be transformed to 

so that Q« is the coefficient of A" in the expansion of this function. 

8. From the theorems given in Arts. (5) and (6), we can determine 
reciprocal functions relative to 0, which quantity may denote any 
transcendant contained in the formula ^(/^)'*, from wi=-« to m=+x; 
circular arcs arc amongst these transcendants, namely, when w = — ^, 
and since both theorems are true simultaneously, when m is between 
— 1 and +1, we shall get in this instance the two species of circular 
self-reciprocal functions, namely, the sines and cosines of the multiples 
of the simple arc. 

I. To evaluate Q, when iw = — ^. 

For the variable with respect to which the integrations must be 
performed, we have 

neglecting the constant which is unimportant. 
Vol. V. Paet III. Uu 
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By Art. (7), 

Q, = coefficient of h' in -g- {B+l-h{l-2f)}i, 

in which R represents {l-2h{l-2f) + h*}*. 

Putting for t its value in terms of <p, we obtain 

R= {l-2Acos<^+A'}4 = (l-Ae*^^)i.(l-//6-*^)^ 
and l-A(l-2/) = 1-Acos0 = ^(1 -Ae*^'^) + ^(l-Ae-*^). 

Hence, 22 + l-A(l - 2/) = i {(l-^e*^')* + (l-Zie"*^)*}"; 
therefore, Q. = coefficient of A« in ^ . ^-^^_^_^^j^-— -^—^^-^-^-J^ 

= i coefficient of A* in (l-;i€*^^)-i + (i-A6-*^)-i 
= c . = c.cosn0; 

where c = ' ' f." — 5 ^ , the limits of <{> are and v. 

II. To evaluate g^» when «» = — ^. 

As above, we have = cos'^ (1 - 2/), 

aiid {'^ = coefficient of A" in T-g. {-ft- 1 +A(1 — 2/)}*. 

But ig-l..>^(l-20 = i f^-^!;^^) ^--^Ll^!^^)y; 
... g, = i coefficient of A- in d-^e^^r^d-^^-^-^-)-- 

«: c g ._ = csin(l+»)^, 

, 1.3.5...(2m + 1) 

where c = ^ a a — 7^ — r~^\ • 

2.4. 6. ..(2» + 2) 
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9. But whatever may be the value of «*, the quantities Q^, q^ may 
always be simply expressed in terms of t by the theorem of Leibnitz, 
viz. 

d^iuv) _ d'v du rf""'f? ».(n — 1) d^u d*-*v . 

liF' ^^dt^'^^Tt'dr'^ 1.2 'di^'dF^ '^^^' 

after applying which we may substitute for t its value in terms of (p. 
Thus when wi=— ^ 

**^"~ 1.2.S....ndt''^"' 

1.8.5....(2«-1) , n 2»-l „_, 
~ 2.4.6....2« ^^ "l" 1 

i.(«-l) (2«-l)(2«-3) 
^ 1.2 1.8 ^ 

1.3.5.. ..(2»-1) . ,._ 2»(2w-l) _, 
2.4.6....2« ^ 1.2 

. 2«(2»-l)(2«-2)(2«-8) ,,„._, . 

■^ 1.2.8.4 " '^""'^ , 

and in the same way we have 

% 

^"~1.2.8....«rfr 

8.5.7....(2«4-l) J J J _ » 2« + l 
2.4.6....2» * 1 8 



2^^::^ ' 2 . 4 . 6.... (2« + 2) 

U02 
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and passing to the variable ^, since 1 — 2/=cos0; therefore /=sin*^ 
and /' = cos* ^ ^ whence ^' ^ ± \/ — 1 # * = cos ^ -j. y/~Z\ sin 2 ^ by substi- 

3 2 2 

tuting which we obtain 

^ 1.3.5....(2«-1) 

^-= 2.4.6....2» •""^"»' 

1.3. 5. ...(2/2 + J) . . ,, , 

which values are the same with those in Art. 8. 

The numerical coefficients in these formulae may be rejected as having 
no importance in self-reciprocal functions; it is also observable that y, 
contains a different multiple arc from that in Q,, the reason of which 
is that Q,, qn are to be self-reciprocal functions for all entire values 
of n from to + oo, and then i^q^q^-^ except when n^m^ this ex- 
ception (on which the main value of reciprocal functions depends) would 
not hold universally true if q^ were of the form sin(«0), for then 5^0 = 0, 
and therefore ^ 5^0 -9^0=0 contrary to the principle of the exception, 
but in the form above found this irregularity does not occur. 

10. From the results found in Art. 9, it follows that if we put 
the real functions Q,, q^ possess a common property, viz. 

except when m=:ny which exception does not apply to the last integral 
when »i = « = 0. 

From the same results the following identities are obtained: 
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We shall now consider whether analogous formulce hold true for negative 
values of n the index of differentiation. 

Generally if u and v be functions of / and f^u denote the «*** suc- 
cessive integral of ir, then 

for if we take the n^ differential coefficient of each term in this series, 
all the terms resulting mutually destroy each other except the first 
term uv. 

m 

Putting «=/'"""*, v — t~'-^, and rejecting the constants of integration 
in the latter, we have 

•''*' 1.8.5.... (2»-l) ' ' 

•'' *" 1.3.5....(2«-1) r' ' •* 1.3.5....(2>i-l)'1.3'^'*'^' 

also ^ = ?^±1 <'-t. ^ - (8« + l)(2« + 8) . 

Hence JTitty-i 

i-Zrittfyi ,„_, n 2«+l .;_,... , «(«-l) (2»+l)(2«+8) _ 
= 1.3.5....(2«-1)^^ "l~l~' ^"""ITi"- n ' ^-&c.,} 

1.3.5....(2«-1) d-'{tt')—i ,^„.. 

""' T=:2r • dt- -^*^^' 

= cos {«cos-' (1 — 2/)}, 
the appendage which contains all the arbitrary constants being 



328 Mr MURPHY'S THIRD MEMOIR ON THE 

Dividing the last equation by (//')*, and integrating with respect 
to t, we get 

1.3.5...(2w-l) rf-'-^(«V-i 1 • c w, c,4\\ 

7 — ^t;: ' ' TTT-i = ~ si^ i«cos-*(l-2/)}. 

(-2)* r/r""* n ^ ^ ^^ 

m 

Putting n = m-l, we get 

, ,. 1.3.6...(2m-3) </-(«')— +4 . ,,, . , ,, „^., 

(w*-!)- (_3)\.-i ^- ^^p;^ =8in{(l-»i)cos-'(l-a/)}. 

• 

thus are obtained the corresponding formulae for negative indices. 

11. The two series of reciprocal functions arising from the theorems 
in Arts. 5. and 6., differ essentially, only in reference to the inde- 
pendant variable of integration, for in Art. 5., m may be any quantity 
between —1, and +x, and in Art. 6. any quantity between +1 and 
— QO ; change in the latter theorem m into — wt, and the limits of m 
will then be the same in both; for distinctness, also let be used 
instead of (f> in the value of qn. 

Now the reciprocal functions of Art. 5., give the equation 

/«Q.Q.' = 0, or /eQ,Q., ^=0. 

But ^ = (tf)', and ^ = («')- ; therefore ^ = («')'-. 

Hence, /« Q, {tt)" x Q,. («')- = o. 

And since Q.(/^)"=y„ and Q,{tf)* = q,', it follows that UQ.Q.- is 
equivalent to kq^qn-, 'the only difference being with respect to the 
variables <ft and 9 employed for integration. 
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If in the formulae of Arts. 5. and 6., we assign to m all possible 
values between — 1 and + 1 , we obtain two series of self-reciprocal 
functions, which when «i = become identical with each other, and 
with the functions denominated P, in the preceding memoirs. For 
every other value of m between those limits, there are two different 
kinds of reciprocal functions, one of which only is a rational and entire 
function of /, for instance when w=— ^, we have found the functions 
cos 11^ and sin(»+l)0, the former of which only is a rational func- 
tion of cos (f>. 

12. (1.) Wken m=-i. 

To determine ^ in this case, make sin = /* — /*, squaring and ob- 
serving that / + ^ = 1, we get sin' = 1-2 (^0^» whence 

/i + ^i = V^(2 - sin* 0), and 2i(;0* = cosa 
Differentiate the assumed equation, and we get 

d(p COS*d « y/, 1 • ?/iv 1 

hence, <l)==2E(e)-F(e). 

The extreme values of the amplitude 9 of these elliptic functions 

being — ^. and +5; the limits of <p are 0, and 4^i — SJF'i, where 
SI « « 

JEi and Fi denote the complete functions when the amplitude extends 
from zero to a right angle. 

The reciprocal functions for integrations relative to <p, are 

„ 3.7.11...(4»-1) 
^" 4.8.12 4» 

, „ 4«(4»-l) 4«(4«-l)(4»-4)(4»-5) . 

{t g-^ t t+ 3.4.7.8 ' ^ &t'.}. 
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_ 5.9 18...(4« + 1) 
^•"4.8.12 4« 

^ («')i !,'._ (4n-|-l).4« ^„..^^ (4>, + l).4« (4»-8)(4;»-4) ^,...^,^ ^^^ 



(2.) When »»=— 1. 



In this case q,= ^-^-^-^, 



and 0=JJ(«')"'=h.l. (I]. 



Hence, r = «*. ? ~ ^ +** ' 



therefore 



*" (l + e*r»^^ 1- 2 •' ^ 1.2 • 2.3 •* ^^'^' 



where the limits of <p are — oo and + oo . 



13. To express the Junctions Q„ and q^ in terms qf t alone. 
By Art. 6., we have 

^'~ 1.2.3...ndt' 
- {n-m){n-m-l)...il-m) , ,., n n-m 

i.2.3...» -^"^ -^'"ir^^ * 



«(n-l) («-<«) (n-m-1) . 
^ 1.2 • (l-i»)(2-«i) ' '♦^'^J 
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Suppose 1 - / substituted for t' in each term between the brackets^ 
then expanding each, the coefficient of t"^ in the whole will be 



1.2...r 



^ ^ ^ 1— w 1.2 (i-i»)(a-»i) ^ 



"■ 1 . 2...r X (1 - m) (2-wi)...(r-f») ^* rf<' "'■ ^ rfr * rfr** 

, r.(r-l) <g* . f — rf'^-* . t'-" o I 

when ^ is put equal to unity after the differentiations. 

But by the theorem of Leibnitz, the part within the latter 
brackets is equivalent td 

d' ^'+»-»" 



> 1 ' • • 



dt' 



= (»-2w + l) (»-2i» + 2)...(»-2«i+r). <*-*•, 



hence, the required coefficient of 



""^^^^ K2..,r ^ (l-«»)(2-w)...(r-«») 



Hence, 



^" 1.2.3. ..II ^ ' * 1* 1-m 



i>(>t-l) (it--2«i-f l)(»-2w-h2) , . . 

^ nr7»-* — (i-fii)(2-^) — ^' ^""'^ 



Again, by Art; &/ 

■ (» + OT) (» -K»r- !)..♦. (1 +.W) , /, » 11 + W» >,,.,^ 

ss ——————— — ^ • if "■ T • .1 . if w 

1. 2...ff ^ 1 l+m 



+ l.g * (l+i») («+!»> ^ ^< ^^'^' 



Vol. V. #abtIII. Xx 
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Ae KcUiction of which to the powers oi i is effiwted as bef(»e^ putting 
— m for M, whenee 

*^" l.«...»i ''~1- 1+m ' 

«(«-l) (it + 8«i + l) (» + 2»i + 2) , . . 
■*■ 1.2 • (l+w)(2 + «) •'-6'C-5- 

When m=0, 

which is the same as the value of P,, Sect. ii. Art. 2. 

and <-sin*||' *""*-2.4 in ""^l' 278^* ''" 2 

^ 2.8.4.5 * *" 2 ^' 

^ 1.8...(2»-1) f, «• iM i-^0 . »*.(»i^— 1) ^ . 40 . > 

^' 2. 4.... ..21. •^^-t:2-^"^2 + t:¥:8:t-^"»2-^^^ 

14. To express the quantities Q^ 9. by means of a differential 
equation. 

Suppose y(Q is a function of /, subject to the condition 

/(l-0./^«) + (iii+l)(l-«/)./'(0 + ii.(« + 2« + l)./(/) = 0, 

where /"{t) denotes the second, and /"'{t) the finst dtftewntial co- 
efficient of J^{t) relatively to t ; differentiating this equation, we get 

'(l-0-/"(0 + («» + 2) (1-20 ./"(<) + («- l)(» + 2m + 2)./' (0 = 0, 

<(1 -0-/'"(')+(« + 8) (1 -■ «^-/''' (<) + («- 2) (ii + 2i» + 8)./''(0=«^ 
and generally. 
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Put / s in all these eqaatioiis suoeearively, thenee we hame 

(w + 1) ./'(O) = - ». (» + 2i»+l) ./(O), 

(»+ 2) ./" (0) = - (»- 1.) (» + «« + 2) .f (a), 

«» + 8 ./" (0) « - {« - 1^ . (« + 2 w + ai) ./<«), 

ite, 

it follows from this by Madaurin's Theorem, that the preceding equa- 
tion will be satisfied, as a particular scdutioDy by taking 

/«)'/(0>{l-j.-Y:;^.<-H-i-^. <!+«.). (2+^ ^ <«-&c.}. 

and y*(0) being arbitrary if we put it equal to 

(1 + m) (2 +fn) (8 + m) (n+m) 

1 . 2 . S n ^ 

this value oi f{t) will become the same as the value found for Q» in 
the preceding artide ; hence, replacing 1 ^ f by its equal /, we get 

But if in the wJue of /(^ w« change the sigA ^f 1% putting* 

/•/AX « (l-m)(2-f») ()t-w^ 

•^^"^ i T^ n ' 

then y*(/) becomes equivalent to q, {tfy ; and if we put this for y (/) 
in the first supposed equation, and divide the reMilt by (^O"' ^^ 8^^ 

(2) Particular inferences reeuUing from the preceding theory. 

15. Denoting as before by the indefinite integral Ji{tf)% and 
putting 

Qii =* . ^ \:> — iFzrC* ) and a'. = t-^-V-^ — -y^f 

xx9 
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then oassigning to m all possible values from — oo to + oo, the functions 
Qn9 qm will give an infinite series of reciprocal functions relative to all 
the transcendants contained in considered as the variable of integra- 
tion ; and when m is between - 1 and -f 1, pairs of reciprocal functions 
will be obtained, except when m^O, when both coincide. 

In this series are included the trigonometrical functions, namely, 
when ^ta— ^; and Laplace's functions, when i» = 0. 

w 

In all the reciprocal functions thus arising, there exists one common 
property, namely, the definite integral always vanishes between the 
limits which ^lake the functions themselves maxima and minima; this 
remarkable property I have had occasion in another place to notice, in 
the particular case of Laplace's functions.* 



VIZ. 



To prove this generally take the equations of the preceding article, 
*^^^ "*" («» + l)(1^20-^" + »(in-a!«Hrl)Q,=o, 

Multiply both ^uations by (</)"*, and integrate reserving the con- 
stants under the intend j^i^ ; hence, 

(^0"*'^ + «(»+ 2w + 1) jJQ,(/0- = 0, 

and changing the indepehdant variable by the condition "y^—if^yt we 
have 

(*0*"*'^ +n{n + 2m + 1)/^ Q: = 0, 

* Electricity, Introduction. - * 
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But when Q„ q^ are maxima and minima, -^ and ^ respectively 

vanish ; therefore, between the corresponding limits of 0, we must have 
J^ Q^ = 0, j!i» y. = 0, which general property is easily verified when 

Q.=:acos9i0 and ^« =:i asin(9} + 1)0. 
16. To find the complete integral of the differential equation 



« ' 



tt'.^+(m + l)(l-2t)^ + n(n + 2m + l)u=»0, 

where n %b integer and m any constant 

The differential equation for Q. (Art. 15.) is of the same form as 
the above equation, and therefore tt » eQ, is a particular solution, c 
being an arbitrary constant. 

The form of the differential equation for q^ will become the same 
as that of the given equation, if — (« + l) be written instead of n in 
the former; hence, another particular solution is c'q.^^^xy 

The complete solution is therefore 

This solution fails first when m=sO, for then the functions Q„, 
9-(«+i) in. their expanded forms become both identical with Laplace's func- 
tion P„ and consequently the two constants c, c' merge into only one, 
viz. their sum; but if we put generally 

c = a>-«d .• = -», 
m m 

then tf =aQ,-^ft! ^''"y"*"^^\ 

m 

And putting m ^0, the latter term becomes a vanishing fraction, and 
therefore, 

d 

u ^ aPn + h^ {Q. - S'.(,+i,} when m =0. 
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The term by which b is here multiplied, is the coefficient of m in 
Q.-9.(»4]), whidi is easily found from the expansions in Art. 13; hence, 

.-P.{« + »log.«01 + T=T^-»»<(l-;-;^) 
,(^(, + l)(,^«) I 1 1 _,_ 1 _ 1 I 

1.2 1.2 I 2»-lJi« + l» + 2j 

The general solution also fails when m is an integer, for then some 
of the terms in the expansion of Q. or q^in^D will become infinite, and 
the principle of vanishing fractions will simply enough in this case 
also be applicable in determining the complete solution ; but if we put 
for On, 9» their differential forms, the solution will never ful, for the 
failures arise from the entrance of logarithms into the result, and these 
will actually enter in the latter forms; changing our constants, the 
complete solution for all cases is 

u « a(/o---y~ + * — iF^> — ^ 

it is therefore necessary to shew that the functions by which the ar« 
bitrary constants are multiplied, are particular solutions. 

Putting ©=(«')•+-, then ^ = (» + «!) (1-2 ^X^/)-*—', 
and ^ SB (n + 1») (» + f» - 1) (!-«/)• («')"*"'' - 2 (« + «») (/O"*""- 

Hence «'.^ -(« + i»-I)(l-20^ +2(» + *»).«-=0, 
and by successive differentiations the following equations arise: 

(<^) ^ .^«^ „ -. 4) (1 . 2/) . ^ + a (4»+ 4«r-.6> . ^ = 0, 
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and the law of the sucoesrave fonnation of these equations being very 
simple, we have generally 

<*OjfF^-(n + f»-fi-l)il-^0-gpm +gp+i) («+«»)- 2 \jp'^' 
Put i^n, hence 

Transpose fi;(tt + 2«i -f 1) ^^ » and multitily by (^0*"f hence 

from which it follows that u^(tt')".d''. ,' satisfies the equation of 
Art. 16. 

Again put »' = («')"<"*"+», or «'^ +(« + « + 1)(1- «<)«'= 0, and by 
successive integrations we obtain 

«'.c' + (»+«»)(l-a/)jIc' + 2(«+«)^t>'»0, 
//'.JJ©'+(i»+»»-l)(l-20.J?i/ + 2(2«+»«»-l)jpr'=0, 

and generally 

Put k = H, hence 

<<'jC-V+(« + l)(l-2<).jJ"«'+«(» + a«i + l).jf*'©' = 0; 

from which it appears that u=ji'*^(v') is also a particular solution, and 
therefore the complete sdution of the general equation is 
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LapliK^'s equation occurs when we put m^O, and therefore 



«=^^^yf^+&rM'o-^-*^ 



dt 

the first term alone of which is the type of Laplace^s functions, the 
equation is therefore more general than the functions it was used to 
designate. 

The term j{"^^(//')"<"'^"'+*> gives « + l constants of integration which 
enter as coefficients of the appendage which is a rational function of 
n dimensions, but this must be rejected^ since the constants must be 
determined so that the rational function of n dimensions may satisfy 
the given equation, and this only identifies the appendage with the 

other term in «, viz. a (//)"* — , J — • 

17. To find explicitly (he emitted part of the complete integral in 
Laplace's equation. 

The general equation of Art. 16. becomes in this instance 



tt 



rf^-*-<l"2^)rf?+«<^-^l)« = <^' 



and the complete solution is 

the first term being Laplace's lunction, and the second the transcendant, 
it is required to find explicitly. 

Let a, /3 be any arbitrary quantities, then we have 

rf* /_1 \\ _ _!_' d* { \\ d I 1 \ rf'-' / i \ ~ 

. «(«-l) d* .{ 1 \ <?-' / l.\ . 

"^ 1.2 ^ V5^j d^* \t-a) ' ^^' 



or 
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r(t^a){fi^a)l 1_ 1 ,1 1 , 1 1 ,fc^ 



hence 



( 



(-n- M(/-«)(^-a)} 1 f 1 n + l _l 1_ 

^ ' ' V. 2*. S:..n*da'di^~ ifi-a)'*' \{t- «)•*' "^ 1 • (/3 -a)' (/-«)• 

Commuting in this equation the quantities a and 13, we have 

,.. ^W-^Ha-/3)} 1( 1 , n + l _1_ 1 

(n + l)(» + 2) 1 1 . ,.J 

■*■ 1.2 • (o-^)* • XT^' + ^'^j 

If both equations be added observing that 

1 1 1 



the sum of the left-hand members 



d" 



^ ' ■l*.2*.8*....«*rfa"rf/9* 



e^.-i rf*. 



^ '' 1.2. i^.nda" 1.2. 9...ndfir 



Vol. V. Pabt III. Yy 
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Hence, we get the general identity, 



{(/-«) (/3 -/)}•+' (/3-«)«*' 



I (<_«).+• + 1 • /3- «•(<-«)• "*" n • (/3 - «)» • (^-a)— '^*'- 

1 , 1 « + l _1 r (n + l)(n + 2) 1 1 ^ ' 

[ + (/3_/)-+' "^ 1 -/J-a'OS-O' 1.2 •(/3-a)«'(/8-0-» 

Put now a = 0, /3 = 1, and therefore fi — t = f, hence, 

^ ] ^^^^ 1 T^ 1.2 -^-^^^^l 



(/^y 



+^ 1 J_ »-H 1 (»+!)(» -1-2) 1 . ( ' 



in which identity n must be one of the natural numbers 0, 1, 2, 8, &c. 
and the number of terms in each series must be limited to n + 1. 

Suppose the (» + l)^ successive integral of each term of this expansion 

is taken after multiplying, for convenience, by 1.2.3 n, the result 

will consist, 

1st, of a logarithmic part, viz. 

(-i)'.h.i.(/){i-f.^.^f^ii^ /»^;><^"^^) f-&c.} 

_ h.i. /' {i - f .l±I.r + ^4^.^^±li^) r- &c.}. 

where the part between brackets in the upper line is equivalent to 
the function P„ and in the lower to ( - 1)* . P„ and therefore the whole 

to (-l)".P».h.l. |. 

* This method is applicable in every case to the decomposition of fractions, the denomi- 
nators of which contain equal factors. 
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2d, of a rational and entire function p^ which satisfies the equation, 

rfp 

since the term 2 ( - 1)* . -^ is the result which arises if the logarithmic 

term ( — ] )" P« . h. 1. t> be put for u in the actual equation. 

3d, of an appendage containing » + l arbitrary constants, which as 
before remarked must be rejected altogether. 

Differentiating the equation for p^ above obtained, we get 



#£■"'« </*"*« d^'^P 

when these equations terminate, since /)„ is of n — 1 dimensions. 

Put t = 0, in all these equations beginning with the last, observing 
that then 

^- = (-!)-. (fi + l)(ii + 2)...(2«), 
^""';^=- (-l)V«(» + l)(« + 2)...(2»-l), 



rfr 



^= (-l)".^^^-^^^. (» + !)(» 4- 2) (2ii-2),&c. 



y y2 
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Hence ^^^ = - 2.(« + I)(« + 2)...(2«-l), 

^^ = (n + l)(« + 2)...(2«-l), &c. 
and the value of p, is the rational function 

1 . 2.-.(« — 1) *- 

in which the coefficients are successively formed from the equation 

(«- m- !)• . u<« + (w + 2) (2« - jw - 1) . ^+1 



+ 



^ ^ '1.2...(«-«f-l)'2«(2ii-.l)...(2ii-f») ' 



and the omitted part in the integral of the proposed equation is 



i|p.h.l.(^) + (-!)• .p.|. 



18. When m s— ^, the general equation of Art. 16. becomes 

and putting = cos"* (1 — 2/), we have Q, = cos»0, ^-in+i) = sin w0, the 
complete solution is therefore tt = a cos»0 + d sin»0. 

Though the trigonometrical functions were the first used in analysis 
as reciprocals, for the purposes of expressing functions .by means of 
definite integrals and of expanding them, in the former instance of 
their application there remain a few remarkable cases which do not 
seem to have been noticed, with which we shall conclude this Section. 

19. The two functions which possess the remarkable prc^erties al- 
luded to, are 

G = c*'**^ . cos {x sin fl), and e' = e' «^~^ sjn {x sin d). 
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The successive differential coefficients with respect to a? of the func- 
tions 6, 6' follow simple and elegant laws, thus 

^ = €*«*^cos {d:sin0 + e}, ^ = 6*<^~^ sin {a: sin + 0}, 

^^ = c'^^^cos {xsm9+20}, -^= €'^«»« sin {a: sin0 + 20}, 
and generally 



= € 



cos {x sin + n9}, -^-^ = 6* ^~* sin {a: sin Q + «0} 



Again, the successive integrals relative to a?, follow the same laws, 
omitting the arbitrary constants of integration, 

/,e = 6'^~^cos \x%\XiQ--Q\, /,e' = c^^*>*®sin {a?sin0-0}, 

//e = 6*^~* cos {x sin Q - 20}, Ji'G' = c'^"* sin \x sin 0-20}, 

//e = €'*^*co8 {a?sin0-«0}, //e' = €'^«® sin |a?sin0-«0}, 

for it will readily be seen by actual differentiation that 

e = ~ {€'^~^cos(a?sin0-«0)}, ®' = ^^ {cxcose sin (a:sin0-»0)}. 
Again, changing the forms of the proposed functions, we get 

whence, expanding and passing from the exponential to trigonometrical 
functions 

= 1 +a:cos0 + r— - . cos 20 + , ^ ^ cos 80 + &c. 

1 .2 1.2.8 

x^ s? 

e' = a: sin + ^r—^ . sin 20 + sin 80 + &c. 

1<8 1.2.3 
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TT 



&9 COS wd = -. 



of" 



2 1.2.3....» 



TT ^ 



the limits of 9 being and w, these formulas 
apply for all integer values of n, except 



Now e cos nfl ± e' sin n0 = e*^*** cos {a sin T n0\ 



of 



n' 



Hence /ec'^^^ cos {a?sind-«0} =«■ . -— -— — 
jjgxco8 COS {a?sind + n0} =0. 

The particular case where n = is included in the first of these two 
equations. 

30. By the results thus obtained, we are enabled to represent any 
rational and integer function of x in a form adapted to general differen-- 
tiation. 

By applying Maclaurin's theorem, we first have 

and passing to definite integrals by the formulae of the last article, 

(or) = - /^6* cose {^^ cos (x sin 0) + Ai cos {x sin 0-0) 

IT 

+ At cm{x sind — 20) + &c.} 

also if A-u A^i^ A-Z9 &c. represent arbitrary constants, 

1 

= - /ee'*'^® {-4-1 cos (a: sin0 + 0) + ^., cos (;r sin 0+20) 

+ A.3 cos {x sin + 80) + &c.} 

both of which integrals must be added before <p{x) can be subjected in 
a complete form to general differentiation. 

We then obtain the »**" differential coefficient by adding n0 under 
each cosine in this sum, that is. 
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^^^ == 1/e €* <=~« {^0 COS (o: sine + «0) + ^, COS [:r sin © + («-- 1)0] 

+ A^ cos [x sin d + («— 2)9'] + &c.} 
+ -/e€'«»« {^_xCOS [orsind + (« + 1) 0] + ^_,co8 [a? sin + (« + 2)0] 

IT 

+ -4-aCos [orsine + (n + 8) 0] + &c.} . 

I. ff^hen n is a positive integer, the whole of the second line 
vanishes, there will then be no arbitrary constants; also, the first n 
terms of the upper line disappear. 

II. IVhen n is a negative integer, the first n terms of the second 
line remain, and these contain n arbitrary constants. 

III. fVken n is Jractianal, the whole of the second line remains, 
giving an infinite number of constants. 

21. The theory of numbers as connected with definite integrals, 
afibrds another remarkable application of reciprocal functions. 

Let n be any integer of which the divisors are n, n\ vl' 1; also 

let m be any intger, and an arc of which the limits are 0, ir. 

Then, generally, 

1 - 2A cos»f + A» = (1 - Ae-<>^ (1 - Ae-"^^^) ; 
and hence, 
h.l.(l — 2Acosi»0 + A*)=-2{*co8J«0+iA*cos2»ie + ^^*'cos8»»0 + &c.}. 

Suppose now that m is one of the numbers », «', vl* 1; this 

series must contain one term involving cosnd, viz. 



— A"cos«0; 
n 



and therefore, 



m " 



jgcos»0h.l. (1 — 2Acosf»0 + A*) = — ir. — . A*. 

But when m is not a divisor of n, there will be no term in the 
expansion found to contain the arc ii0, and therefore, 

j&cosn0h.l. (1 -2ACOSIW0 + A*) = 0. 
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Put now for m successively every integer from 1 to « inclusive, and 
take the sum of all the definite integrals thus resulting, hence 

/ecos»0h.l. {(1-2ACOS0 + A»)(l-2Acos 2d + **).. .(1-2A cos «d + **)} 

{n n n ^ J 



nun 



Now the quantities -, — , — , &c. are the reciprocals of all the 

* n n n 

possible divisors of n, and therefore this definite integral may also be 

expressed by 

For in the preceding equation write 20, the limits of the latter 

variable will be and -. 

2 

Also put A = 1, and therefore, 

1 -2Acos0 + A* = 2(l-cos20) = 4sin«0, 
l-2Acos2d+A'»=2(l-cos40)=:48in*20, 
&c. ; 
.-. h.L {(l-2Acos0+A»)(l-2Aoos2d + A«)...(l-2Acosn0+A«)} 

s2nh.l. (2) + 2h.l. {8in08in20...sini»0}. 

The integral of the constant multiplied by cos2ii0 vanishes, and therefore 
fph.]. {sin sin 20 sin S0... sin 110} .CO6 2»0 = — ij"" + " +~ +..- + l[; 

and multiplying both sides by , we get this theorem. 

IT 

The sum of all the divisors of a given number n, including the 
number itself and unity, is expressed by the definite integral 

^h. 1. {sin0sin20sinS0...sinn0} .cos2n0. 
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SECTION VII. 



On Transient Functions. 



22. Let 0(A, t) be such that when h has a particular value as- 
signed, the whole function vanishes whatever may be the value of t, 
except in one case; <f>(h, t) under those circumstances, is a transient 
function having only a momentary existence. 

Thus the function \i_o7(i^Qf\l^ii ^ when h is put equal to 

unity is a transient function, because its value is zero in every case 

1 + A 
except when / = 0, for then it becomes -p: — tt? when h is put equal 

to 1, that is, it acquires momentarily an infinite value. 

If the value of the function had been always zero, its definite inte- 
gral relative to t would also be zero; but if we actually integrate from 
t ^ to tszl without previously assigning a particular value to h, the 
definite integral 

_ {l-h)(l+h) /I ^ 1 1-1 

thus this integral is independent of h, and therefore remains the same 
when h=^l, that is, for the transient function. 

By the principles of the Second Memoir we can always form a 
self-reciprocal function in which the general term may be of any par- 
ticular kind ; thus if y (/, ») were the type of the general term, and 
if we put generally, 

F{t, n)^ao/{t, 0)+a,f{t, l)+a,f{t, 2)+ +««/(<, «), 

lastly, if we determine the coefficients ai, Os, a» in terms of Oo and n^ 

by the n equations (arising from the definite integrals) following, 

jfF(<,n)./(*,0) = 0, 
Vol.. V. Pakt IIJ. Z? 
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j^Fit, n) .fit, 1) = 0, 



jfF(/,»)./(/,«-l) = 0; 
then the function F(t, n) will obviously be self-reciprocal. 

But if /{tf n) not containing arbitrary coefficients, but being abso- 
lutely given as f, (cos^% &c. is proposed as a function to which some 
unknown function is reciprocal, the discovery of the latter, which is 
effected in the next article, is of a more difficult nature than the pro- 
cess above mentioned; and in the particular cases quoted, as well as in 
many others, this required function is transient, it is therefore in this 
character that transient functions are here introduced. 



Given f (t, n) a Junction of known form with respect to the varu- 
able t and the integer n, it is required to find another Junction of t and 
n, €is 0(t, n), stich thai the definite integral j[f (t, n)0(t, n') may dways 
vanish when the integers n and n' are unequal. 

Begin with forming a self-reciprocal function Fif^ n), the general 
term of which may be of the given form y (#, n) ; thus 

F{t, n)^a,f{t, 0)'^a,f{t, l) + a,f(t, 2) + +«•/(/, «), 

where the coefficients are determined in the manner indicated in the 
preceding article. 

Suppose next that the required function <p {t, n) is expanded in an 
infinite series of which the general term is of the form F (^, »), thus 

0(f, n)^A,.F{t,0)'^A,F{t,l) + ...^'A,F{t,n)^A,^,F{t, (f» + l)}, &c. 

Multiply by /(/, 0), /(*, 1), f{t, 2) /(<, » - 1) successively, and 

integrate the products between the given limits of ^, observing that 

!iF(t, 1) ./(/, 0) = 0, !,F{t, 2) ./(/, 0)=0...jf i^(/, »)/(*, 0)=:0, 

by the property of the functions F (/, ») ; 
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and similarly, 

},F{t, 2)f{t, 1) = 0, jlF{t, S)f{t, l)=0...jfF(#, «) .f(t, 1)=0, 
&c. &c., 
we thus obtain the following equations; 

Hii^ n) .fit, 0) = ^0 jf/a 0), F(<, 0), 
j;0(*, n) fif. 1) - ^i^/a 1) . Fif, IK 



hence the imposed condition of reciprocity requires that the first n co- 
efficients ^09 Ai,..An-\ in the expansion of 0(^, 91), may be each equal 
to zero; and therefore, 

0(/, n)::^AnF(ts ») + A^^x F {t, « + 1) + A.^^ F {t, n + 2), &c. ad inf. 

Multiply successively both sides by /{t, » + 1), f{ti n + 2), &c., and 
integrate; and since 9i + l» it + 2, &c. are each >n, the definite integrals 
must vanish. 

Hence, 

A.j;F{t, n) .f(t, » + 1) + A.^iJlF(t, n + !)./(/, » + 1) = 0, 
Xjf/^(*, ») ./(/, » + 2) + An^JtF(^t, n + 1) ./(/, « + 2) 

+ A.^^jtF{t, « + 2) ./(/, « + 2) = 0, 

&C. &C.y • 

from whence the coefficients ^»+i, ^.+8, &c. are known in terms of An 
and It, and therefore the required function (/, n) is known. 

24. To find the Junction which is reciprocal to t°. 

First, we must form a self-reciprocal function, of which the general 
term is of the form /*; this has been already effected in Section 
IV., namely, 

p_ n It -Hi it(it-l) (it + 1) (it -f 2) , . 

ZZS 
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which has been also proved to be the coefficient of A", in the ex- 
pansion of {1 — 2 A (1 — 2^ + **}"*, (Section IV. Art. 9.)> ^^^ to be equal 

to , ^ ' — ^-r , where Z' = 1 — /, (Section iv. Art. 2.) 
1.2.8...«rfr ^ ^ 

Then representing by V^ the required function which is reciprocal 
to t\ we have by the preceding article 

where it is obvious that when n' is less than n ^^,<*' = 0, and it is 
only necessary that the coefficients may be so determined, that the 
same equation may remain true when n' is greater than n; and since 
one of these coefficients is arbitrary, we may put -4« = 1. 

Now in general, we have by Section iv. Art. 2. 

•'* " ^^ ^ ' (a: + l)(a? + 2)(a? + S)...(^ + » + l)' 



hence, JiKt^^'^i^lY i ^^^^V"" ^''"'oV'''/f ""'^ -T 
•^ ^ ^ \(» + a? + l) (« + a: + 2)...(2» + x + l 



) 



^"**'(«+a:+l)(«+a:+2)...(2»+a?+2)'*" ■^'•(»+a:+l)(«+4?+2)...(2»+«+3)^^^J 

Therefore, when x is any integer from I to x, we must have 
. X . a?(x — 1) 



2i» + a? + 2 "'^*" (2ii + a? + 2) (2»+x + 3) 

, ^ 4? (^—1) (a?— 2) 

" "^* • (2ii + a? + 2) (2n + a; + S) (2i» + xH-4) "^ *^^" 

and putting for or the successive integrals 1, 2, S, &c. 

1 



= 1-^,+,. 



2« + 8' 



^^ 2 ^ 2.1 

0=1— -4„4.i. ^-— -T +-4,+a. 



2» + 4 "^' ' (2« + 4) (2ii + 6) ' 

g\ ^ yi ^ . jj 8 * ^ J 8.2.1 



a»+5 ^^"♦»' (a«+5) (2»+6) •*'* (2«+5) (2»+6) (2«+7)* 



INVERSE METHOD OF DEFINITE INTEGRALS. 851 



From whence we obtain 



A 0-. ■ « A 2« + 2 ,- „. . (2« + 2)(2» + S) ,^ „. 
^.+, = 2n + 3, ^,+,=:-Y-^.(2« + 5), ^,+,= -^ 123 "-(Sw + T), 

and to prove that this law of formation is general, we may observe 
that since 

/ i\»«-^«*-n^ 2« + 2d; + l 1 (2» + 2a? + 1) (2« + 2x)...(a: -i- 1) 

I A/ 1 "A"*" "^ 1.2...(2» + ar + l) 

"^K h) l 2» + a? + 2*A "*" (2« + a? + 2)(2« + a? + 8)' A* "^ n* 

and (l-A)-<»«*«(l+A)-l + (2«+8).« + ?J±?.(2» + 5).A* 

(2n + 2) (2« + 8) . - „v u , 
+ -^^ r28 • (2« + 7) . A* + &c. 

1 

Multiply both, and take the coefficient of j.^^^^^ in the products, 
and we get 

1.2. 8...(a« +a? + l) ^^ 2« + a? + 2 *^*" "*■ ^^ 

^(^-1) (2n -f 2) (2ii + 5) 

(2« + a: + 2) (2« + a? + 8) • 1.2 ^ 

^coefficient of ^;^ in (-1)'> ^ "*" ^Jj.^i ^'^ ' 

= (-1)'. coefficient of If in (1 -«-A) (l-A)"'-\ 

Now the coefficient of If in (1 +A) (1-A)*'"^ is evidently the sum 
of the coefficients of A^**, and of A*, in the expansion of (1 — A)*'-*; 
that is, the sum of the coefficients of the two middle terms in a 
binomial raised to an odd power, and with alternate signs of + and 
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— » hence the quantity we are considering must be zero, and there- 
fore 

0--1 2n + 3 X (gyt-f g) (8» + 5) ;c(j?-l) . 

1 '2ii-hd? + 2 1.2 ■ (2« + ar + 2) (2» +4? + 8) 

(2yt-H2)(2»-f 8)(2in-7) a?(j?-l) (a?-2) , 

1-2.3 • (2« + 0? + 2) (2» + 0? + 8) (2» + a? + 4) ■*" ^' 

which shews the generality of the observed law of the coefficients An^x^ 

Substituting now these values in the general formula for Vn, we 
get the required function which is reciprocal to t*, namely, 

. (a« + 2)(8» + 8)(2» + 7) p . 

* TTaTs •^•**' *'*'• 

25. I^ Junction which is reciprocal to t^ is transient. 
For in general 

„ _ rf' . {tt'Y _ , d'.{tt'y 



1,2. 3...ndr ^ -'"1.2. S...ndf* ' 

and putting 1 — /' for <» and expanding the binomial (l-/')% and 
lastly actually performing the differentiations indicated, we have 

(-l)./',-l-Y-i--'"*" 1.2 • 172 -^ ^'^-^ 

and therefore 

^,^yr,^^^,l^l.t'^'^^^t±J^^.t''-icc.} 

(a»+2) (2n+5) , , »+2 »+8 ,, ^ («+2) (w-i-1) (it+8) (^•►4) ^ . . 
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The tenn which is independent of / is 

but in general we have 

(l-A)(l+A)-<*-« - l-.(2i. + 8).A + ^-?^±^^|^±^). A«-&c. 

and putting A = l, we find that the term independent of 1l is zero. 
Again, multiplying the last equation by A"-^", we get 

1 • SI 

Now it is easily seen that when A = 1, we have 
^rrju (A"+"-A-+"+0 = (»+a»)(«+»»-l)...(»-i»+l)-(»+J»+l)(«+i»)...(«-w+2) 

= — 2»».(i* + w) (» + «!- I)..., (»—!» + 2), 

^T5;;^(A-+"-A"+- + *)=- (2W-1) (»+«») (» + !»- l)....(«-»» + 8), 
&C. &C. 

and therefore when A is put ^=1 after differentiation, we have 

~ {(*■+•-*•+"+') (1 +*)-»•+''} = -2-<*'+»> . 2i». («+!») («+i«-l)...(«-w»+2) X 

n _l ^^^^ 2«i-l 1 (2n + 2)(2» + 3) (2m-l)(2«i-2) . . 
^ *• 1 •«-i» + 2 "*■«»• 1.2 •(«-«i + 2)(»-»i+8)~ ^'^ 

which series consists of only 2tR terms, and is equal to the infinite 
series obttuned by di£Eerentiating the other side of the equation, viz. 

»(« — !)....(«— «i + l)x (i» + l)(«H- 2).. ..(«+«») 

- (2n+8.(«+l)»i....(»«-« + 2) x(» + 2)(« + 8)....(» + »i + l) 

+ (^»+g) (g«+g) (^ ^. a) (» + 1).... (n - »t +8) X (m-3) (fi+4).... (« + 1«+2) 

— &c. ad infinitum. 



354 Mb MURPHY'8 THIRD MEMOIR ON THE 

Now it is obvious by putting 191 = 1, 2, &c. successively, that the 
finite series is always =0, and therefore the infinite series [which is 

the same as the coefficient of ^^ , ^ — -, in the expression for ( — 1)"^.] 

vanishes also, so that if V^ be arranged according to the powers of f^ 
it is + 0./' +0/'* + &c., nevertheless its value is in one instance infinite, 
namely, when / = 0, for then P^^ Pn^\ = &c. = 1, and therefore 

» 

1>2 1.2.3 

= (l+A)(1-A)-<«-+*^ when h is put =1. 

And if V^ did not possess this infinite element jj F',/", from / = 
to / = 1 would vanish, whereas its actual value is the same as 

r^. / ,v- «.(«— 1)(»— 2)...l /« ^ A ^ « .V 

26. 2b expreM the tratment Junction Vn ('» a finite form. 

Since by Art. (84.) F", = P. + (2« + 8)P,+, 

. (8« + 2)(2» + 5) „ . (2« + 2)(2« + 8) (2«-t-7) „ , 
T j g • ■'^»+« + 1 2 « " • -••<•»» *^*'- 

therefore 

1.2.3...(2»+1) r, = 1.2.8...8» X (2n + l)P, 

+ 2.8...(2» + l) X (2» + 8)P,+,.A + 8.4...(2» + 2) x (2m + 5) P.+,A», &c. 
when h is put equal to unity. 

But in general, 
{1 - 2A (1 - 2^ + A*} -* = P, + P,A + P.A» + ...P.A" + P.+,A'*' +&C. ; 

rf*'A' {1 - 2A (1 - 20 + A«i -* 
= 1.2.8...2n.P, + 2.8...(2» + l).P,+iA + 8.4...(2» + 2).P.+,A» + &c. 
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Multiply by 2^*^, and difiPerentiating once more, we get 

^Thr d^' j 

= 1.2. 8...2« X (2« + l)P,A-i + 2 . 8...(2« + 1) x (2» + 8) P,+,A"+i + &c. 



Hence, F;=2A-'- 



d f..., cP-AMl-2A(l-2<) + A'}-* | 
'dh\ 1.2.3...(2»+l).rfA»' J' 



when h is put — 1. 

Put for abridgment the radical {l-2A(l-2^4-A*}-*=i2, then 

d*'.(Bh') 2«.(2»-l)...(n + l) _ _ d'B 
rfA*" 1.2...« dh" 

2«(2«-l)...« ^ „ ,d'*'B , 
■^ 1.2...(« + 1) •2-8"»*-5Ji;TT+&c. 

= 2» (21. - 1M« + 1) 1^^ + ^^py . J . -3^^ 

"*■ (» + l)(» + 2)"1.2*rfA"+" *'7 
Whence 2 ^ |a-» ^^^F^} = 2«(2n-l)...(« + l) {(2« + l) h-i ^ 

« + 8 tt . ■ d'^'B 2« + 5 A'-^« .».(«- 1) rf'^'JZ 
1 B + l rfA-+' ■*" 1.2 * (« + 1) (« + 2) • rfA-+» "^ ^' 



2 

+ - 



d'*'B . 2nA"+l rf"+*J2 



Hence 1.2. 8...« r, = -rrr + s — r~r • — r^ • * ji,*i 

dk" 2»4-l « + l ««"+' 



2« + 5 n (n-1) A" d'^'B . 

"'■2» + l'(« + l)(» + 2)'1.2* rfA-*« ■''**^' 

2 ,d'*^B 2 « I, rf"**J2 



'^2«+l rfA"+* 2n + 1 •« + 1 rfA"^^» 

2 »(«-!) A» rf'^'g 

"*■ 2fH-l*(it + l)(« + 2)'1.2* dk'*' "•" *'°' 
Vol. V. Part III. S A 
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h being put = 1, after the differentiations; this value of 1.3...nF. is 
expressed in two finite series, each containing only » + 1 terms. 

If we actually add the terms in this formula, which contain the 
same powers of A, we get 

""■ 1.2...» IrfA" ^ n^lldh^^' "*"(» + l)(» + 2) * 1 .2 ' rfA"*" 

{n^^).n{n^\) h^ rf-\B i 

(» + l)(» + 2)(» + 3)'1.2.8' rf/r*' ^ I 

when A is put equal to unity. 

V 

27. DucuMum qf the transient Junction V,. 
Put n = in the general expression for V, in the preceding article. 



hence K^^ R + ih 



dR 
dh 



= {l-2A(l-a/)+A»}-* + 2h{\-%t-h) {l-2A(l-a/) + A»}-J 

This function, as has been observed in Section vii. (22), is in general 
zero, except in the particular case when /«=0, when its value is infinite. 

If we imagine a curve of which the equation is 

^" {l-2A(l-2^) + An*' 

where h is less than unity but nearly equal to it, the limiting values of 
y as A approaches unity, will give the geometrical interpretation of 
the transient functi(m V^. 
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Take (Fig. 1.) AB = 1, AH = 1 - A, or 
BH s h both along the axis of x^ and make 
A the origin, then putting a: = 0, we have 

y = T- — tt; • which is very great, and tends to be 

infinite as h approaches unity, and is represented 
by AC\ next putting x^l-^h^^AH, we get the 

corresponding ordinate HE = . ^,^ . . . o/va » 

which also tends to infinity ; lastly, putting x=l 

we have y = r- — yrj = JffZ), which tends to vanish 

in the ultimate case representing V^. 

Now varying the parameter A so as to make 
it approach unity, the points C and B recede 
indefinitely from the axis of a;, and the point 
D approaches it indefinitely. 

Yet the area DBACE remains constant (for 
the integral between j? = 0, and d? = l of 

(l~A)(l-fA) 
{l-2A(l-2j?) + A»}f 

relative to x is evidently unity). 

And the altitude GN of the centre of gravity of this area is also 
constant, for 

and therefore is the same as that of the parallelogram HF^ when 
AF^^AB^ for the distance Gg from the axis of y 

"X{l-2A(l-2a?) + A^{» 




ANH H 



2 



2 



Hence G tends ultimately to the point g in the axis of y, which 
shews that the area DBHE tends absolutely to vanish, HE' being 



3a2 
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an ordinate drawn near the origin at any small distance not varying 

with the parameter A, and since ^ has the same sign in the interval 

from B to H\ H or A^ it is evident that the portion of the curve 
BE' tends to coincide with the axis BH\ the curve therefore which 
represents V^ coincides with AB^ except infinitely near the origin 
A^ when it suddenly mounts to an infinite height. 

Since the general function F, is reciprocal to <", it follows that 
f^ V^e = 0, except when « = 0, and then the definite integral is unity ; 
hence if J\t) be any function containing only the positive and integer 
powers of t^ the transient function V^ possesses the remarkable pro- 
perty expressed by the equation ftf^o 'J\t)=J^{0). 

Fig. 2. Let 2a = AB, equal the 
length of the axis in a solid of revo- 
lution, the surface of which is covered 
with an indefinitely thin stratum of 
fluid, let any abscissa ON measured 
from the centre O be put equal to 
a (1 - 2^, the limits of t will evidently 
be O and 1 . 

Let the law of density or accumulation at any point P of a section 
perpendicular to the axis be expressed by the transient function \Vo, 
X being constant, and let the total action of the fluid on any point Q 
in the axis be required, the law of force being capable of expansion 
according to the positive and integer powers of t 

Put PN = y, then the whole quantity JE of fluid is manifestly 

ds 
equal to 2X7rjir;,y^, s representing the arc AP. 




ds 
Now it is easily seen that the value of y-r: at the point A where 

y vanishes is 4ai?, R being the radius of curvature at that point, and 
by the nature of V^ this quantity is the value of the above integral, 
or J5 = SXTralC. 
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Again, if we represent the distance PQ by r, and the law of force 
hy f{f) and put AQ=k the initial value of r, the total action is 

which by the property of f^o is equal to %\TraRf{k)^ or to E .f(k). 

Let us now suppose an equal quantity of fluid, but of a contrary 
nature in its action, and therefore represented by — ^ to be collected 
in a single point C in the axis produced to a small distance AC=a. 

The total action of the compound system on Q will then be 

^ {/(*)-/(* + «)}. 
which tends to vanish as C approaches A. 

Lastly, suppose a unit of fluid when distributed over the surface 
according to a law expressed by (f> (t), which depends on the figure of 
the solid, wiU exert no action on any point Q in the axis; then if 
the law of distribution of the fluid be expressed by XF'o-hc0(/), the 
total action on Q including that of C, will be still E {yC*) - y(* + «) i • 

From which it follows that when an electrical spark - ^ is in- 
finitely near to the vertex of a conducting solid of revolution charged 
with a quantity of electricity E', the distribution of the latter under 
the influence of the former is expressed by the law 

E 

X Fo + c^ {f) where X = g^jg* 

and where c is determined by the equation* 

ds 



i'n-cjl<t>{t),y-^ 



^E'-- E. 



Having thus given the geometrical and physical interpretations of 
F^o, it will not be necessary to discuss the transient functions Fi, f^a, 
ice, of which the properties are very analogous. 

* Vide First Memoir^ Art 35, the expression there obtained for a sphere being in- 
cluded in that obtained above^ when the influencing point is infinitely near the sphere. 
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28. To find the quantity to which V^ is the generating Junction. 
By Art. 26. 

" 1.2.3...2»rfA«- "*" 1.2.8...(2» + l)rfA«-**' 
where ^= {1 -2A(1 — 20 -f A*}-*, and A is ultimately equal to 1. 

Forming the equation u^h-^ku^^ we have 

hence {l-a«(l-2«+««}-i.it^ = *J2+*«^^ + ^^?^^^&c.; 

therefore, , ^l^^^^]j.,n = the coefficient of A*-^* in ,, ^ , ^^ , _ 

' 1.2...2iirfA*" U-2tt(l-20 + «*}* 

In like manner, 

ii-*{l-2w(l-2<) + «^}-».^ = i2A-*+A^ 

A^ rfM^Ai) A» i^(flA) 

■^1.2' rfA» ^1.2. 8* rfA" *'^' 

therefore, 

- — - — — — \v ji.t,^i = t**^ coefficient of A*"+* m -j- — — — - — —- ,„ ; 

1 .2...(2ii + l)rfA*"+* {l-2w(l-20 + «*}*• 

(A + 2A«-i)^ 
consequently, F". = the coefficient of A*""^^ in j- — — — — — ~ . 
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Now, by the assumed equation we have 

du 
and by differentiation («* + Att""*)-TT == 2«; 

but also (tt* + Att"4) = A + 2hu~^; 

hence, ^*"*"***^"*)^ ~ *"' 

and therefore, r.^2 the coefficient of A*"+* in a{l-2tt(l -2/) + «*}-i, 
from which it follows that if we form the two equations, 

f«' «* + (*«')») . (t7'=tt'{l-2«'(l-20 + «'n'i 

t puttmg i 

«" = A + (*tt")^) (Cf' = ii"{l-2tt"(l-2/)+«"»}^4; 

then ^i— = ^0 + r;* + r,Jt» +rsA^&c. ad inf. 

supposing that in the left-hand member h is finally put equal to unity. 
It may be observed that the quantities u', u^' are the two roots of the 
equation w'" — (2 A + Ar) «' + A" = 0. 

29. To expand a given function 0(t), in terms qf the transient 
function V„ . 

Let the general term of the expansion be A^V^^ then by the nature 
of reciprocal functions we have 

= ^,jCP,<*, (Art. 24.) 

ii.(»-l) 1 



= (-l)v^. 



(» + l)(/i + 2) (2» + l)' 



Heiice,«(0-r.j(^(0_?y2r,j(«(<)«+?j— .r,j!*«).<'-&c. 
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Examples : 

1 2.3 3.4.5 

'" = ,TTT • '^^ ~ 1 . («*+ 2) • ^' "^ 1 . 2 . (« + 8) • '^^ " *'*'• 

rt-ir 2«+8 ^^ (2»+4)(2«+5) ^ (a»+5)(2«-h6)(2«+7) «- . 

-•ll ' « 1 • '11+1+ ^1 Q • '»+«"" ^ g Z • '^H+S "tC. 

the latter series would also result by reverting the series for f^,, in 
Art. 24. 

30. To find a Jnnction Ug which shall he reciprocal to (h. 1. 1)". 

Following the steps indicated in Art. 23, we must first form a self- 
reciprocal function of which the general term is a constant multiplied 
by (h. 1. f)' ; this has been already e£fected in Sect, v, namely, 

T-^^nh 1 /. '*<»-^) (h.l.<)' »(n-l)(it-2) (h. 1. ty . ,_ 
T,-l+nh.\.t + ^-^.-j-^+ j-g-g ..j-^_ + &c.. 

and then the form of the required function will be 

Multiply by (h. 1. 1)*, supposing m>n, and observing that 

j;y.(h!l.0- = l-2.3...i»«.(-l)-. "*-^"'-;)^;-,^)-^'"-''-^^> bySect.T, 
•^ ^ ' 1.2. 3 n ^ 

and jfr7,(h.l. <)- = 

by the natiu*e of reciprocal functions, we get the general identity 

wi (i» — l)(i» — 2)...(i» — n + 1) , m-^n , j^ {m-n){m-n^ 1) . . 

1.2.3...« "^^""'n + l"^ • (» + l)(« + 2) ^'^^^ 

but on the same supposition that m is greater than n, we also have 

= (1-1)- " = i-(m-ii)+^^ Y^-^ ^~&c.; 



= 
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and by comparing the corresponding terms 

therefore, 
rr /p .» + l ^ . (n -^l){n + 2) rp , (» + l) (w + g) (» + 8) ^ , 

81. To express the function Un w?A«cA w reciprocal to {h.l. t)° m 
a finite Jbrm^ and also the Junction which U,, generates. 

1 . 2 . 8...n C7, = 1 . 2 . 8...n r,+2 . 8 . 4...(«+ 1) r.+i+8 . 4 . 5...(»+2) . T.+g+fcc. 

==j|^{ro+riA+7;A*+...i;A-+7;+iA''^^+&c.}, 

A being put equal to unity after the differentiation. 
But by Section v, we have 






^^ = 7; + T,h + r,A* + &c. ad inf. ; 



'■■{f-^) 



therefore, Un = ■= — ^z—z -rr when A = 1. 

1.2. ^...ndh"" 



Now by Taylor's Theorem, this quantity is the coefficient of A" in 

the expansion of - — r — t> the latter is therefore the function which 
Un generates. 

82. Properties of U^ . 

I. ^ C7:(h. 1. ty = j; 7;(h. 1. ^'^ = 1 . 2 . 8...«, by Sect. v. 

II. Changing the sign of k in the quantity which f/^ generates, 
we get 

Vol. V. Part III. sB 
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i^*"* = U,- Uxk + t7,A» - Cf,A» + &c., 



--'f-f^^-H- 



III. Since <• = 1 + ar h. 1. ^ + r^ . (h. 1. /)* + t"?-; • (*>• 1- 0' + *£C. 

... j{ u.r = — ^^^^ — j; t7, . (h. 1. ty 

by means therefore of a single integral, of may be adiq[)ted to general 
differentiation. 

As this result is remarkable, we may confirm it by the general 
rule in the First Memoir. (Vide Sect, i.) Thus, 

put 0(ar) = — ij-=:l+x* + x**» + &c. 

i±l 
^-* 
then/(0 = -3-^= t/o+ Uik-¥ U.k'kc.; 

for all values of i, whence JiUnf =^ of as before. 

3S. Discussion of the Junction U^. 

k 
By Art. 81. Uq = - — y when k is put equal to unity. Like the 

transient function Vo, discussed in Art. 27*> the quantity Uo is always 
zero for values of t between and 1 ; but when ^ = 1 its value is 
infinite, and thence its integral between the limits and 1 of ^ is finite, 
viz. unity. 
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To prove this property, conceive a curve Y 
APCi of which the abscissa measured from 
A along ^J? is taken equal to t^ and the 

corresponding ordinate y is equal to /*"*, 
and let us suppose h very nearly equal to 
unity, and at any point P draw a tangent 
PT\ then since 



dt " 



y = t''\ 



1-A' 




therefore, U^ is the limiting value of the tangent of the angle PTB. 

Take AB = 1 and the ordinate BC = 1, then it is evident that 
A and C are constantly points of the curve when the parameter k 
varies so as to approach unity. 

Again, for the entire area APCB the expression is Jit^'^ from /=0 

1 — A 
to <=1, that is, 3 — T, which evidently tends to vanish as the para- 
meter h approaches unity ; and as no part of the area is negative, it 
follows that the curve APC tends ultimately to coincide with the two 
right lines AB, BC, and therefore when T is sensibly distant from 
B the tangent of the angle PTB tends to vanish, but when indefinitely 
near to B it tends to infinity ; and therefore t7o» which ultimately re- 
presents these tangents, is zero from A to indefinitely near to B where 
/ is unity, when its value becomes infinite. 

In like manner the remaining functions Uu U%, &c. may be dis- 
cussed with similar results. 

It may be observed that for values of />! (which however do not 
enter the definite integral), the values of U^ are infinite. 

34. Expansion of given Junctions in terms qf the Junctions Uq . 

The general formula for this purpose is 

<p{t) = Uoft<t>(f) + C7ijj0(/).h.l.(*) 

SB2 
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Thus r = -^ - T-^TT. • ^1 + 7—^ f rs • U, - &C. 

»+l (« + l)* (»+l)' 

(h.l. ()' = (- 1)" . 1 . S...« {t7o - ^. Ui + (» + ^ > (» + g) . u^ _ &c.} 

1 1 • « 

which latter series is also produced by reverting to that which expresses 
U^ in terms of T, in Art. 30. 

85. To find a function reciprocal to t" when the limits of t are 0, 
and QO . 

Let «, be the required function, and put r = c"^ 

then jjw./* = 0, from / = to ^ = « ; 

therefore T— (h. 1. r)- = 0, from t = to r = 1, 

J^ T 



rf". " 



1-A 



1 —A 

hence «. = t CT'. = t , ^ i i when A = 1 

1 .S.^.a^a^" 

_ <*• {#J 

86. 7b ^»rf a Junction Fn M;AwrA «Aa// he reciprocal to cos" 0, the 
limits (ff if> being — - and -. 

Following similar steps to those adopted in the preceding Articles 
we shall obtain, 

in cosines 1^, = cos «0 = — . cos (» + 2) 

^ "-^\><;-^*) .eo.(«+«)»- <-^'>i";')<''^^ e<«(.+6)».&c 
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^ 4" 1 

in sines /^« = 2 sin ^ {sin (« + 1) — . sin (» + 3) 



1 . 2 



37. The Junctum Fn w transient. 

Either of the preceding values of F^ give F^ = jP/ — Fn\ where 

JP/ = cos {nib) i— . cos {« + 2) . -f ^^ -^-^- ' . cos (« -h 4) + &c. 

JP/'s cos(n+2)0 — .cos(» + 4).0 + Y^ ^.cos(»-f 6)0 + &c. 

passing from trigonometrical to exponential values, 

A ^ Mm ml 

1 1.2 

= 2cosn0, 

1 1.2 

1 1.2 

s: 2cosn0, 
hence i^.= i^;-F;'=0. 



&c. 
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However, if n be even, and our limits be — - and -, the function 

becomes suddenly infinite at the limits, for the expansion of Fn is 
then identical with that of (l-l)-<«+'\ 

88. To express infinite terms the transient Junction Fn. 
Put 

Fn = COS »0 -— . A COS (» + 2) + ^ -^-^ '- . A« cos (» + 4) ^ - &c. 

1 1 • « 

F:'= hcos {n+2)<f> - ^Y^ . A» cos (» +4).0 + (^-i-l )(»■«■ 8) ^3 ^os («+6)0-&c. 
Then Fn is the limit of Fn-^Fn' when A approaches unity. 
Put also 2 cos A = « + - , 

^ X 

hence 2-P,' 



»2 



cos«d>+^:p-.Acos(»-8)0+ ^' .A*co8(n-4)0...-r— .A'oos»0+A"*'''cos(n+2)^ 

X 1 • « X 



J1+2A COS «0 + **}"+' 
the number of terms in the numerator 'being » + 2. 

In like manner, 

h («-' + Aar)'+' (a; + Ad?"')"*' 

_ x{x-\- Aa;-')-^' +a;-' (a;-' + Aa?)-^' 
~ {1+A («» + «-»)+*»}-+' 
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oos(»+2)^+-r-.Aoos»0+^ — f^ — '.A*cos(«-2)0+...^^.A"cos(»-a)0+A»+'cos«0 
Hence, 

"^ ^ n+2Acos20 + A«}"+» " '*^^- 

when h is put =1. 

Thus F = ^^-^)(^ + ^) 
inus x'o ^i + 2Acos20 + A«}' 

which is evidently a transient function, as its general value for A=l 

is zero, except is an odd multiple of -, when its value becomes 
-infinite. 

And in general F^ and F^" are equal, when h is put equal to 
unity, and therefore F^ has a factor 1 — A in its numerator, which causes 

its general vanishing state, except when = ^ ' ^^ ^^ ^^ multiple of 

^, when the denominator becomes (1-A)****, and as the numerator is 

of only n + 2 dimensions, it is evident Fn in this case is infinite, when 
A= 1. 

In general f , ; JI \^^ i, = 2 tan*' . |t— r . tan 0> + const, 
® ^^1 + 2* cos 2^ + A* U+A J 

which taken from = 010^ = - is equal to ^r, a quantity independent 

of A, a result similar to those already obtained from other transient 
functions. 

39. When the sum of a series containing transient functions is 
required, the following process, with only such modifications as may 
simplify particular cases, will apply. 
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Let S ^ a^Vo + a, Fi . » + Oa ^2 . «^ + •.. + a^V^sf + &c. 
be the series proposed. 

By the inverse method, put a^ = A/'('»") • '^ from t = to t = 1 . 
Then S = /./(t) \V,+ V,t% ^ V,t'%' -f &c.} 

But ^0 + ^lA + V^k^y &c. is the function which V^ generates, and may- 
be represented by (/, k)y we have then 

S = frj^ir) . 0(#, T*), from T = to T = 1. 
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SECTION VIII. 



On the Resolution of Equations involving JOefinite Integrals, 



(l) By the Decomposition of the Integrals into Elements. 

40. The utility of the method of decomposition consists principally 
in the yerifications it offers to results obtained by other analytical pro- 
cesses, the difBcidty in the eliminations which it requires. 



l»o 



^ 



Pan-j Pm^^ Pii Pn»/ 




Suppose a cylindrical shell exerts no force on any point in its axis 
AB^ the law of force tending to each particle of the shell being given, 
but the law of density of the shell unknown, then the application of 
the method of decomposition is this: 

Divide the shell into n + 1 equal portions by planes perpendicular 
to the axis PiQi, P%Q%9 &c. 

Let the density throughout each portion be supposed uniform, and 
let the successive densities he' p^i pu /9s.../9«. 

Let the total actions on the points of division Q^, ^•••Q» be equated 
to zero, which will give n equations, and another will be obtained by 
considering the mass of the shell. 

From these » + l equations, let pa^ p^, /d,, &c. be determined in terms 
of i». 



Finally, make n infinite. 
Vox. V. Part III. 



SC 
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41. General Calculus for the Cylinder with any law of force. 

Let Oo, ai, a8...a» represent the total actions on the point A which 
would be exerted by the successive portions Po-Pi» Pi-P« of the shell, 
if the density of each were unity; these quantities are given, since the 
law of force is supposed known. 

Then Oo/oot o,^p\y (hptf &c. represent the actual forces on A^ 

Again, the action of any portion as Pm^^Pm^i on any point Q« of 
division in the axis, will be to the action of the similarly situated 
portion P4P9 on the point A in the ratio of the corresponding densi- 
ties, and in this case would be a^p^ 



'm^i 



By this consideration the total actions on the points Q,, Qst^.^Qm 
are easily estimated, and equating each to zero, we get the following 

system of n equations, which serve to determine the ratios ^ , — , &c. viz. 

^0^0"" (kpi^ ^ifh-- (hpi-^ (hfii — ^«-3i />•-! — flf»-ip« = 0, 

fllPo + floPl — flo/0» — «1/>S — ^f>4 — ««-8Pii-l — «»-»P««0, 

(hpO + «lPl + «0/>» - Oops— «l/>4 - ««-4p..l - «li-8p. = 0, 

aspo + a2pi + aip« + flops— flop* — flii-5p»-i— flii-4p«=0. 



flfl.spo + fl.-8pi + fl||.4Pi + fl»-ftp3 + fl».tfp4 — fl«Pii-l — flip. = 0, 

flu-lPO + fl«-2Pl + fl.-SP8 + fl|.-4ps + fl|l-5p4 + AlP.-l - floP» = 0. 

Comparing the first equation with the n^, the second with the (i*-!)***, 
&c. it is obvious that po is involved in the same manner as p., pi as 

p^.i, &c. 

Hence, p, = po, ^,.1 = ^1, ^^^.j = pa, &c. 
Form now two functions in the following manner: 
a known function, w = flosin0 +flisin80 + fl8sin60+ •..a«-isin(a» — 1)^, 
an unknown, iSL = poCOS»0+piCOs(i»-2)e+piCOs(ii-4)e + 



• 
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the first s^es may be continued to n terms or infinity indifferently, 
and the last term in the second series will he ^p^ when n is even, 



s 



and pn^i.cosO when n is odd. 



Suppose now that the product Qu.Sn is decomposed into the sines of 
the multiples of 0, and that all the multiples higher than the n^ are 
rejected from this product, the remaining part will evidently be, 

— {«opo— flopi — ai/t>2 — a«-ipo} .sin(»— 1)0, 

— {«ipo + floPi — «o/>j —On-^po} . sin(» — 8)0, 

— {(hpo + ^ipi + ^fh — 0,-8^0} . sin (n — 5) 0, &c. 

the whole of which by the given equations is equal to zero. 

Hence, 

2S.u—AnSm (» + 1)0+Bnsin (n + S).0 + C,sin {n + 5). (9, &c. ; 
.\ 4cose.iS.tt=-4^sin(ne) + (-4. + jB.)8in(« + 2)0+(5.+C.)sin(» + 4)0, 
and iSn.iU-An-i sin (»©) + J?,-i sin (» + 2) • 6 + C.-i sin (» + 4) . 6 ; 

.-. 2{2cose.iS.-2^iS..i}.tt = |^. + J?.-^..-^ 

Hence it follows that if we put So=ipo, Si=sp^cos0, 

and «f = aosind+aisin80 + assin50 &c. ad inf., then. 

First, Supposing S„ . 1 and S^ known, form a quantity X, by dividing 
the coefficient of sin {m + 1)0 in iSmU, by the coefficient of sin(i9id) 
in 2iS'm-i .u. 

Secondly, Form a quantity Sm^i, by the equation 

S^+, = 2cos0,iSL -X,iS«.,, 
by which 1%, S3 Sn may be successively formed 

Then it is obvious that the product iS^u contains no multiple of 
below the n^\ and therefore the coefficients in Sn must be the required 
quantities po9 pi» pi />«-i when n is odd, or po, p^, p2 ^p« when 

n is even. 

ScS 



874 Ma MURPHY'S THIRD MEMOIR ON THE 

42. Applications, when the law of force ie the inverse square qf the 
distance. 




(1) Let AB be the axis of a very broad cylindrical plate, the 
round side of which is covered with a fluid, attractive or repulsive^ 
and so distributed as to exert no action on any point in the axis. 

Put AB = 1, APo^a the radius of the base. 

Let ab be one of the very small annuli into which the edge is 
divided, and put aPo^x. 

Then it is easy to prove that the action of the annulus ai on the 

1 1 

point A is proportional to -^ -jr, or ultimately to the differential 

coefficient of -j- with respect to x, that is, to -jri — -jri, which quan- 
tity expanded is proportional to ^ ^ f ^ -^ ^•i <^d as & is very great 
compared with x, we need only take the first term of this expansion. 

In this case we may therefore put ao=l, a^sS, Ot^S, &c., 
and therefore, u = sin0 + Ssin80 + 3sin50 + 4sin70 + &c. 

The calculus of Sn as indicated in the preceding article will be as 
follows: 

( _ coefficient of singg in iS^u _ 81 
t * "" coefficient of sind in iSoU "" 2J ' 

#y«= 2COS0S, - \,So 
= /t>o|cosae-i|; 
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{ _ coefBdent of sinSg in 2StU _ 2) . 
"" coefficient of sinSd in 3,SiU "" 8 J 

2 

= po {cos 80 — -COS0}, 

{ coefficient of sin 4 6 in 2SiU _ 51 
** coefficient of sinSd in 2/Sitt ^ 6j 

iS;» 2cosd49s- Xs./S; 

= po |co8 40 — - cos 20 — -[ » 

{ coefficient of sin50 in 2iR« 9^1 
"* coefficient of sin 40 in 2S3U "" lOj 

iy5 = 2cos04S;- X41SS 

= pa|cO8 50 - - cos 80 — ^>. 

Similarly, Ss = p,|cos60 — ^cos40 — ^ cos 20 — g[ 

{Q O 2 1 

COS 70 — = COS 50 — = COS 80 — -cos0>. 

Generally when n is an odd integer, suppose 

-^ = CO8(»-1)0 ;; {cOS(ll-8)0 + COS (» -5)0 + .,. + COS 20 + 4L 

S 2 

and — = cos«0 {cos(» — 2)0 + cos(« — 4)0 + •.. + cos30 + cos0}. 

Po n 

The coefficient of sin.ji0 in iSn-iU = - — t-Po* 
pf sin(«+l)0 in HSnU^- .p^; 



4.U if N (»-f2)(»-l) , 2.2 

therefore, X, = ^ / n^ =1 + r* 

«(« + !) n n + 1 
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Hence, -^=20080. ^-X.^ 

Po po Po 

2 
= co8(«+l)0 — Y{cos(«-l)e + cos(»-8)0 + ...+cos20+i}, 

and by a repetition of the same process, 

S 2 

— ^ = co8(»+2)d — r{cos«d+co8(«— 2).0 + ... + cos8d + cos0}. 

Po « + a 

Hence the laws by which Sn^i and Sn are expressed are uniform, 
and therefore we get for the required unknown quantities, 

2 2 2 

po = po, Pi=~"~Pi)> h^^ZPo P«-i^"ZP»» P« = Po* 

The positive values may be taken for the repulsive and the negative 
for the attractive parts of the fluid, and if JE denote the excess of the 
former, we have 

^=2.afc + ei + e+...+^ + e."}=i!^fi^ 

in 91 n n n] n \ n \ nr 

E 

.-. po=»' • 7 — • which gives the complete solution of the problem. 

Thus the application of a process purely algebraical, conducts in this 
instance to a transient function, for if we suppose the final and equal 
densities p,, p» to be finite, all the intermediate values of the densities 
pi, p9 pn.i become indefinitely small when n is made infinite; yet 

they are not to be rejected, for if so, the total charge would be 49ra&, 

whereas its actual value is only 49ra ^, an infinitesimal of the second 
order. 



-^ _^p* 

• ■ • « 4 ■ • 

~~ ' Pn+z 
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(2) Let AB be a right line perpendicular to the bounding planes, 
which terminate a solid composed of paraUel strata of indefinite extent, 
but uniformly dense throughout that extent; and let the law of den- 
sity of the different strata be such that there is no action on any 
point Qm within. 

Let the solid be decomposed into n + \ equal portions in which the 
densities are as before represented by /oo> pi. p% p.. 

In this case the quantities a^^ a^, Os a» are all equal, and putting 

them equal to unity, we have 

tt sssind + sinSd + sin5d + &c. 

^o = Po> Si^poCOSO, X| = l, 

iSi = 2cose.4S'i-X,^o=/ooCos26>, X«=l, 

Sz^2cos0 . St-\tSi^poCOs39, Xg^l, 

and generaUy, S^^^poCOsnO, andX.ssl. 

Hence the solution is pi^O, /os = p^^^^O, pn==po* 

And if ^ be the whole mass and A the area of the bounding planes, 
which is supposed very great, we have 

E^iA.po. 

This result is analogous to the well-known fact, that electricity can 
reside only on the surfaces of bodies, and affords another instance of 
a transient function. 

The method of decomposition may always be applied to obtain 
numerical approximations in cases which involve Definite Integrals; 
for instance, in the distribution of electricity on bodies, and in esti- 
mating the forces between bodies which are electrised. 

(2) By means of Reciprocal Functions, 
43. EquaHona which contain only one d^nite integral. 

Let y(/, a) be a function involving a variable t^ and an arbitrary 
parameter a; Fifl) a function containing a only, and 0(^) a function 



378 Mr MURPHY'S THIRD MEMOIR ON THE 

containing t only, the first and second of these functions being given, 
it is required to find the third so as to satisfy the definite integral 
equation 

the limits of t being given. 

Suppose (t) expanded according to any given dass of self-reciprocal 
functions as P„ that is, 

{t) as cbPo + CiPi + CtPi + ftPto &c. ad ififiniium, 
where the coefiidents Co, c^, Ct, &c. are unknown. 

Let y*(/, a) be expanded according to the same redprocal functions, 
y(/, a) = AoPo + -4iPi + AtPt + -^sPs, &c. ad ifffinitum. 

Then /P,P,=0, and JiPnPn^^On a known numerical quantity depend- 
ant on n^ and on the particular species of redprocal functions which 
are employed. 

Multiply both series and integrate between the given limits of /, 
and the proposed equation gives us 

P(a)s^oao.Co + ^ia|.C|+^8afl.Ci + ^sa9«^8« &c. od if^finiium. 

Now An being a known function of a and n, we can by Art 28. 
Sect. VII., find another function of a and n, as AJ such that JiA^AJ^O, 
when HI and n are unequal integers. 

Multiply the equation successively by Aq, ^/, ^/, &c. and take the 
definite integrals relative to a, hence 

do • Ja-^o -^0 

J.A,'F{a) = c,a,j;.A,A,'; .-. e, = fj^^, 
and generally c. = /^ / ^ ' • 

do Ja^o^Q «i JaA^ Ai a, JaAt^B 
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44. Examples. 

In the following examples two things are to be observed. First, 
that the given functions are supposed to be continuous, and therefore 
the equation proposed must hold true for all values of the parameter a. 

Secondly, In the final equation for determining the unknown coeffi- 
cients, instead of using a reciprocal multiplier any means more simple 
may be occasionally employed. 

Ex. 1. Given jf0(/).cos(af) = 1 to determine 0(/), the limits of / 
being and ir. 

Put 0(^ = Co + Ci cos/ -f ^ cos (2/) + Cz cos (8/), &c. ad infinitum^ 

and cos (at) = -4o + -^i cos / + -4, cos (2/) + A^ cos (S/), &c., 

where to determine Aq^ Ai, Ai, &ce. we multiply successively by 1, 
cos tf cos 2t^ &c., and integrate from t = to / = tt, whence 

J _ sin {air) J _ 2gsingir . _ ZasinaTr 

^""" air ' -^^--^(o'-.l)' ^»-^(a«-2*)* 

1 11 ^ / <-v- 2asina7r , ^ 

and generally -4, = ( — 1)" . —7^5 jr when » > 0. 

Multiply both series and integrate, and we get by the proposed 

equation, 

(Co a.Ci ^ aCt acs . . \ 

Put a s 0, 1, S, 3, &c successively, and we get 

_1 2 _8 . 

Co '^ , ^1 "~ "~ > ^8 "~ ~" » OlC. 

«• TT 9r 

Hence v(p{t) = 1 + 2cos/ + 2cos2/ + 2cosS/, &c. 

The value of <b(t) is therefore the transient function - . , 'I J . 4 ^ . 

^^ ^ -JT 1 — 2«cosr + A 

{Vide Art. 88. Function F©), when A is put equal to unity. 
Vol. V. Part III. SD 
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Ex. 2. Given /e0(/) .cos (af) = cos (ad). 

As before <f>(t) = Co + c^ cos * + c, cos 2V + Cs cos 8/ -h &c. 



cos 



sin aw (1 2a cos t 2a cos 2t 2a cos 8/ , ^] 



therefore cos ad = sin(fl7r)<- - 'i^ZTi "^ a^-2^ ~ g<_3« + *^J 



But also by reciprocal functions we get 



cos atf = 

IT 


\a a"-l 


^ a^-2« 


Hence Co = - , 

IT 


2COS0 

IT 


2 cos 20 



acos8fl . 

Cs — — — — ^— — J c»C« 



therefore ir0(/) = 1 +2 cos cos/ + 2 cos 20 cos 2/+ 2 cos 8fl cos 8/ + &c. 

or 2ir0/= l+2cos(0 + O + 2cos2(0 + /) + 2cos3(0 + O + &c- 
+ 1 + 2C0S (0-^ + 2 cos 2(0- ^ + 2cos 3(0-/) + &C. 

_ (1-A)(1+A) (1-A)(1+A) 

"" l-2Acos(0 + /) + A» "^ l-.2Acos(0-/) + A* 

when A is put equal to unity. 

Ex. 8. Given ^ </>(/) . cos (a/) = F{a). 

F{a) must be such (in continuous functions) as not to change when 
— a is put for a, since cos {at) which is under the sign of integration 
will not then alter its value. 

Proceeding as in the former examples we get 

Put successively a = 0, 1, 2, 8, &c. hence 

Co = - . F(0) . c, = - . F(l), c, = - . F(2). &c. 

•K ir ir 

hence ir0(<) = F(0) +2F(1). cos/+ 2F(2) . cos 2/+2i»'(8) co8(80 +&c. 
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Ex. 4. Given ji<p{t).{f{a+f) +f{a-t)] = F{a), 

where the forms of the functions /" and JF are known, and that of 
d> required. 

Put 0(/) = Co + Ci COS t + d COS 2t + Cs COS 8/ + &c. 
y(a) = do -h ai COS« + as COS 2a + as COS 8a + &c. 

where oo, a^, os, &c. are known numerical quantities; hence 
y(a+/)+y(a-0 = 2ao+2ai cosa cos Z+Saj cos 2a cos 2/+2as cos 8a cos 3/-r&c. 

and F{a) = iirooCo + wajC, cos a + iraaCj COS 2a + wa^Cs COS Sa + &c. ; 

therefore c^ = ^ , c^ = -j— . Jt JPCa) . cos a , Cj = -5— ^ /^(a) cos 2a, &c. 

1 ^ «-«/ V f 1 2cosacos/ 2cos2acos2/ ^ ) 
and 7r0(/) = ^ j(;F(a) |^ + " + " + &c.| 

the limits of all the integrals being and ir. 



Ex.5. /S^, = A- 



In this case we shall employ the functions V^ reciprocal to /". 

Put 0(/) = Co Fo + Ci Fj + Cs ^2 + &c. orf infinitum, 

1 1 / Z' 

and i =--h-^ + -i + &c. ad infinitum; 

a-t a i^ (f ^ 

4rU ^ 1 _Co 1 c, 2 A c^ 3.2.1 ^ . . ^ 

therelore ^^ft " « " 27sV "*" 8.4:5 V" 4.5.6.7V ^ ^^' 

a a* tf a* 

TT ^ 2.8 , 8.4.5 ^ 4.5.6.7 ,3 p 

Hence Co = 1, Ci = =— .6, Cs = .Ir, C3 = ^ ^ g . ^ , &c. 

and 0(Q == Fo - y .ar; + i^.yr, ^ ^[^/^^ '^^^^ ^' 

3d2 
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Put F{&) =» To + r,* + r,A» + &c. ad it^nUum, 
as found in Art 28. Sect. vii. 

Hence F{ - At«) =^ T, - V^ki> + V^W - &c. 
the limits of r being and 1 ; 

. 2*J .i?'(-4M,^a*-i.r,.4ftt+|4.r,4«fti-^.4»ii.r3+&c. 

TT w^T y/lZZ^ * 2.4 2.4.0 

Ex.6. ji<i>{t).f{a^{)^f{a-^b). 

Denote by P«., the reciprocal function P, when / is the variable, 
by Ph,n when 4 is the variable. 

Let/(a-0 = ^oPi.0 + A,Pu, + A^Pt.^ + A^P^z + &c. 
and ^(<) = CoPm + CiPi.i + CtPu% + Cs.Pe.3 + &c. 

.•. f(fl — h) = u4oCo + \ . -4iCi + g . A%c^ + ^ . A%c^ + &c. 
but changing t into 5 in the expansion of y*(a— f) we get 

/(a-i) = ^oP6,o + ^iP6.i + A^P^^ + ^,Pm + &c. 
which values are identical when c© « P6.o, c^ = 8P6,i, c, = SP^.s, &c. 
therefore 0(0 = PMPf.o + 8P,,,Pu + 5PmA, + TPmPm + &c. 

45. On /^ appendage necessary to complete the Solution of a 
Definite-integrtd Equation. 

In the examples in which f{a^ () = cos a/ given in the last article, 
the function P(a) is adapted to general differentiation relative to a, 
under the definite integral; but besides the prime value thus obtained, 
there must be an appendage to represent the same operation on zero. 



INVERSE METHOD OF DEFINITE INTEGRALS. 888 

which contains an infinite number of constants multiplied by functions 
of a, which may vanish or not, and be connected or unconnected ac- 
cording both to the nature of the particular operation and the nature 
of the calculus in which it is employed; this has been already shewn 
by Mr Peacock*, and in Art. 20. Sect. vi. of this Memoir. The same 
remark applies to the value of <l>(f) in the general equation 

j;</>(0/(/,a) = JP(a), 
to complete it we must add >/^(;) where fti^{i) .J^{t, a) = 0. 

To obtain >/^(/) in the equation Ji<p{t) .co8(af)^F^{a) above mentioned. 

Let us suppose 0i(Q, ^sCO* found by the method of Art. 44., to 
satisfy the equations 

Jj^i (t) . cos (a/) = 1 for continuity, 
i<th{f) ' sin (a^) = 1 for discontinuity, 

differentiating with respect to a, the first 2n times, the second Sn— 1 
times, we get 

jj0iW.<**cos(a/) = 0, 

Hence, 

yf,{t) = 0,(/) {At + -»/' + C<*, &c.} + (piit) {Ae + Bt' + C/^&c.}, 
where A^ -B, C, &c. A\ Bf^ C, &c. are absolute constants. 

When transient functions appear in the appendage or even in the 
prime solution, they" must not be neglected (particularly in the mole- 
cular investigations) except they are inadmissible by the nature of the 
particular question, for they have a physical as well as a geometrical 
meaning, as they are capable of expressing in continuous analytical 
forms, the state of bodies and their mutual actions when they are com- 
posed of absolute mathematical centres of forces, all separated mutually by 
infinitesimal intervals. 



O/ Q2 Ui Otf Qf 



* Third Vol. Report of British Assoc, p. 212, &c. 
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Thus let the ratio of the weight to the extent of an element P of 
a straight rod AB be expressed by the transient function 

l-2Acos(2»0) + A«' ^^^"^ '^^ ^' 

and where AP^tp, and the whole length AB^w, and n is very great 
and integer. 

Then the whole weight is finite, viz. f - — ^^^^ — ^ ^ ^ ' ,. = 1, yet 

^ ^1 — 2Acos2«d) + A' ^ 



this function has only an existence when = 0, -, — , — ...&c., and 

•^ ^ n n n 

therefore the rod is actually composed of disjoint particles Q,, Qj, Qj, 

&;c. which are separated by equal intervals, each infinitesimals, viz. -, 

when n is very great, and equal to the actual number of particles; 
the action of such a system on another given one, may always be 
estimated by using the transient function in its general form, and lastly, 
putting h equal unity. 

46. Equations which contain two or more Dqfinite Integrals. 

Given, jf (/) ./(/, a, i) + jj >/.(/). i^ (?, a, b) = E («, ft), 

the forms of the functions^ F, E being known, the forms of <f> and 
^ are required. 

Put /(/, a, h) = ^oPo + A^Py + A^Pt + A^P^ -h &c. ad inf. 

where A^^ Au A^, &c. are known functions of a and A, and P^^ P,, &c. 
any self-reciprocal functions of #, such that jIP,* = a«, which will be a 
known numerical quantity. 

Similarly, F{t, a, b) = BoPo+B,Pi + B,P, + BJ^^ + &ic. ad inf., 
where Bq, Bi, Bu &c. are known functions of a and b. 

Again, let (p{t) ^CoPo-^c^P^+c^P^+CsPsf &c. ad inf. 
where Co, Ci, Cs, &c. are unknown numerical quantities, 

and >/f (^ = ^oPo + ^iPi+^8P2 + ^8P8>&c. ad inf, 
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where ^o> ^i» A, &c. are also unknown. 
The proposed equation then becomes 

+ ^oflo-Bo "f BxaiSi + etOnJBu + &C.J 

Now to the function ^, there may be found a function An reciprocal relative to a, 

and to JSn -Bi, b. 

_ ^ f 

Let faAoBn=^ Un a function of b only, 

f^BoAn^ Vn a only. 

Hence, faAoJS(af b)^CoaofaAoAo=^eoaoUo+eia^U^+eiaiU2 + &cc. adinf. 
f^BoE (a, i) — ^o«o fb^oBo = CoCo Fo + c^ a^ ^1 + Csag Fg + &c. arf inf. 

Let U, be the function of b, which is reciprocal to I7«, 

K of a, :. K. 

[fa ft {AoUoE (a, b) - c,a,AoA, U,) = eoo,/, UM 

Hence, < _ 

U/6(5o ro^(a, b) - e,a,BoBoK) = c^oojaV^V, 

by which equations the constants Cq, ^o are immediately determined. 

Also K" -^^ <^o I^.^ («, ft) - c,a,A,AoU) ^e^anj, Ujn ^ 

[fJABoKEia, b)^e,a,B,B,K)^CnaniVnry 

and since Cq, ^o have been found, the latter equations determine gene- 
rally the coefficients c„ ^>, and therefore the required functions <l>{t), 
yj^if) are known. 

In like manner by employing reciprocal functions relative to double 
integration, we may solve equations containing three unknown func- 
tions, &c. 

The problem of the distribution of electricity on bodies of which 
the surfaces are not continuous, introduces equations of this nature. 
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47. Simultaneous Equations to Definite Integrals. 

Given i./?*(')-/(''«)+^V'(')-^('»«) = ^(«)l 
\ft<p{^fi{i. a) +;^(0 . F,{t, a) = EAa)) ' 
the forms of the functions/ F, E,fi, Fu Eu being known, the forms 
of (p and yjf are required. 

Multiply the second equation by an arbitrary quantity X, and adding 
to the first, put 

f{t, a) + \f, {t, a) = AoPo -MiPi + ^»P« + &c. 

F{t,a)+\F,{t,a)=^ ^oQo + ^iQi + ^«Q» + &c. 

0(/) == CoPo + c,P/ + c^P,' + &c. 

i^{f) = ^oQo' + ^iQi + e^Q^' + &c. 

where Po, P^ P«, &c.l ^ 4.. i? ^ 1 

^ ^ ^ D I are functions of ^ only, 

Qo, Qi, Qs, &cj -^^ 

Ao9 Ai, A2,} known functions of a, X, and self-reciprocal relative 

to a, 

Pni Qn reciprocal to P„ Q, respectively, hence 

(putting J,P.P: =p,, ;Q.Q; = (7.) E{a) + XEM) 

= CqPoAo + c^piAi + c^ptAi + &c. + eoqoAo + ^i^i^i + e%q%A%, &c. ; 

/. faAoE{a) + X ^^0^1 («) = (coj^o + eoqo)faAo\ 

JaA,E{a) + HAE, (a) « (c^, + e,q,)iaA,\ 
&c. &C. 

and giving to X any two values in each of these equations, the first 
will produce two equations which determine Cq, e^j the second will 
similarly give Ci, ^1, &c., and thence the functions 0(^), yf/t axe known. 

The same method is applicable to any number (n) of simultaneous 
equations involving n unknown functions. 

48. Definite-integral Equations of superior orders and degrees. 

Methods similar to the preceding are applicable in most cases of 
the former class thus: 
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Given J{^0(<, t)/(/, t, a) = F{a), 
the fonns F and y being known to determine 0. 

By Art. 16. Sect. iv. let a function Q. be formed which shall be 
self-reciprocal, relative to double integration for t and r. 

Put 0(<,T)=CoQo+c,Q, + Cii^ + &c. 1 ^rra* 

and/ar,a)=^,Q,+^,Qi+^.Q,+ &c.J *"** ^®* «.->/r«*«.. 

hence -iF'(fl) = aoCo-^o + OiCi^i+a8C2-4t + &c. 

Let ^/ be a function of a reciprocal to A^^ 

then jaA^F(fl) = CoOoJiAoAof 

UA^F{a) = c,aSA,A,, 
&c. &c. 

whence Co» c^, &c. being determined, the function 0(/,r) is known. 

Equations of superior degrees must generally be converted into equa- 
tions of superior orders to be easUy solved, thus; 

Given Jf 0(/) ./(/, a) x jj0(O . F(/, a)^y\.{a), 
the forms y^ F^ and >f^ being given to find the function 0. 

Introduce another variable r having the same limits as t^ then it is 

evident that 

^0(0 . F{t, a) = /,0(t) . F(r, «) ; 

.-. Jf/T0(O . <p{T).f{t, a) . F(t, a) = >;.(a), 

and since /(t^ a) . F^r^ a) is a given function of /, r and a, the unknown 
function 0(0 -^C*^) ^^ ^ determined as above, and representing it by 
0i(^, t),* let a be a root of the equation 0(t) = 1, then since 0(0. 0(t) 
= 01 (/,t), we get the required function 0(O = 0i(^»<')9 <^d again putting 
/ s= a we get 01 (a, a) = 1, from which equation a is known, and there- 
fore 0(0 s 0j(^, a) is also known. 

49. In researches on the subjects of electricity, and the phcenomena 
dependent on the molecular construction of bodies, the only data which 
can be furnished by experience are the total actions, and consequently 
Vol. V. PaetIII. sE 
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the analytical processes of calculation require the solution of definite 
integral equations: some of these have been resolved by Laplace and 
others, by means of particular artifices by which the unknown functions 
were subjected to differential equations; but as no general method 
existed for this purpose, the resolution of such equations has been ex- 
tremely limited, and apparently simple physical problems, such as the 
distribution of electricity on surfaces, (with the exception of a very 
few cases) have consequently defied the powers of analysis. Besides, 
an abundance of facts connected with the interior arrangement of the 
molecules of bodies are of such a nature, that mathematics possessed 
but little power of reducing them to analytical forms, calculated to 
produce any valuable inferences; these facts are daily increasing in 
number, and the analyst is far behind the cultivator of Experimental 
Physics. The Memoirs on the Inverse Method of Definite Integrals 
which are now concluded, and which have been pursued when the 
absence of ordinary engagements permitted, originated in the belief 
that by proceeding gradually from the simplest classes of Definite 
Integrals to the more complex, the general principles of an Inverse 
Method would be discoverable. The formation of all possible classes 
of Reciprocal Functions, and the Transient Functions included amongst 
them, have at length furnished means for the resolution of equations 
to Definite Integrals. The author is however well aware that there 
must exist numerous imperfections in the manner in which his design 
is executed, but believing also that by those endeavours, however weak, 
some fresh powers have accrued to analysis, as an instrument of investi- 
gation, he trusts they will deserve the approbation of the Society. 



R. MURPHY. 



CaIVB CohLHOK, 

Dec. 24, 1834. 
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Analytical Table qf Reference to the ^* Memoirs on the Inverse 

Method of Definite Integrals'' 



FIRST MEMOIR, Vol. IV. Page S5S, &c. 

Introduction S5S 

Section I. Principles relative to Continuous Functions. 
Art 1. Method of redudng the given limits of integration to and 1 in all cases .. . . 358 
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XV. On the Determination of the Exterior and Interior Attractions qf 
Ellipsoids of Variable Densities. By George Green, Esq., 
Cains College. 



[Read May 6, 1883. J 



The determination of the attractions of ellipsoids, even on the hypo- 
thesis of a uniform density, has, on account of the utility and difficulty 
of the problem, engaged the attention of the greatest mathematicians. 
Its solution, first attempted by Newton, has been improved by the suc- 
cessive labours of Madaurin, d'Alembert, Lagrange, Legendre, Laplace, 
and Ivory. Before presenting a new solution of such a problem, it 
will naturally be expected that I should explain in some degree the 
nature of the method to be employed for that end, in the following 
paper; and this explanation will be the more requisite, because, from 
a fear of encroaching too much upon the Society's time, some very 
comprehensive analytical theorems have been in the first instance given 
in all their generality. 

It is well known, that when the attracted point p is situated within 
the ellipsoid, the solution of the problem is comparatively easy, but 
that from a breach of the law of continuity in the values of the 
attractions when p passes from the interior of the ellipsoid into the 
exterior space, the functions by which these attractions are given in the 
former case wiU not apply to the latter. As however this violation 
of the law of continuity may always be avoided by simply adding a 
positive quantity, u^ for instance, to that under the radical signs in 
the original integrals, it seemed probable that some advantage might 
thus be obtained, and the attractions in both cases^ deduced from one 
common formula which would- only require the auxiliary variable u to 
become evanescent in the final result. The principal advantage how- 
ever which arises from the introduction of the new variable tt, depends 
Vol. V. Paet III. SF 
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on the property which a certain function V* then possesses of satisfy- 
ing a partial differential equation, whenever the law of the attraction 
is inversely as any power n of the distance. For by a proper applica- 
tion of this equation we may avoid all the difficulty usually presented 
by the integrations, and at the same time find the required attrac- 
tions when the density p' is expressed by the product of two factors, 
one of which is a simple algebraic quantity, and the remaining one 
any rational and entire function of the rectangular co-ordinates of the 
element to which p' belongs. 

The original problem being thus brought completely within the pale 
of analysis, is no longer confined as it were to the three dimensions of 
space. In fact, p may represent a function of any number *, of in- 
dependent variables, each of which may be marked with an accent, in 
order to distinguish this first system from another system of s analo- 
gous and unaccented variables, to be afterwards noticed, and V may 
represent the value of a multiple integral of s dimensions, of which every 
element is expressed by a fraction having for numerator the continued 
product of p into the elements of all the accented variables, and for 
denominator a quantity containing the whole of these, with the un- 
accented ones also formed exactly on the model of the corresponding 
one in the value of V belonging to the original problem. Supposing 
now the auxiliary variable u is introduced, and the s integrations are 
effected, then will the resulting value of F be a function of u and of 
the s unaccented variable to be determined. But after the introduction 

* This function in its original form is griven by 

y^ r p'dxdydz 






where dxdy'iz represents the volume of any element of the attracting body of which f/ 
is the density and Xy y\ z are the rectangular co-ordinates; x, y, z being the co-ordinates 
of the attracted point p. But when we introduce the auxiliary variable u which is to be 
made equal to zero in the final result^ 

y _ r p dx dy dz ^ 

" ^ {(*' - xf + (y - iff + (z- - «)» + «»}T=^ ' 

both intetgrals being supposed to extend over the whole vohime of the attracting body. 
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of u, the function f^ has the property of satisfying a partial differen- 
tial equation of the second order, and by an application of the Cal* 
cuius of Variations it will be proved in the sequel that the required 
value of y may always be obtained by merely satisfying this equation, 
and certain other simple conditions when p' is equal to the product 
of two factors, one of which may be any rational and entire function 
of the s accented variables, the remaining one being a simple algebraic 
function whose form continues unchanged, whatever that of the first 
factor may be. 

The chief object of the present paper is to resolve the problem 
in the more extended signification which we have endeavoured, to ex- 
plain in the preceding paragraph, and, as is by no means unusual, the 
simplicity of the conclusions corresponds with the generality of the 
method employed in obtaining them. For when we introduce other 
variables connected with the original ones by the most simple rela- 
tions, the rational and entire factor in p' still remains rational and 
entire of the same degree, and may under its altered form be ex- 
panded in a series of a finite number of similar quantities, to each of 
which there corresponds a term in F", expressed by the product of two 
factors; the first being a rational and entire function of s of the new 
variables entering into F", and the second a function of the remaining 
new variable A, whose difierential coefficient is an algebraic quantity. 
Moreover the first is immediately deducible from the corresponding 
part of p' without calculation. 

The solution of the problem in its extended signification being thus 
completed, no difficulties can arise in applying it to particular cases. 
We have therefore on the present occasion given two applications 
only. In the first, which relates to the attractions of ellipsoids, both 
the interior and exterior ones are comprised in a common formula 
agreeably to a preceding observation, and the discontinuity before 
noticed falls upon one of the independent variables, in functions of 
which both these attractions are expressed; this variable being con- 
stantiy equal to zero so long as the attracted point p remains within 
the ellipsoid, but becoming equal to a determinate function of the co- 

3F2 
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ordinates of p, wheii p is situated in the exterior space. Instead too 
of seeking directly the value of F^, all its differentials have first been 
deduced, and thence the value of F^ obtained by integration. This 
slight modification has been given to our method, both because it 
renders the determination of F^ in the case considered more easy, and 
may likewise be usefully employed in the more general one before 
mentioned. The other application is remarkable both on account of 
the simplicity of the results to which it leads, and of their analogy 
with those obtained by Laplace. (M^. CA. Li v. iii. Chap. S.) In fact, 
it would be easy to shew that these last are only particular cases of 
the more general ones contained in the article now under notice. 

The general solution of the partial differential equation of the second 
order, deducible from the seventh and three following articles of this 
paper, and In which the principal variable f^ is a function of « + 1 
independent variables, is capable of being applied with advantage to 
various interesting physico-mathematical enquiries. Indeed the law of 
the distribution of heat in a body of ellipsoidal figure, and that of the 
motion of a non-elastic - fluid over a solid obstacle of similar form, 
may be thence ^most immediately deduced; but the length of our 
paper entirely precludes any thing more than an allusion to these ap- 
plications on the present occasion. 



1. The object of the present paper will be to exhibit certain 
general analytical formulas, from which may be deduced as a very 
particular case the values of the attractions exerted by ellipsoids upon 
any exterior or interior point, supposing their densities to be represented 
by functions of great generality. 

Let us therefore begin with considering p' as a function of the s 
independent variables 

^1 , Xif Xz • ^#, 

and let us afterwards form the function 

^_ r dx^dxtdxt dxl .p' . 
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the sign / serving to indicate s integrati<His relative to the variables 

^/, 0?/, ^s'f ^i'i and similar to the double and triple ones employed 

in the solution of geometrical and mechanical' problems. Then it is 
easy to perceive that the function V will satisfy the partial differen- 
tial equation 

^^ dx^ ^ dxf^ ^ dx?^ du^ ^~^ du ^*^ 

seeing that in consequence of the denominator of the expression (1), 
every one of its elements satisfies for V to the equation (2). 

To give an example of the manner in which the multiple integrd 
is to be taken, we may conceive it to comprise all the real values 
both positive and negative of the variables x/, x^y....\.xj^ which satisfy 
the condition 

^ + ^+ ^ + + ^<1 («) 

a/ a/ a,' a/ ^ ^ 

the symbol z, as is the case also in what follows, not excluding equality. 

2. In order to avoid the difiiculties usually attendant on integra- 
tions like those of the formula (1), it will here be convenient to notice 
two or three very simple properties of the function V. 

In the first place, then, it is clear that the denominator of the 
formula (1) may always be expanded in an ascending series of the 

entire powers of the increments of the variables x^^ x^y x^^ u, and 

their various products by means of Taylor's Theorem, unless we have 
simultaneously 

Xi^Xi\ Xi^-Xif Xg^xl and u=^0\ 

and therefore V may always be expanded in a series of like form, 
unless the «+ 1 equations immediately preceding are all satisfied fcVr 
one at least of the elements of V. It is thus evident that the func- 
tion V possesses the property in question, except only when the two 
conditions 
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^ + ^, + ^]+ +^ zl and « = (8) 

a^ a,* fl," a, 

are satisfied simultaneously, considering as we shall in what follows 
the limits of the multiple integral (1) to be determined by the con- 
dition (a)*. 

In like manner it is clear that when 

%*%* *%^' <♦)• 

the expansion of V in powers of u will contain none but the even 
powers of this variable. 

Again, it is quite evident from the form of the function V that 
when any one of the ^ + 1 independent variables therein contained be- 
comes infinite, this function will vanish of itself. 

3. The three foregoing properties of V combined with the equa- 
tion (2) will furnish some useful results. In fact, let us consider the 
quantity 

!dx,dx,...dx,duu^-' .[i^^\ i^)\ + (^)'+ (^)] (5) 

where the multiple integral comprises all the real values whether posi- 
tive or negative of x^^ ar,, a?«, with all the real and positive values 

of u which satisfy the condition 

57 + ^« + -^^-^^^^ <^> 



* The necessity of this jfirst property does not explicitly appear in what follows^ but 
it must be understood in order to place the application of the mediod of ,integmtiofi by 
parts, in Nos. S, 4> and 5> beyond the reach of objection. In fact^ when V possesses this 
property, the theorems demonstrated in these Nos. are certainly correct: but they are not 
necessarily so for every form of the function V, as will be evident from what has been 
shewn in the third article of my Essay on the Application of Mathematical Analysis to 
the Theories of Electrici^ and Magnetism. 
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01, Ot, a« and h being positive constant quantities; and such that 

we may have generally 

In this case the multiple integral (5) will have two extreme limits, 
viz. one in which the conditions 

-^+-^ + '^^'^ 'U^^ ^^^ «=a positive quantity (7) 

are satisfied; and another defined by 

-— + -^+ + -^ / 1 and u^O. 

Moreover, for greater distinctness, we shall mark the quantities be- 
longing to the former with two accents, and those belonging to the 
latter with one only. 

Let us now suppose that V" is completely given, and likewise V^ 
or that portion of V in which the condition (S) is satisfied; then if 
we regard V^ or the rest of V as quite arbitrary, and afterwards endea- 
vour to make the quantity (5) a minimum, we shall get in the usual 
way, by applying the Calculus of Variations, 

^Jdx^dx^ rfx,a'— 5F;'^^ (8) 

seeing that S F" « and 5 JT/ = o, because the quantities V and F/ 
are supposed given. 

The first line of the expression immediately preceding gives generally 

■ 

which is identical with the equation (2) No. 1, and the second line gives 

dV 
= tt'""' -rr^W being evanescent) (9). 
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From the nature of the question €k minimo just resolved, there can 
be little doubt but that the equations (2') and (9) will suffice for the 
complete determination of ^, where f^" and Fi' are both given. But 
as the truth of this will be of consequence in what follows, we will, 
before proceeding farther, give a demonstration of it; and the more 
willingly because it is simple and very general. 

4. Now since in the expression (S) u is always positive, every one 
of the elements of this expression will therefore be positive; and as 
moreover f^" and Fl' are given, there must necessarily exist a function 
Fo which will render the quantity (6) a proper minimum. But it 
follows, from the principles of the Calculus of Variations, that this 
function f^o, whatever it may be, must moreover satisfy the equations 
(2') and (9). If then there exists any other function ^, which satisfies 
the last-named equations, and the given values of JT" and ^/, it is easy 
to perceive that the function 

will do so likewise, whatever the value of the arbitrary constant quan- 
tity A may be. Suppose therefore that A originally equal to zero 
is augmented successively by the infinitely small increments SA, then 
the corresponding increment of 1^ will be 

and the quantity (5) will remain constantly equal to its minimum 
value, however great A may become, seeing that by what precedes 
the variation of this quantity must be equal to zero whatever the 
variation of V may be, provided the foregoing conditions are all satis- 
fied. If then, besides F^o there exists another function Fj satisfying 
them all, we might give to the partial difierentials of F^, any values 
however great, by augmenting the quantity A sufficiently, and thus 
cause the quantity (5) to exceed any finite positive one, contrary to 
what has just been proved. Hence no such value as V^ exists. 

We thus see that when f^" and Fj' are both given, there is one 
and only one way of satisfying simultaneously the partial differential 
equation (2), and the condition (9). 
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5. Again/ it is dear that the condition (4) is satisfied for the whole 
of Vi\ and it has before been observed (No. 2.) that when V is deter- 
mined by the formula (1), it may always be expanded in a series of 
the form 

r= A + Bu^ + Ctt* + &c. 

Hence the right side of the equation (9) is a quantity of the order 
^'•-.+1. 3jj^ yi being evanescent, this equation will then evidently be 
satisfied, provided we suppose, as we shall in what follows, that 

» - * + 1 is positive. 

If now we could by any means determine the values of V" and 
V( belonging to the expression (1), the value of V would be had 
without integration by simply satisfying (2^) and (9)» as is evident from 
what precedes. But by supposing all the constant quantities ai, Ot, Og 
a, and h infinite, it is dear that we shall have 

0= Tr\ 

and then we have only to find Fj', and thence deduce the general 
value of V. 

6. For this purpose let us consider the quantity 

the limits of the multiple integral being the same as those of the 
expression (5), and U being a function of x^, x^, x, and u, satis- 
fying the condition = U" when ^i, Os, a, and h are infinite. 

But the method of integration by parts reduces the quantity ClO) to 

dU' 
— fdxidXi dx.—f — tt'""'. J^' 

^idx,dx,...dx.duu^''V}^r^^^, + -^ + -jp-^J (11) 

since = V^'\ and as we have likewise = U"^ the same quantity (10) 
may also be put under the form 

Vol. V. Part III. SG 
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dV 

— fdxidxt dx.-j-u''"'' . IT 

-fd^,d^..,ds.duur-'.u{^'*^^,^^ + ^^} (12). 

Supposing therefore that U like F^ also satisfies the equation (2'), 
each of the expressions (11) and (12) will be reduced to its upper line, 
and we shall get by equating these two forms of the same quantity : 

fdx.dx,...da:.^u"-'F' » fdx.d^..jls,^u:'-'U'; 

the quantities bearing an accent belonging, as was before explained, to 
one of the extreme limits. 

Because F^ satisfies the condition (9)> the equation immediately pre- 
ceding may be written 

fdx^dxt...dxt'^ — tt'"~' V = fdxidx2^*»dXt-^-^u^'''' U{. 
If now we give to the general function U the particular value 



!-• 



u= {(«, - «,7 + {x,- x»y + + {x, - x.y + «»}»; 

which is admissible, since it satisfies for V to the equation (S), and gives 
U" a 0, the last formula will become 

dir,' 



/ 



dxidxt dxtu''' ^— 



•-^ 



{(^i - x^y + (or, - xij + + {x. - x:y + «'»} • 

^r dx,dx, dx..(l^n)u'--'^T ^ 

{(x, - x:j + (a?a - x^y + + (a?, - x;y + u''\^ 

in which expression u' must be regarded as an evanescent positive 
quantity. 

In order now to efiect the integrations indicated in the second 
member of this equation, let us make 
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x^ — Xx' = u'p COS Qi ; Xt—x^' = t^p sin Bi oos 9% ; x^^x^'^u'p sin 0i sin d^ cos ^s^ &c. 
until we arrive at the two last, viz., 

Xt-^-x]^^^u*p sindi wxdu sind«.8 oos0«.i, 

X, — xl'^u'pAnO^ sinds sind^.g sin d,.i; 

tt' being, as before, a vanishing quantity. 

Then by the ordinary formulae for the transformation of multiple 
integrals we get 

dxi dxt rfd?,=ii'y"* sin^i'-* sin0/-* Aad^.^^dp dOi d0i...d0,^u 

and the second number of the equation (13) by substitution will become 



/ 



dp dex d0» rfg.-iff"' sine,*-' ain Ot— sin9,.» . (1 - «)r' 



(1*). 



But since »' is eyanesoent, we shall have p infinite, whenever Xu Xt,...x, 
differ sensibly from Xi", x^',...x"\ and as moreover n— « + l is positive, 

> 

it is easy to perceive that we may neglect all the parts of the last 
integral for which these differences are sensible. Hence V may be 
replaced with the constant value V^ in which we have generally 



Xf ^" Xf • 



Again, because the integrals in (14) ought to be taken from d«.|=:0 
to d,^i8B2ir, and afterwards from 0r = O to flr = w-, whatever whole number 
less than s^\ may be represented by r, we easily obtain by means of 
the well known function Gamma: 

/sin e»,'-* sin e,'-» sine,-* sind._,rffl,df0,...de,_, = ; 

••(1) 

and as by the aid of the same function we readily get 



/ 



• l/-'dp ^\s)^\ 8 ) 



302 
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the integral (14) will in consequence become 
and thus the equation (13) will take the form 

J {(X, - o" + {x,^x,y + .... + {x.^x:y + u^yr r (~^) 

In this equation F'is supposed to be such a function of x^, x^ x, 

and Uy that the equation (2) and condition (9) are both satisfied. More- 
over V" = 0, and Fi' is the particular value of V for which 

j?j = a?i"; Xt = x^'\ x,=xl\ and « = 0. 

Let us now make, for abridgment, 

dV 
P = «— ^, (when «=0) (i), 

and afterwards change x into af^ and of' into x in the expression im- 
mediately preceding, there will then result 

r dxidxi dxiP; ""^"^^(""2") ,^, , 

{(^/-«i)*+(a?/-a:,)» + ... + (a?;-^,)" + «'*}~ '^f^) 

P' being what P becomes by changing generally Xr into a?/, the unit 
attached to the foot of P indicating, as before, that the multiple 
integral comprises only the values admitted by the condition (a), and 
V being what V becomes when we make « = 0. 

The equation just given supposes ti evanescent; but if we were to 
replace u' with the general value u in the first member, and make a 
corresponding change in the second by replacing V^ with the general 
value V^ this equation would still be correct, and we should thus have 
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r dx'dxi dxlP: -STTir f — - — j 

For under the present form both its members evidently satisfy the 
equation (2), the condition (9), and give ^"= 0. Moreover, when the 
condition (3) is satisfied, the same members are equal in consequence 
of (15). Hence by what has before been proved (No. 4), they are 
necessarily equal in general 

By comparing the equation (16) with the formula (1), it will become 
evident, that whenever we can by any means obtain a value of V satis- 
fying the foregoing conditions, we shall always be able to assign a value 
of p' which substituted in (1) shall reproduce this value of V. In fact, 
by omitting the unit at the foot of P', which only serves to indicate 

the limits of the integral, we readily see that the required value of p is 



r 



m 



7. The foregoing results being obtained, it will now be convenient 
to introduce other independent variables in the place of the original 
ones, such that 

a^, a^, a« being functions of A, one of the new independent variables, 

determined by 

and V a function of the remaining new variables, ^j, f^, ^8>......^« satis- 
fying the equation 

l=u* + f,« + f.'+ + f/; 

a/, a/, Os'y a/ being the same constant quantities as in the equation 

(a), No 1. Moreover, a^, a,, a« will take the values belonging to 

the extreme limit before marked with two accents, by simply assigning 
to A an infinite value. 
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The easiest way of transforming the equation (2) will be to remark, 
that it is the general one which presents itself when we apply the 
Calculus of Variations to the quantity (5), in order to render it a 
minimum. We have therefore in the first place 

and by the ordinary formula for the transformation of multiple integrals, 
dx,dx, dx.du = ^^J"*'' (l-2,'+' ^j dT^,dl,...dldh. 

But since 1 - 2,'*' 5^* = v» + A'S,'*' ^ , 

Or Or 

the expression (5) after substitution will become 

/rffirff... d^,dhai a, a, a,A— V"'"' 



{(.■.*.v^.|)^".(^)V(^y-*.(.,..tf)'}. 

Applying now the method of integration by parts to the variation of 
this quantity, by reduction, we get for the equivalent of (2) the equation 

- ^'^% ^ ^^ - **";^. ^. <«") 

^;i.2^-*-2i,x2e:^; 

where the finite integrals are all supposed taken from r«=l to rs^ + I, 
and from r' = 1 to r' = * + 1, 

The last equation may be put under the abridged form, 

'"'■W^K'i^-^-^JhdK^^^ <«^^' 

provided we have generally 
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coefficient of ^ in vr= i; {l-e,«-2.'*' ^ |.« +^l% 

coefficient of S^ in vr=-^l-« + 2^- ^}. 

05, Or I a/ a, J 

Moreover^ when we employ the new variables 






and therefore the condition (9) in like manner will become 

—-"■^-('-^T'^tf-^ W; 

where the values of the variables ^i» ^29 ^» must be such as satisfy 

the equation v^aO» whatever h may be; and as »-^+l is positive, it 
is dear that this condition will always be satisfied, provided the partial 
differentials of V relative to the new variables are all finite. 

.. Let „. now try whether it i, pc«ible to «,Wy the equation 
(2"') by means of a function of the form 

Vn.H<l> (/3); 

H depending on the variable h only, and being a rational and entire 
function of fi, f«, f* of the degree 7, and quite independent of h. 

By substituting this value of V in (2''') and making 

we readily get 

= v^ - 'c^ (18); 

where, in virtue of (17) k must necessarily be a function of h only; 
and as the required value of 0, if it exist, must be independent of h, 
we have, by making ^ = in the equation immediately preceding, 

= v> - h<t> (19); 

Ato being the value «, and v'0 that of v0 when ^ = 0. 
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We shall demonstrate almost immediately that every f miction <p of 
the form (20), No. 9^ which satisfies the equation (19)» and which there- 
fore is independent of h, will likewise satisfy the equation (18); and 
the corresponding value of k obtained from the latter being substituted 
in the ordinary differential equation (17)9 we shall only have to integrate 
this last in order to have a proper value of F*. 

9. To satisfy the equation (19) let us assume 

4>^F(^,\ fA ?.% eOfp.f,. &c (20); 

F being the characteristic of a rational and entire function of the 
degree 2y, and the most general of its kind» and ^,, ^f, &cc designating 
the variables in <p which are affected with odd exponents only; so that 
if their number be v we shall have 

7 = iy + v, 

the remaining variables having none but even exponents* Then it is 
easy to perceive, that after substitution the second member of the 
equation (19) will be precisely of the same form as the assumed value 
of 0, and by equating separately to zero the coefficients of the various 

powers and products of ^1, (s, ^,, we shall obtain just the same 

number of linear algebraic equations as there are coefficients in ip, and 
consequently be enabled to determine the ratios of these coefficients 
together with the constant quantity h. 

In fact, by writing the foregoing value of under the form 
= SA^^, «„ ^.fi-i f,-. f.- (20') ; 

and proceeding as above described, the coefficient of fi"i ^/"n ^«*. 

will give the general equation 

VV («»r + 8)(l»r+l) . /gjv 

Ciy. 
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the double finite integral comprising all the values of r and r\ except 
those in which r ^ f^^ and consequently containing when completely 
expanded *(*-!) terms. 

For the terms of the highest degree 7 and of which the number is 

« 

Y + 1.7 + a 7'+ s-i _ ^ 

1.2.8 *-i ' 

the last line of the expression (21) evidently vanishes, and thus we 
obtain N distinct linear equations between the coefficients of the degree 
7 in and h. 

» 

Moreover, from the form of these equations it is evident that we 
may obtain by elimination one equation in ko of the degree N^ of 
which each of the N roots will give a distinct value of the function 
((>^y\ having one arbitrary constant for factor; the homogeneous function 
(p^y^ being composed of all the terms of the highest degree, 7 in 0. 
But the coefficients of <ff^^ and k^ being known, we may thence easily 
deduce all the remaining coefficients in 0, by means of the formula (21)* 

Now, since the N linear equations have no terms except those of 
which the coefficients of <ff^^ are factors, it follows that if h were taken 
at will, the resulting values of all these coefficients would be equal to 
zero. If however we obtain the values of iVT — 1 of the coefficients 
in terms of the remaining one A from iV- 1 of the equations, by the 
ordinary formulas, and substitute these in the remaining equation, we 
shall get a result of the form 

K.A^O, 

where iT is a function of k^ of the degree N. We shall thus have 
only two cases to consider: First, that in which ^ = 0, and consequently 
also all the other coefficients of 0^^^ together with the remaining ones 
in 0, as will be evident from the formulae (21). Hence, in this case 

= 0: 

Secondly, that in which k^ is one of the N roots of = ir, as for 
instance, k^ in this case all the coeffici^its of will become multiples 
of Ay and -we shall have 

Vol. V. Part III. SH 
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(p ^ A(pi: 
01 being a determinate function of ^i, ^a ^«- 

We thus see that when we consider functions of the form (20) 
only, the most general solution that the equation 

0= v>-*o> (19') 

admits is 

or, == ; or, s a0 ; 

a being a quantity independent of fi, ^g, ^„ and <p any function 

which satisfies for to the equation (19'). But by affecting both sides 
of the equation 

0=: v'0-*;0 

with the symbol v> we get 

= V. V'0 ^ *o'. V0; 

and we shall afterwards prove the operations indicated by v and y' 
to be such, that whatever may be, 

V v' = V' V 0. 

Hence, the last equation becomes 

v'(v0) - *o'v0; 

and as V like is of the form (SO), it follows from what has just 
been shewn, that 

either =» v0, or, v = a0, 
a being a quantity independent of ^i, ^s, );,. 

The first is inadmissible, since it would give »: 0; therefore when 
satisfies (19")! we have 

V 0' = a0, i, e. « V — o0« 

But since a is independent of ^i, {«, ^«, this last equation is 

evidently identical with (18), since the equation (18) merely requires that 
K should be independent of ^i, (ss it- 
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Having thus proved that efvery function of the form (20) which 
satisfies (19) will likewise satisfy (18), it will be more simple to deter- 
mine the remaining coefficients of from those of <f)f^^ by means of 
the last equation, than to employ the formula (21) for that purpose. 

k 
Making therefore h infinite in (18), and writing ^^ in the place 

of Ky we get 

where (22) comprises the -\ — ^ combinations which can be formed of 

1 • « 

the 8 indices taken in pairs. 

If now we substitute the value of before given (20'), and recol- 
lect that for the terms of the highest degree we have 2mr = 7, ^^ ^^ 
readily get 

0=(7-2i»,)(7+2««r+«-l)X,, «,,.-«,+(Wr+2)(wi,+l)^«^, ,^+2,...«....(22), 

from which all the remaining coefficients in will readily be deduced, 
when those of the part <(jf^^ are known. 

10. It now remains, as was before observed, to integrate the ordi- 
nary differential equation (17) No. 8. But, by the known theory of 
linear equations, the integration of (17) will always become more simple 
when we have a particular value satisfying it, and fortunately in the 
present case such a value may always be obtained frpm by simply 

changing fr into ..^ ., . In fact if we represent the value thus ob- 
tained by -Ho we shall have 

dh ^ ' d^r'arx/i^d')' 



and by a second differentiation 



;? 



8H2 
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(22) as before comprising all the ' ^ combinations of the s indices 

taken in pairs. 

Hence, the quantity on the right side of the equation (17), when 
we make H = H^ becomes 

+ 2(22);^.— ^.+ («-2?^)2^.-^^ (28). 

But if we recollect that we have generally 

^' = ^(2a;«) ^^^^' 

it is easy to perceive that in consequence of the equation (18) the 
quantity (28) will vanish, and therefore the foregoing value of JST© 
will always satisfy the equation (17). 

Having thus a particular value of JET, we immediately get the 
general one by assuming 

H^H^i%dh. 

In fact, there thence results 

-" A-"oJ ryg ^ — — ; 

the two arbitrary constants which the general integral ought to con- 
tain being JT, and that which enters implicitly into the indefinite in- 
tegral. But the condition = V requires that H should vanish when 
h is infinite, and consequently the particular value adapted to the 
present investigation is 

Ti ^ v XT r h'-'^dh 

JlJLo — ■*»• • -»-«o / 'rjrm " • 

J^ Zlo ^ij ^ •ttf 

11. The values of and H being known, we may readily find 
the corresponding values of F^ and p\ For we have immediately 
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and as the function ^ is rational and entire, and the partial differen- 
tial of V relative to ^ is finite, it follows that all the partial differ- 
entials of V are finite; and consequently, by what precedes (No. 7.) 
the condition (9') is satisfied by the foregoing value of V^ as well as 
the equation (2) and condition = V\ Hence the equations (ft) and 
(c) No. 6 will give, since 

du- "V ^ a?) r a?'dl, dhV 
and h must be supposed equal to zero in these equations 

J 

0' = — : — , ^ . ,. u'-'-'.^'-^r- (where A = 0): 

since where A s 0, a^^ a/ ; and therefore, 

1 - 2/1-t tL^L. =, 1 _ 2^.+i f ; = y«. 

If now we substitute for F" its value (26), and recollect that n — ^ + 1 is 
always positive, we get 

since it is dear from the form of -Ho that this quantity may always 
be expanded in a series of the entire powers of If. In the preceding 
expression, (27), -Hi' indicates the value of -Ho when A = 0, and 0' 
the corresponding value of or that which would be obtained by 

simply changing the unaccented letter f,, f„ f, into the accented 

ones fi', f/, f/ deduced from 

(7) xi = a/ f / ; 0?/ = ai f / ; ^; = «/ J/. 
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It will now be easy to obtain the value of V corresponding to 



•-t-i 



P = (^1 - ^ - ^ - *- ^j Pip^iy ««' «/) (28), 

without integrating the formula (1) No 1, where F is the character- 
istic of any rational and entire function. In fact it is easy to see from 
what precedes (No. 9)» that we may always expand jP in a finite series 
of the form 

F{xi\ xi xl) = 6o0o' + *i0i' + *802' + is^' + &c. 

after a?x', a?/, &c. have been replaced with their values (7), Hence, we 
immediately get 

p' = ,;«-'-» . {Jo0o' + ii0/ + As0/ + &c.} (29). 

By comparing the formulae (26) and (27) it is clear that any term, 
as ir0/ for instance^ of the series entering into p\ will have for cor- 
responding term in the required value of V^ the quantity 

i^ — ^-J^H^a^ai a/ . br4>r Ho f ^Y^-^ (30): 



r 



{^) 



Ho being a particular value of H satining the equatkm (17), and 
immediately deducible from by the method befrare explained. 

12. All that now remains, is to demonstrate that 

V'V0/= VV> (SI), 

whatever <f> may be. For this purpose let us here resume the value 
of A<^, as immediately deduced from the equation (2") No. 7, viz. 
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where for simplicity the indices at the foot of the letters ^ and €i have 
been omitted, and their accents transferred to the letters themselves. 
Moreover all the finite integrals are supposed taken from 1 to ^ + 1. 

By making A = in the last expression we immediately get v'<p, 
and if for a moment, to prevent ambiguity, we write hr in the place 
of the original a\ and omit the lower indices as before, we obtain 

where to avoid all risk of confusion r has been changed into /', and 
the double accent of this index transferred to the letters f and h 
themselves. 

We will now conceive the expression (82) to be written in the 
abridged form 

the order of the terms remaining unchanged. 

If then we recollect that the accents have no other office to per- 
form than to keep the various finite integrations quite distinct, and 
consequently that in the final results they may be permuted in any 
way at will, we shall readily get 

/, ^«vf.^^ r d*d) ^^ 1 ^ d'<b \ 
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V I d*<p r ^ rf'0 

all the finite integrals being taken from r=^ltor=^s + l, and from 
/ = 1 to r' = * + 1. 

In order to obtain the required value 

it is clear that we shall only have to add the first of the five preceding 
quantities to the sum of the four following ones multiplied by h*, and 
to render this more easy, we have appended to each of the t^ms in the 
preceding quantities a number inclosed in a small parenthesis. 

Now since the accents may be permuted at will, and we have like- 
wise a^ = b' -^^ h\ it is easy to see that the terms marked (1), (6) and 

(12) mutually destroy each other. In like manner, (2), (3), (7) and 
(18) mutually destroy each other; the same may evidently be said of 

(13) and (16), of (15) and (17), of (9) and (19), and of (8) and (14). 
Moreover the four quantities (4), (5), (10) and (11) will do so likewise, 
and consequently, we have 

Hence the truth of the equation (31) is manifest. 
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AppUcatian of the preceding General Theory to the Determination qf the 

Attractions of EUipeoids. 

IS. Suppose it is required to determine the attractions exerted by 
an ellipsoid whose semi*axes are a!j h\ d whether the attracted point 
p is situated within the ellipsoid or not, the law of the attraction being 
inversely as the li^ power of the distance. Then it is well known 
that the required attractions may always be deduced from the function 

jT ^^ r p' dx' d^ d%' ^ 

p' being the density of the element da^ djf dii of the ellipsoid, and 
x^ fft % being the rectangular co-ordinates of p. 

We nHty avoid the breach of the law of continuity which takes 
place in the value of f', when the point p passes from the interior of 
the ellipsoid into the exterior space, by adding the positive quantity 
If* to that inclosed in the braces, and may afterwards suppose u eva- 
nescent in the final result. Let us therefore now consider the function, 

pr^ r p' dai d^ d^ 

this triple integral like the preceding including all the values of oi^ y', »', 
admitted by the condition 



a/« v'* a** 
— 4- — + — z 1 

If now we suppose the density ^ is of the form 

* 

which will simplify f {pi^ y', it) when p is constant and vl = 2, and then 
compare this value with the one immediately dedudble from the general 
expression (28) by supposing for a moment fi' = i», viz. 



,»»v |g'-4 



Vot. V. Pa»t III. 8 1 
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we see that the function f will always he two degrees higher than F. 
But since our formulse become more complicated in proportion as the 
degree of F is higher, it will be simpler to determine the differentials 
of V^ because for these differentials the degree of F and f is the same. 
Let us therefore make 

. _ 1 dV _ r p (x-x')dxd^ a z 

then this quantity naturally divides itself into two parts, such that 

, ., /• p dx' dy' dz' 
where ^' = + / ^ jrn . 



and ^"=-/ 



x'p dal dy' dz' 



{(a:-xy-f(y-yy + (2-«7 + «'}^ 



By comparing these with the general formula (1), it is clear that 
« — 1 = »' + 1, and consequently « = »' + 2. In this way the expression 
(28) gives 

which coincides with (84) by supposing F^f. 

The simplest case of the present theory is where y (a:', y*, «') = !, and 
then by No 1 1 , we have 0o' = 1 and ft© = 1, when A is the quantity 
required, and as the general series (29)» No 11, then reduces itself to 
its first term, we immediately obtain from the formula (30), the value 
of A following. 



A^ i ^ , abc / — T— (85), 

P / n -^ 1 \ 4 ahc ^ ^' 



because in the present case Hq s 1, « s: 8, and » = n' + 2. 

Again, the same general theory being applied to the value of A 
given above, we get 
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« 

and hence by Noll, F{x\f/^%') — '-dl'. In this way the series (29) 
again reduces itself to a single term, in which 

0o'= ^9 and fto= ""^> 

and the particular value H^ corresponding thereto, by omitting the super- 

1 
fluous constant //v» . y« , vt\ ^"^^ ^ ^^ ^®)* 

These substituted in the general formula (80) as before, immediately give 






and consequently by reduction since al^ = x, 

m 

The value of j4 just given belongs to the density 



^ r d" ft" cv 



Hence we immediately obtain without calculation the corresponding 



values 






{ 



1—n'dy „ /«'+ 1\ '^ ^ aft»c 






si s 
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If now we suppose moreover 
the method before explained (No 11), will immediately give 

a^ r (I) *|-^ 

P / » + 1 ^ ^ «*c 

and therefore if for abridgment we make 



•ir 



UJ .X, , 



M = (n'-l) y-^ a'b'c', 

the total differential of V may be written 

dr^M[ixdsl-^^ + 2ydffl-^^ + 2zdzl-^^+iudul-^^^^, 

which bemg hitegrated in the usual way by first supposing h constant, 
and then completing the integral with a function of A, to be after- 
wards determined by making every thing in F^ variable, we get 

k being a quantity absolutely constant, which is equal to zero when 
n* >1. What has just been advanced will be quite clear if we recollect 
that h may be regarded as a function of ar, y, z and u, determined by 
the equation 

seeing that a* = a^ + A», 6* = 6'* + *", and c» = c'* + h\ 

After what precedes, it seems needless to enter into an examination 
of the values of V belonging to other values of the density p, since 
it must be clear that the general method is equally applicable when 
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r 



ni\ n'- 9 



where y is the characteristic of any rational and entire function. 

The quantity A before determined when we make i^ s 0, serves to 
express the attraction in the direction of the co-ordinate x of an ellipsoid 
on any point p, situated at will either within or without it. But by 
making tt = in (87) we have 

and it is thence easy to perceive that when p is within the ellipsoid, 
h must constantly remain equal to zero, and the equation (38) will always 

be satisfied by the indeterminate positive quantity -,. When on the 

contrary p is exterior to it, h can no longer .remain equal to zero, but 
must be such a function of x, y, ss, as will satisfy the equation (38), of 
which the last term now evidently vanishes in consequence of the 
numerator o*. Thus the forms of the quantities A, B, C, D and f^ 
all remain unchanged, and the discontinuity in each of them falls upon 
the quantity h. 

To compare the value of A here found with that obtained by the 
ordinary methods, we shall simply have to make »' = 2 in the expression 

(36), recollecting that r(l) = 1, and r (-] =iV^. In this way 

^ = -. 47ra'ftVa? f^ = - 4.nafV&x f 4^ 



00 



da ^ i-Lt t c do, 



But the last quantity may easily be put under the form of a definite 



a 



integral, by writing - in the place of a under the sign of integration, 
and again inverting the limits. Thus there will result . 



^ — ?— v 



V (1 + — ^- »') (1 -t- -^^ «*) 
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which agrees with the ordinary fonnula, since the mass of the ellipsoid 



IS 



3 



and «• = «^ + *•• 



Examinatian qf a particular Case of the Creneral Theory exposed in the 

farmer Tart of this Paper. 

14. There is a particular case of the general theory first considered, 

which merits notice, in consequence of the simplicity of the results to 

which it leads. The case in question is that where we have generally 

whatever r may be 

ttr = a'. 

Then the equation (19) which serves to determine 0, becomes by 
supposing k^^ k.a!^ 

= (l-2/^^e/)2r> 5^ + {e^n^l) 2/+^^,^- ^0 (89). 

If now we employ a transformation similar to that used in obtaining 
the formula (14), No 6, by making 

^j = p cos 01, ^8 = /9 sin Oi cos 0„ fs = f> sin 9^ sin 9^ cos 03, &c. 

and then conceive the equation '(39) deduced from the condition that 

must be a minimum (vide No 8), we shall have 

rff,rff, rff, = p*-' sin d,'-* sin e,'-» mi9..tdpdB^det rf^._„ 

td^\* 

2 ... f^V - f ^V + - 2 • — — i^^li— _ 
' UfJ ~ \dpl * /»» • sin 0,» sin 0.» sin^,.,' 

and 1 - 2?,» =l-p\ 

Proceeding now in the manner before explained, (No 8), we obtain 
for the equivalent of (39) by reduction 

^^ / _ ., ^ cos Or rf0 
d*<p s-\-np* d4> l^. rfg/-^^* *" ^fsm0rd0, k 
" - "57 "^ p{l-p') -df^p'^' sin d,« sin 0,». sind*,., " iZy9'-^*^)' 
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But this equation may be satisfied by a function of the form 

= Peje«e8 e.^,; 

P being a function of p only, and afterwards generally Or a function 
of 9r only. In fact, if we substitute this value of in (40), and then 
divide the result by 0, it is clear that it will be satisfied by the system 



e,.,rf0»,., 



= A..i 



a*0,-2 . , cos ©,.8 rfO,.« X,-i ,.-. 

-h 1 . -i "X — TT jj: — + -i — 73 — = A,_2 (41), 



Os-% rf^,-2 ' sin 0,_2 0,-8^01-8 sin 0*,.i 

rf'e.-s 2 COS g,,» g?9,-s X,.2 ^^ 

6,-S^r-3 * sin d,.8 e,-8rf0,_8 SlU d",-8 "^ 

&c. &c. • &c. &c. 

combined with the following equation, 

d'P *-l-np« dP X, it . .... 

P^^ + 7(rv)--prf;; + -p " r^- ^ ••^*^'' 

where k, Xi, X8, Xs, &c. are constant quantities. 

In order to resolve the system (41), let us here consider the general 
type of the equations therein contained, viz. 

= ^' + (r- 1) ^'. ^1^' + {-^^^^ - K-r) e... 
dff^.^r 'sin0,«, d0,,r Vsm^,., 7 

Now if we reflect on the nature of the results obtained in a preceding 
part of this paper, it will not be difficult to see that 6,.r is of the form 

e,-. = (sine..,)';^ - (1-M*)ip; 

where j9 is a rational and entire function of m — cosd,_„ and i a whole 
number. 

By substituting this value in the general type and making 

X,_,^i = - i(i + r - 2) (48) 

we readily obtain 

O = (l-M*)0 -(2t + r)M^- {X,.. + 1 (i + r- !)};>. 
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To satisfy this equation, let us assume « 

Then by substituting in the above and equating separately the coefficients 
of the various powers of At, we have in the first place from the highest 

X,-r = - ^(e + r-1) (44), 

and afterwards generally 

^'*^ * "" a/+2x2<? + r-2/-8 ^*' 

But the equation (43) may evidently be made to coincide with (44), by 
writing i^'^ for *, and i^"*^^ for e, since then both will be comprised in 

X._,+, - - «^'> {»w+r-2} (45). 

Hence we readily get for the. general solution of the system (41), 

■^ a.4x {2«w + r-8H2»*" + r-5} ** -&C.J; 

where m = cos 0,_„ and t*" represents any positive integer whatever, pro- 
vided fi^ is never greater than i"'*". 

* 

Though we have thus the solution of every equation in the system 
(41), yet that of the first may be obtained under a simpler form by 
writing therein for X,«i its value — i^^ deduced from (45). We shall 
then immediately perceive that it is satisfied by 

e... = »{.«...,}. 

In consequence of the formula (45), the equation (42) becomes 

rfVP s-l-np' dP f ft*)(i<'>-K-2) . k \ 

''- dp* ^ pii-p*) • dp \ p* "^rvJ 

which is satisfied by making A= -\,- («<"' + 2«)(i<'' + 2« + n — l), and 
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' P \P 2x2»''' + 4w + »-8 '^ 

. 2«. 2w-2 X 2i''' + 2«» + *-2.2i<'' + 2w + *— 4 « * . i 
^ 2.4 X 2«<'> + 4« + «-3.2« + 4« + »-5 '^ ^ 

where o) represents any whole positive number. 

Having thus determined all the factors of <f>^ it now only remains 
to deduce the corresponding value of H. But Ho the particular value 
satisfying the differential equation in H^ will be had from by simply 
making therein 

since in the present case we have generally «/=«'. 

Hence, it is dear that the proper values of di, dti ^s^ &c. to be here 
employed are all constant, and consequently the factcH* 

entering into ^ is likewise constant. Neglecting therefore this factor 
as superfluous, we get for the particular value of H^ 

Ho^Pa; 

since p«= f. ' + !.•+ +f.* = ^ = ^. 

and Pa^ represents what P becomes when p is changed into -^ . 

Substituting this value of Ho in the equation (25), No 10, there 
results since a* = a^ + A* 

H^K.Pa r_*ll^*_ (46) 

^'^^Pa'iaf' + hy 

K being an arbitrary constant quantity. 

Thus the complete value of V for the particular case considered in 
the present number is 

Vol. V. Part III. sK 
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r= Pe.9. Q,-,.KP, f ^"^^ , (47) 

and the equation (SI7)> No 11, will give for the oorre^nding value of p, 

where P/, GK', G/, &€• are the values which the functions P, ©u 6«s &c. 
take when we change the unaccented variables (i, ^a» ^, into the cor- 
responding accented ones f/, f,', f/, and 

« — * + l .» — * + 8 « — * + 2«-l 



Pi = 



» + 2i + 2(tf-l .« + a#-f 2« + l ii+2t + 4i»-8' 



or the value pf P when p,= 1; where a3 well as in what follows i 
is written in the place pf »^'^ . 

The differential equation which serves to determine H when we 
introduce a instead of h as independent variable, may in the present 
case be written under the form 

+ {•(»+*-a)a'"-(« + 2a>)(f + 2ft> +ii-l)a«}-H, 

and the particular integral here required is that which vanishes when 
h is infinite. Moreov^ it is easy to prove» by e:s:pandiQg in series, that 
this particular integral is 

provided we make the variable r to which A* refers, vanish after all 
the operations have been effected. 

But the constant V may be determined by comparing the coefficient 
of the highest power of a in the expansion of the last formula with 
the like coefiicient in that of the expression (46), and thus we have 

"" ^ ^ 2.4. 6 2ctf . 
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Hence we readily get for the equivalent of (47), 

ir r^a.^ o » + 2« + 2w-l .» + 2i+2<» + l » + 2« + 4ft)-8 

^ = Jrriiyg tf,«i X — - — ^ 

OB 

In certain cases the value of V just obtained will be found more 
convenient than the foregoing one (47). Suppose for instance we repre- 
sent the value of V when A = 0, or a^d hy V^. Then we shall hence 
get 
^_j, n + 2f4-2ft>-l.i» + 2g4-2(tf + l n + 2f + 4ft i-3 

25 . 4f . D Slay 

X Ka'^^^^^ ( - 1)" . ^^^a^'J^daa'''''''^ {if -a''] ^ (5), 

00 

which in consequence of the well known formula 

fa-" da (a* - a'*)-' = - «'•-"-»' x --^ = L , 

by reduction becomes 



2r(«.+ i)r( 2 j 



since in the formula (£), r ought to be made equal to zero at the end 
of the process. 

By conceiving the auxiliary variable u to vanish, it will become clear 
from what has been advanced in the preceding number, that the values 
of the function V within circular planes and spheres, are only particular 
cases of the more general one, (49)» which answer to «=2 and s=S 
respectively. We have thus by combining the expressions (48) and 
(49)9 the means of determining Vo when the density p is given, and 
vice versa; and the present method of resolving these problems seems 
more simple if possible than that contained in the articles (4) and (5) 
of my former paper. 

GEORGE GREEN. 
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XVI. On the Position of the Axes of Optical Elasticity in Crystals 
belonging to the ObUque-Prismatic System. By W, H. Millek, 
A.M. Fellow and Tutor of St John's College^ and Professor of 
Mineralogy. 



[Read Dec. B, 1834.] 



1. Fresnel has proved that whatever be the regular arrangement 
of the medium which by its elasticity produces the optical properties 
of a crystal, there are always three directions at right angles to each 
other, which may be considered as axes of optical elasticity. This 
being understood, it is further already established, that crystals belong- 
ing to the tesseral system have three equal axes of optical elasticity { 
that rhombohedral and pyramidal crystals have two axes of elasticity 
equal to each other and perpendicular to the crystallographic axis, 
which therefore is the third axis of elasticity and also an optic axis; 
and that crystals belonging to the remaining systems have three unequal 
axes of elasticity, and consequently two optic axes (that is, axes of 
optical phenomena) making with each other angles which are bisected 
by the axes of greatest and least elasticity. 

Sir David Brewster, who discovered the mutual dependence of the 
forms and optical properties of crystals, has determined the angles be- 
tween the optic axes of a great number of biaxal crystals; his obser- 
vations, however, do not contain any data from which the positions of 
the axes with respect to the faces of the crystals can be found. 

2. In the right prismatic system the axes of elasticity coincide (as 
might have been expected) with the rectangular crystallographic axes. 
In the oblique prismatic system, if the three axes be XX', KF*, ZZ', 
the crystallographic axis {YV),. which is perpendicular to the other 
two (XX', ZZ'), is always one of the axes of elasticity. This, in 
Gypsum, at the ordinary temperature of the air, and in many other 
crystals, is the mean axis, or it is perpendicular to the optic axes; in 
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Borax, Acetate of Soda, Felspar, Tartaric Acid and Gypsum, when heated 
to about lOO^C, as was first observed by Mitscherlich, it is the greatest 
or least axis of elasticity, and is therefore in the same plane with the 
optic axes and makes equal angles with them. 

The position of one axis of elasticity having thus an evident rela- 
tion to the crystallographic form, we are naturally led to inquire if 
any relation can be discovered between the other two axes of elasti- 
city and the crystallographic form. The only attempts to discover any 
such relation, with which I am acquainted, are those of M. Soret, 
(Mdmoires ^de la Socidtfe de Physique de Geneve, tome I.) and Pro- 
fessOT Neumann of Eonigsberg (Poggendorff's Annalen, B. xxvil S, 
240). Neumann shews, that in Gypsum the axes of elasticity and also 
the thermal axes, or the three lines in the crystal which remain at 
right angles to each other at all temperatures, constitute a system of 
rectangular crystallographic axes. It appeared at first sight not im- 
probable that a similar relation might be found to exist between the 
form and axes of elasticity of other oblique-prismatic crystals. Though 
my observations appear to disprove the law which has thus been sug- 
gested, they do not establish any other in the place of it. The only 
general fact which I have noticed is, that in many instances, though not 
in all, one of the two axes of elasticity which are perpendicular to 
YY', is also the axis of one of the principal zones of the crystal. 

3. To find the angle between a normal to any face (7^) of a 
crystal, and the apparent direction of one of the optic axes as seen in 
air through any parallel faces of the crystal. 

Let the crystal be attached to an index, moveable on a graduated 
circle having its plane parallel to the axis of the polarizing instrument, 
or a table on which the position of the index may be marked by a 
line drawn along its edge with a tracing point. Let the crystal be 
placed in such a position, that the apparent direction of the optic axis 
in air and a normal to T may be parallel to the circle. Move the 
index till the center of the coloured rings coincides with a mark in 
the axis of the polarizing instrument, and observe the points in which 
it meets the circle. Turn the crystal half round in the plane of T^ 
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taking care not to alter the inclination of T to the index, (this may 
be effected bj moving the crystal, the index being fixed^ till the image 
of some well defined object seen by reflexion in T appears in the 
same direction after the crystal is turned as it did before.) If the 
index be now turned till the center of the coloured rings co&ncides 
with the mark, the angle it has described between the observations 
will be manifestly equal to twice the angle between the apparent 
direction of the optic axis in air and a normal to T. The angle 
between the optic axis in air and a normal to any other known face 
of the crystal being found in the same manner, the direction of the 
optic axis in air will be completely determined. 



directions 



known. 



Let QBy QR (Fig. 1.) be tangents to the circular and elliptic sec- 
tions of a wave diverging from O made by a plane through the optic 
axes, and therefore OQ^ OQ, perpendiculars to QB, will be the optic 
axes; OP the direction in which the optic axis OQ is seen in air; 
OS a perpendicular to the faces through which it is seen. 

The vibrations in that part of the wave which has a circular sec- 
tion are perpendicular to the plane QOQ^ consequently a ray polar- 
ized in the plane QOQf is refracted in that plane according to the 
law of sines. Let m be the ratio of the sine of incidence to the sine 
of refraction for such a ray out of air into the crystal, D the mini- 
mum division of the ray when refracted in the plane QOQ through 
the prism formed by two natural or artificial planes meeting at an 
angle / in a Une peipendiottlar to QOQ.' Then /tt6in^/«»sin^(2>4-/), 
and M sin QOS ^ sin POS* Whenofe the direction of QO is known. 
QO being found in the same manner, the axes of elasticity O^, O^, 
which bisect the angles qOQ, QOQ[, are also knoWh. 

5. The diagram which accompanies the description of each crystal, 
is the representation of a sphere, to the surface of which the faces of 
the crystal are referred by means of perpendiculars drawn from the 
center of the sphere. The point in which the perpendicular to any 
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face meets the surface of the sphere, will be called the pole of that 
face. The measurements express the angles between the perpendiculars 
to the faces, or the supplements to the angles between the faces them- 
selves. This method of representing crystalline forms appears to have 
been first employed by Neumann, in his Beitrage zur Krystallonomie, 
and afterwards by Grassmann and Uhde. It has the advantage of ex- 
hibiting all the faces of a crystal without confusion in one figure, 
each zone being distinguished by a great drde drawn through the 
poles of the faces composing it, and also of allowing all the requisite 
calculations to be performed by spherical trigonometry applied to the 
equations 

n h r 

j^QOSPX =5 T^COsPK= yCOSPZ, 

or to formulae deduced therefrom, JT, F", Z being the points in which 
radii parallel to the axes of the crystal meet the surface of the sphere* 
and P the pole of the face {h; k; l), which is parallel to the plane 

*- + *! + /- = 0. 
a o c 

aa', /3/3', f J', ^^' will be used to denote the extremities of diameters 
drawn parallel to the optic axes, and the two axes of elasticity which 
are perpendicular to W. In Figs. 5, 6, 7, 8 the faces are denoted 
by the same letters as in the treatises of Mohs and Naumann. The in- 
clinations of the faces of crystal (1) and (2) are deduced from a mean 
of the best measurements of thirty or forty crystals, and are probably 
within 1' of the truth. 

The chemical notation and atomic weights are those employed by 
Dr Turner, in the fifth edition of his Elements of Chemistry. 
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EXAMINATION OF VARIOUS CRYSTALS ACCORDING TO TH£ METHODS 

ABOVE EXPLAINED. 

(1). Sulphate qf Oxide of Iron and Ammonia. According to Mit- 
scherlich (Jahresbericht 13)> the composition of this salt, which belongs 
to an extensive plesiomorphous group, is expresssed by the formula 

IPNS+ FeS+lH. Fig. 2. represents the poles of its faces. Their 
symbols are A{1; 0; 0), C(0; 0; 1), ^(0; 1; 1;) M{1; 1; 0), 
P(l; 1; 1), Q(-l; 1; 1), T{2; 0; 1). 

AT 42^14' CYQ 280,48' HH' 129^,18' MQ 42«,2S' 

TC 64,34 QYA' 44,54 CH 25,21 QC 34,20 

CA' 73,12 MM' 109,36 QQ' 140,55 TP 35,14 

AYP 68 ,12^ AM 35 ,12 CP 44 ,45 MT 52 ,46. 

PYC 38 ,35^^ PP' 130 ,37 PM 58 ,32 

When yellow light is refracted through the faces TC in the plane 
ACA\ the minimum deviation of a ray polarized in the plane ACA\ 
is 41®, 26'. The apparent direction of the optic axis aa in air, when 
seen through the faces TT', makes an angle of 7°,10' with TT'; 
and the optic axes appear to be inclined to each other at an angle of 
79° when the crystal is immersed in oil, of which the index of re- 
fraction is 1,47. From these data we find Ta = 4°,47', Tfi = 71°,2', 
^f=88^8', ^H9S6- 

Tan T^ is nearly equal to 4tan^^. The value of ^^ deduced from 
the equations tanTf = 4tan^f, Tf + ^f = 42«, 14' is 9^ 13'^. This 
would make Cf = 82^25'i. Now, 46 tan 9", 13'^ = tan 82«,22'^ ; therefore, 
if we refer the faces T, A, C, to the rectangular axes f f , W, ^^', 
neglecting the diflference of 3' in the value of Cf, their simplest symbols 
will be (1; 0; 1), (4; 0; -1), (2; 0; -23). The magnitude of the last 
index renders the hypothesis that f f, ^^ are crystallographic axes highly 
improbable. 

(2). The composition of Tartrate qf Ammonia is expressed, according 
to Dulk, (Jahrbuch fiir Chemie und Physik, 1831. B. 1.) by the for- 

mula H^NT+2H. The poles of its faces are represented in Fig. 8. 
Vol. V. Past III. sL 
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A{1; 0; 0), C(0; 0; 1), H{0; 1; 1), ^(1; 0; 1), 2.(-l; 0; 1), 

M(l; 1; 0), P(l; 1; 1), Q(-.l; 1; 1). 

Cleavage parallel to the face A. 

AK 52S31' AM 55°,2' aOi 97^,27' CM' 600,54'^ 

KC 39,53 HIT SI, 4£ QL 41 ,16^- CP 55,34^ 

CL 38 CH 49 ,7 -rfP 63 ,22 PAT 35 ,48^ 

LA' 49 ,36 PP' 94 ,55 PH 28 ,12 Jf Q' 34 ,53 

MM' 69 ,56 PK 42,32 fl'Q27,31-t- QC 53 ,44^. 



2)=25°,17', the light being refracted through CK. The apparent 
angle in air between the optic axes ad and AA\ is 4^55'. In oil, 
the index of refraction of which is 1,741, the apparent angle between 
the optic axes =42«,20'. This gives Aa^S^T, Afi=^35\54i\ ^f= 16^24', 
L'^ = 33^12. 

In this case the positions of some of the faces A, K, C, L must be 
altered half a degree before they can be referred to the rectangular 
axes f f, YY\ X^ with tolerably simple indices. 

(3). A solution of Benzoic acid in alcohol, when suffered to eva- 
porate, affords crystals of which the faces C, K, I (Fig. 4) alone are 
bright. CJr=6y,25', C/=97S20' nearly. 2) = 64^45', refraction taking 
place through the faces CK, The apparent direction of ad in air 
when seen through CC makes with CC an angle of 4°, 80'. When 
immersed in oil of which the index of refraction is 1,471, the appa- 
rent angle between the optic axes is 75^ Hence Ca= 2°, 47', Ci3= 59^50', 
C^=28S31', ir^=4a>,54'. 

• 

tan iTf, tan Jf, tan Cf are nearly as the numbers 8, 1, 5. 

The equation ^tan JTf = tan/f = |tan Cf is satisfied by making Cf= 
27^,56'^, /C=9r,17'. Hence the faces C, /, K may be referred to the 
rectangular axes ff', YY", ^^ without greatly altering the observed 
angles^ and their symbols will be (-1; 0; 5), (1; 0; 1), (1; 0; 8) re- 
spectively. 
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(4). In Felspar (Fig. 5.) the optic axes lie in the plane of the 
most perfect cleavage, and make with a normal to iHf, angles of about 
5T or 58®, (58°^ according to Sir David Brewster) which increase when 
the crystal is heated. Hence, f f is the axis of the zone PM. 

(5). The optic axes of Pyroxene (Fig. 6.) seen in air through a 
slice cut perpendicular to MM are in the plane Pr^ and make angles 
of 16® with the axis of the zone MM. Hence, ^^' is the axis of the 
zone MM\ a, /3 approach ^ when the crystal is heated. At ordinary 
temperatures afi is probably about 19°^. The best measurements of 
Pyroxene shew that Pr^ tr are nearly but not exactly equal, and 
therefore, that its faces cannot be referred to f f, YV, XJ^ as crystallo- 
graphic axes. In all the crystals of Pyroxene which I have examined, 
the rings surrounding aa are brighter than the rings surrounding /3/3'. 

(6). The form of Porax (Fig. 7.) closely resembles that of Py- 
roxene; its optic axes however are very differently situated. It was 
observed by Sir John Herschel and also by Professor Norrenberg, that 
the optic axes for different colours do not lie in the same plane. This 
being the case, we cannot expect to find any simple connexion between 
the form and the directions of the axes of elasticity. 

The mean directions of the axes seen in air through the faces TT 
make angles of 29^*^, with a normal to the faces TT\ and a perpendi- 
cular to them makes an angle of 55® with MM'. The rings sur- 
rounding aa, /3/3' are indistinct on the sides towards MP and MP' 
respectively, the extremities a, /3 of the axes being next to the eye of 
the observer. This shews that the positions of f f , ^^' vary slightly 
with the colour of the light employed. 

(7). In Chromate of Oxide of Lead^ as I have been informed by 
Professor Norrenberg of Tiibingen, the axis of the zone MM (see the 
figure in Phillips or Naumann) bisects the angle between the optic 
axes, and is therefore one of the axes of elasticity. The other two 
axes of elasticity are, without doubt, the lines which bisect the .angles 
formed by normals to MM'. 
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(8). In Epidote^ (Fig. 8.) the optic axis aa seen in air through the 
faces r, /, makes with rr' an angle of %\ 50', fifi' seen in air through 
the faces -Sf, M\ makes with MM' an angle of 81°,50'. The determina- 
tion of M is rendered difficult by the complete absorption of the light 
polarized in the plane MT. Assuming il^I^T, which is probably near 
the truth, we get ra=5°,ll', M^=\%\5'. According to Mohs 7V=51S41', 
ritf=64°,30; therefore, ra=46^,30', 713 = 46^31'. Hence ^^ is the axis 
of the zone PT. The near approximation of the values of Ta, T^ to 
equality must be considered accidental, as the positions of the optic axes 
are usually uncertain to the amount of some minutes. 

The question whether any proposed lines are crystallographic axes 
must be decided, as has abeady been intimated, by the simplicity and 
symmetry of the numerical relations which the expression of the faces 
requires with reference to these axes. This according to the old Hauyian 
views of the structure of crystals, is equivalent to saying that the pri- 
mitive form must be such that the other forms can be derived from 
it by simple laws of decrement. Now, we find that by assuming the 
axes of elasticity to be crystallographical axes, we have in the crystal 
(1) a face (2; 0; —23), which though not very probable is not im- 
possible, and in (5) a face (—1; 0; 5); in (2) the observed and com- 
puted positions of some of the faces differ half a degree. 

In (6), the optical properties are not symmetrical. 

In (4), (5), (7), (8) one of the axes of elasticity ff or 1(X is the 
axis of a zone. 



W. H. MILLER. 
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